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ABSTRACT. In this paper we consider a portfolio consisting of three types of assets, a bond, a liquid risky
asset, and an illiquid risky asset. Liquid assets can be traded continuously whereas an illiquid asset can only
be traded at specific pre-specified times or randomly. The investor’s liquid and illiquid wealth are modeled
as stochastic differential equations (SDE). We consider a control problem governed by these SDEs. We will
model the rebalancing of the portfolio, transferring between liquid and illiquid wealth, as an impulsive control
problem. Using a dynamic programming approach and a stochastic programming approach we will determine
the the amount to transfer between the liquid and illiquid assets. Numerical examples are given to validate
the correctness for our results.
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1. Introduction

We examine the optimal portfolio rebalancing of an investor able to trade a risky liquid
and illiquid asset as well as a risk-free liquid asset. The illiquid asset can only be traded
at infrequently occurring random times. When a trading opportunity arrives, the investor
chooses the optimal mix of liquid and illiquid assets. We model the arrival of trading
opportunities as random. This captures two key features of real-world markets. First,
certain securities are only periodically marketable, as opposed to always marketable at a
cost reflecting transactions fees or price impact. This illiquidity can arise as a result of
a limited number of market participants, possibly due to the specialized skills or systems
needed to trade these assets. Second, for some illiquid assets, one may want to choose when
to rebalance.

We find that illiquidity causes the investor to behave in a more risk-averse manner with
respect to both liquid and illiquid holdings. Uncertain trading opportunities create an
unhedgeable source of risk, which causes the investor to reduce allocation to the illiquid
asset. A second effect comes from the investor’s immediate obligations (consumption), which
can be financed only through liquid wealth. If the investor’s liquid wealth drops to zero, these
obligations cannot be met until after the next rebalancing opportunity. This matches real
world settings in which investors or investment funds are insolvent, not because their assets
under management have hit zero, but because they cannot fund their immediate obligations.
As a result, the investor alters asset allocation to minimize low liquid wealth states by holding
fewer risky liquid securities. This effect causes the portfolio policy of the liquid risky asset to
be affected by illiquidity even when the liquid and illiquid asset returns are uncorrelated and
when the investor has log utility. The investor’s effective level of risk aversion endogenously
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increases in the fraction of wealth held in illiquid securities [9]. This is because taking offsetting
positions in perfectly correlated liquid and illiquid assets causes the investor’s liquid wealth
to drop to zero with positive probability and only liquid wealth funds current consumption.
In Longstaff and Ang et all [9,15] model rebalancing using jump processes such a compound
poisson process is presented. We will model rebalancing as an impulse control problem.

Our analysis falls into a long literature dealing with asset choice and various aspects of the
investor’s unwillingness or inability to continuously rebalance part of the total endowment.
Longstaff [15] investigates the effects of periodic market closures where the entire market is
closed deterministically. Our portfolio choice is simultaneously done over liquid and illiquid
assets and we are able to trade the illiquid asset at deterministic time as well as random
times. Viewing rebalancing has not been studied to this extent to model rebalancing times.

Many evolution processes are characterized by the fact that at certain moments of time they
experience a change of state abruptly. These processes are subject to short-term perturbation
whose duration is negligible in comparison with the duration of the process. Consequently,
it is natural to assume that these perturbations act instantaneously, that is, in the form
of impulse [8]. For such an idealization, it becomes necessary to study dynamical system
with discontinuous trajectories, and they might be called differential equations with impulses
or impulsive differential equations [7]. Theories involving impulsive control systems have
been widely studied [18]. Impulsive control problems arise in many modeling problems
such as treatment of diseases, production planning and inventory management, pest control,
engineering, economics, finances, management science and the physical sciences

2. Model

Consider an investor who has a portfolio composed of riskless bond, a risky liquid asset and
a risky illiquid assets. Following [9], the first asset is a riskless bond,

with interest rate r. The second is a liquid risky asset,

ds
—L — pdt 4 0dZz}
Sy

with drift 4 and volatility o. These two assets are considered liquid assets because they can
be rebalanced continuously. Our third asset is a risky illiquid asset

dPp,
?t = vdt + ppdZ} + p\/1 — p2dZ?

t

with drift v, volatility v, and p represents the correlation between the return of the two risky
assets. We will assume Z} and Z? are independent Brownian Motions. The third asset is
considered illiquid because the asset can only be rebalanced at certain times.

Let W, and X; be in the investor’s liquid and illiquid wealth respectively and 6, be the
fraction of wealth invested in the liquid risky asset and the riskless bond. Since we are
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considering the case when we are not rebalancing our model of our portfolio is,

aw, iB,  dS, G,
AW g g g Gy
W, (L=0)F=+ 05— 3
X, an
X, P

Certain utility functions are commonly used such as quadratic utility function, exponential
utility function and power utility function [Gerber and Pafumi (1999)]. For our purposes we
will use a quadratic utility function. In [Ang 2010] they used a constant relative risk aversion

(CRRA) utility function,
i

log(C) v=1

Under constant relative risk aversion the fraction of wealth optimally placed in the risky asset
is independent of the level of initial wealth. When using a dynamic programming approach
it’s beneficial to be able to isolate our consumption, ¢; = C;/W;. Using the CRRA utility
function makes it difficult to isolate and derive our Hamilton Jacobi Bellman (HJB) equation.
Therefore, we chose a quadratic utility function,

(21) U(Ct) = a3+ Oélct — 0420752

where oy, as and a3 are constants.

Next, we will derive the Hamilton-Jacobi-Bellman Equation (HJB) for our portfolio and
we will find an explicit form for our controls, ¢; and 6.

First, we will derive our HJB equation. For

dw,
Wt = rdt + (p — 7)0,dt — c,dt + 0,0dZ}
t
dX; 1 5 12
7 = wvdt +¢det +'¢\/ 1-— 1Y dZt
t
where, ¢; = % is the ratio of consumption to liquid wealth.

Let (to, Wiy, Xs,) = b(t,w,z) = ]E[ [T e BU(C)dt + K(T,X(T),Wm)}, where 7 is a

stopping time. Later in this section, we will discuss ¢(t, Wy, X;) more fully. Since we're
considering a finite interval, we will ignore e=?*. As mentioned in the introduction, we will
use a quadratic utility function,

2
U(Ct> = OélCt - OéQCt + a3
where a1, as and ag are constants.

Proposition 2.1. The Hamilton Jacobi Bellman (HJB) Equation is given by
(2.2)

1 1
0 = max U(th)+¢t+(7“+(M—T)et—ct)w¢w+0$¢x+§029t2w2¢ww+0/)¢9twaf¢wx+§¢2$2¢Xx

ct 0t
We consider a value function of the form,

(2.3) é(t,w,x) = A(t) + B(tyw + D(t)x + E(t)w> + F(t)?
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with terminal condition,

(2.4)

1403

(T, w,z) = (kow + k1) + (ko + ks)*.

Our objective is to look for explicit solution for the value function that is consistent with the

idea of rebalancing.

Proposition 2.2. From the HJB equation the optimal decision variables are

(2.5)

(&%)
where 0 < ¢, <1 and 0<0, <1.

1
¢ =——FE(t) and 0, =

—(p—r)(n +2E(t)w)
202E(t)w ’

Proof. From proposition 2.1 we have the following relationships,

UeW) —wow = 0
UleW) = wow
w(a; — 2acw) = w(B(t) + 2E(t)w)
Therefore,
B(t) = oy and ¢, = —O%E(t).

To ensure that, 0 < ¢; < 1, ay needs to be large enough to ensure ¢; is less than 1. Also,
either ap or E(t) needs to be negative, but not both. Solving for control variable 8, we have

(n—r)wow + o*w pyww; + o pwrdw x
0,

O

=0
= —(Sgw—¢rw)iw_ (pwx = 0)
—(p—r)(n +2E@{)w)

(B(t)

202E(t)w o)

Recall that, 0 < 6, < 1. Thus, if E(t) is positive use «; to ensure that 6, is positive and less

than 1.

]

We now proceed to find explicit solution for the HJB equation. Using Proposition 2.1 our

HJB equation becomes

2

—r)a
(u >1—|—a3+ rog —

(2.6) 0=4(0) - “opa

+ | E'(t) + O%E(t)z +2rE(t)

(p—r)

_ ME@)

ap |w + [D’(t) + vD(t)] x

o2

- w? + [F’(t) Y 2uF(t) + ¢2F(t)} 22

Thus we obtain the following system of nonlinear differential equations,

A'(t) = F55
0=(r— (“;;)Q)Q
§ D'(t) = —vD(t)
E'(t) =
| F'(t) = —20F(t)

WP B(t) — 2rE(t) — L E(1)2

a2

— P2 (t).



1404 N. G. MEDHIN AND LYNESIA TAYLOR

Using standard methods to solve ordinary differential equations with terminal conditions
(2.4) we have the following solutions,

2
o= /5 - 2p+r
,
(p—r)?=2r 1
1y g b—rpal [P (1~ 1)?
Alt) = (— k T —¢) — 0 1—
( ) (2]50) + R3 043( ) 40_2(@;27«)2 _ 27‘) o (M;;)Q exp(( o2
1
—(T —t
s L)
B(t) = (1
D(t) = 2kokz exp(v(T — t))
(u=r)® _ or
E(t) = . o

<%%_2’" — a%) exp ( _ <(u;2r)2 _ 2r>t> + O%
P(t) = k3 exp((2v +¢*)(T — 1))

Note that, the k; coefficient of the terminal condition has to be specified in order to ensure
B(t) = aq, and from (2.4) there is no need to impose restrictions on ko and kj.

3. Predetermined Rebalancing Times

We will first, consider the case when we introduce predetermined rebalancing times, and
introduce impulses/jumps, §; to and from the liquid and illiquid assets. Consider the time
horizon [ty, t3] with impulses at t; and ¢5. We will start at the last interval, [ts, t3].

The control problem for this interval

+ O‘—%)Q + (koxy, + k3)?
2ko
subject to  dWs, = (r + (pu —1)05+ — c34) Wi dt + «937t0W37tdZ§7t
dX3y = vX3dt + YpXs,dZL, +0\/1 — p2X3,dZ2,

Let ¢3(t, w, x) be the value function for this interval. Then,

t3
(3.1) max IE[/ Ules swss)ds + (kowts
t

c3,t,03,t

(3.2)

a7

2
2_k‘o) + (/{:th3 + ]{33)2]

ts
¢3(t,w,r) = max E[/ Us(cs sws s)ds + (/{:owt3 +
¢

ca.0,05 1
The value function, ¢3(t, w, x) has the form,
G3(t, wsy, v34) = As(t) + o swsy + Ds(t)zs, + Eg(t)w;t + Fg(t)x;t.
The utility function for this interval,
(3.3) Us(cswsy) = —042,3C§,tw§¢ + Q1,3C3,: W3¢ + (g 3.

Our HJB equation becomes



A PORTFOLIO REBALANCING PROBLEM 1405

(e —r)*

+ Q33 + [7’0[173 - 2 0[173]71)3 -+ [Dé(t) + ’UD3(t)]l‘3

Y (o — 7”)2041,3
0= 40 - 402 E4(t)

#1850+ 8300 - Lo Bl + 1R + 20R0)

+ 7 Fy(t)] 3

Optimal control variables for this interval

1 —<,LL — T) (Oél 3+ 2E3<t)103)
4 -~ E - : .
(3.4) Cat s 3(t) and 65 207 (1)1

We now have the following system of nonlinear differential equations,

2(aq,3)?

( ) = m — Q33
(r (u r) )a 13
(t) = —UD3( )
Ey(t) = U2 By(t) — 2rEs(t) — s Bs(t)?
| F5(t) = —QUF:'»( ) — V2 F3(t).
where,
ad\2
At = () +K
Ds(t3) 2koks,
By(ts) = ko,
By(t3) = k3.

The coefficients become

2
o= H? —2u+r
Fp-r)?-2r 1
a13)? (p—r)2(a3)? |7 s
At:(—’) + k3 + ass(ts —t) — ’ 0 ’(1
0 =gp,) TRt asslls =l 402 (L2 _opy | op - 2
(p—r) 1 '
= exp(F 2t — 1)) + =)
Dg(t) = 2]{52]{53 exp(v(tg - t))
(p—r)? — 9

Es(t) = o

M,Qr )2
< azkg _ éj) exp ((%—2) — 2r> (ts — t)) + j&»

Fy(t) = k3 exp((2v — &%) (ts — 1))
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Going back to the second interval, [ty to],

to
(35) max E[/ U2<6275w278)d8 + ng(tg, w27t2 — 52, 1'27752 + fg)]
t

c2,t,02¢
subject to dW27t = (T + (,LL — 7”)92’15 — Cgvt)Wgytdt + 62,tUW2,tdZ217t
dXop = vXodt + ¢0X2,tdZ21,t + /1 — P2X2,tdZ22,t

Let ¢o(t, way, x2,) be the value function for this interval. Then,

(3.6)

to
Ga(t, way, T2y) = max E[/ Us(ca swas)dt + ¢3(ta, W, — &, Tay, + 2)]
t

co.0,09.¢
The value function, ¢o(t, w, x) has the form,
Po(t, wa, T9) = Ag(t) + vy ows + Do(t)ze + Eo(t)ws + Fo(t)as.
The utility function for this interval,
(3.7) Us(carway) = —a2,2c§,tw§,t + Q1 2Co Wat + (i 9.
Optimal decision variables for this interval are

1 —(p —1r)(02 + 2E5(t)ws)
3.8 = ———F5(t) and 0y, = : :
(3:8) s Q2 2(t) and On, 202 By (t)wy

Then our HJB equation for this interval becomes

(1 — 7)1 0(1)

(n—r)*

0= Aé(t) — 40’2E2(t) + 32 + [7’0&1’2 — o2 C‘él,g]U)Q + [Dé(t) + UDQ(f)];CQ
#1840 + 2830 - L m0us + [0 + 2B 0) + E0)3

We have the following system of nonlinear differential equations,

A4(t) = P — as

(

where,

As(ty) = As,
Ds(ts) = Ds,
Ey(ty) = Es,
Fy(t)) = Fs.

We will determine, Aj, D3, E3, and Fy. Recall, ws;(t5) = wy(ta—) — & and x3(ty)

x9(ty) + &. Then,
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P3(t2, war, — o, Ty, + &) = P3(to, wa(ty) — &2, w2,4(t) + &2)
= [A3(t2) — a1 3&s + Ds(t2)€a + Es(t2)&5 + Fa(t2)€%] + [an3 — 2BE5(t2)Ea]wa(t2)
+ [Ds(t2) + 2F3(ta)&aa(ta) + Es(ta)ws(ta) + Fa(t2)as(ts)
Therefore our terminal conditions are
Az = As(ts) — a1 3& + Ds(t2)& + Es(t2)&5 + F3(t2)&5,
D3 = Ds(tz) + 2F5(t2)&s,
Es = E3(ty),
By = Fs(ty),
a1y = aiz— 2E5(t2)&s.

Therefore the nonlinear differential equations have the following solutions,

As(t) = Az(ta) — 138 + D3(t2)& + E3(t2)&5 + F3(t2)&5 + aza(ts — t)
—a [a2 (1 — exp <(H ;27“)2 - 27“) (to — t)) + L(tg - t)]

Dy(t) = (D3(ta) + 2F3(t2)&2) exp(v(ta — 1))

(H—T)Q — 9
Ey(t) = o

(#;7;)2721" 1 (u—r)? ;
(o - ) e (2 —2r) (b -0) + 25

Fy(t) = F(ta) exp((2v — ¥°)(t2 — 1))

where
(1 —1)* (13 — 2B5(t2)&2)”

ay = )
402((M;2T)2 _ 27,)
(p—r)?=2r 1
a4 — Es3(t2)? @22
2 o _ (=r)?

o2

Going back to the first and final interval, [to, ;]

(39) max E[/ 1 U1(6175w175)d5 -+ ¢2(t1, wl(tl) — 51, iL‘l(t1> -+ 51)]
t

Cl,t791,t

subject to  dWy = (r+ (u—1)01 — c10) Wy dt + Ql,tUWI,tdZit
dX1y = vX1dt + ppX1dZ) , + /1 — p?X1,4d 77,

Let ¢1(t, wy,x1) be the value function for this interval. Then,

(3.10)

gzﬁl(t,wl, Il) = max E[/ 1 Ul(cl,swl,s>d5 -+ ng(tl,wl(tl) — 61, Il(tl) + 51)]

c1,e,01,¢

The value function, ¢y (¢, ws,x1) has the form,

¢1(t, w1, l’l) = Al(t) + aq.1Wq + D1 (t)Il + E1 (t)wf + F1 (t)ZL‘%
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The utility function for this interval,
2 2
(3'11) U1(C1,tw1,t) = — 210 Wy 9 + 1101w + Qg g

Optimal control variables for this interval

1 (1 — ), + 2B (t)un)
3.12 =——F(t do,, = : )
( ) Cit Qa 1(t) and 6, 2021 (t)w;

Then our HJB equation for this interval becomes

0= Ay — ;UZ)EEZB’I) st + rong — & ;27“) araJwr + [D)(t) + vDs ()]

1 —1r)?
1) + 520~ P )t + ({0 + 0B + R0
2,1
We have the following system of nonlinear differential equations,
—r 2 a 2
rA/( ) _(p J%é (1t’)1) — a3,

)0411

(t) LR B() = 2rEr() — 5 B (t)?
LFi(t) = —2UF1( ) — V?*Fi(t).

where,

Ai(ty) = A,
Di(t1) = Ds,
Ei(t1) = Es,
Fi(t) = F.

We will determine, Ay, Dy, By, and Fy. Recall, wos(t]) = wis(ty) — & and xo4(t]) =
.Tl’t(tf) + 51. Then,

Ga(tr,wi(t1) — &1, m1(t) +&1) = da(tr, wi(ty) — &, wa(ty) +61)
= [As(t1) — aq 16 + Da(t)& + Ey(t1)&] + Fa(t)&]
+ a1 — 2E5(t) & we (1) + [Da(tr) + 2F5(t1) &) 21 (t1)
+ By(t)wi(t) + Fa(th)ai(t)
Then our terminal conditions are

Ay = Ay(tr) — 261 + Da(t1)6 + Ea(t)E7 + Fath)EL,

Dy = Ds(t1) + 2F5(t1)&1,

Ey = Es(ty),

Fy = Fy(ty),

Q11 = Q12 — 2E2(t1)§1-

Therefore the nonlinear differential equations have the following solutions,
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Ai(t) = Aa(tr) — ar2&s + Da(th)&r + Ex(t1)E5 + Fo(th)E + aza(ty — t)
— [a2 <1 — exp ((N;—ZTV — 27“) (t, — t)) + i(tl - t)]
Di(t) = (Da(t1) + 2F5(t1)&1) exp(v(ty — ¢))
@ —2r
El(t) - Mf% p 2
(% — ﬁ) exp ((%_—;) — 2r> (t1 — t)) + ﬁ
Fi(t) = Fa(t) exp((2v — %) (t, — 1))

where

(1 —r)*(ang — 2E5(t1)&1)?

ay = 9
402((M;2?”)2 _ 27,)
(p=r)?=or 1
a4 — Eo(t1)? @1
2 0 (u—;)2

4. Determine the Size of the Impulses/Jumps

First, we will consider when the time of the impulse is known but the size of the impulse
needs to be determined. There are two ways we can do this. One way is by finding the optimal
size of the jump by solving a small nonlinear optimization problem after each interval using
the value function of the previous interval. For every impulse there’s one mini optimization
problem. The other way is by setting up one nonlinear optimization problem to determine
the size of the jump only using the value function from the first interval. In the following
subsections, we outline both methods and provide numerical examples for both.

5. Determine & and &

The optimal & is determined by
(5.1) ngaXE [¢3(t27 Wa, — &2, Ty, + 52)]
2
The optimal &; is determined by

mgax]E |:¢2(t17 Wiy — &1, L1 T 51)]
1
(5.2) subject to

¢2(t2, W2 95 952,t2) = ¢3(t27w2,t2 — &2, Loty + 52)

Since & is based on & we can determine & and &, using one optimization problem at the
end of the first interval. So, we have
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maX]E |:¢2(t17 wl,tl - 517 xl,tl + 51)]

§162

(5.3)

subject to

Pa(ta, Woy,, Ta,) = P3(ta, Woy, — o, Tay, + &2)

where &; and &, appear in E [(bg(tl, Wiy, — &1, Ty F él)], which can be seen below.

(5.4)
E[¢2(t1a Wi — &1, T + 51)} = As(t1) — 1261 + Da(t1)é1 + Ea(t1)EF + Fo(t))&]

+ <a1,2 - 2E2(t1)§1)E[W1(t1)} + (Dg(tl) + 2F2(t1)§1>E[X1(t1)]
+ B(t)E[Wi ()] + Fo(t)E[ X7 ()]

Note, & is present in (5.3) and (5.4) by the following.

As(t1) = As(t2) — a1 38 + Ds(ta)&a + Es(t2)&s + Fi(ta)&5 + asa(ta — th)

_a [a2<1 —exp <(“ —r) 2r> (ts — tl)) + Ly tl)]

0'2 a9 2

a1 = ag3 — 2E5(t2)&
Dg(t1> = (Dg(tg) -+ 2F3(t2)§2) exp(v(tz — tl))

(ﬂ—T)2 — 9

EQ(tl) = ( 7T)2 o2
%T—% 1 (u—r)2 9 )
(Tt ) (2 ) -
Fy(tr) = Fi(tz) exp((20 — ) (t2 — 1))

Also, recall, our optimal control variable 0 < 6, < 1. So our optimization problem becomes.

I??X]E (bg(h,wul — &1, Tit + 51)]
162

subject to
(5.5) 0<bi<1

0<6; <1

0<6;, <1

¢2 (t27 w?,tza x?,tz) - ¢3 (t27 w2,t2 - 527 m?,tg + 52)

Using (3.3), (3.7), and (3.11) we have
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maXE[¢2(t1,w1 t — &1, Ty + élﬂ

§162
subject to

0 S—(M — 7)o + 2E1(t)E[W1:tD <1

202E; (t)E[Wy,]
(5.6) —(u—r)(a12 + 2E(0)E [Way))
o<
- 202E,(t)E [W2,t] B

0< —(p—r)(a1z+ 2E3(t)E[W3¢D <1

202E5(t)E [WS,t]

¢2 <t27 w2,t27 $27t2> - ¢3(t27 w?,tg - 527 x?,tg + §2>

We can rewrite o} and o2 explicitly using &, and &.

maX]E ¢2(t17w1 t1 glal’l,tl +§1):|

§162
subject to
0 < —(,u — T) (041,3 — 2E3(t2) 2 — 2E2(t1) 1 + 2E1 (t)E [Wl,t]) <1
- 202F,(t) [Wl t] -
(5.7) o< — (=) (g — 2B3(t2)&s + 2B (H)E[Way,]) <1
202 F,(t )E[Wg’t]
0 < —(p—r)(ons+ 2E3(25)E[W37t}) <1

o 20'2E3 (t)E [Wgﬂg} -
Pa(te, Waty, Toy,) = O3(ta, Woyr, — &2, Tay, + &a)

Assume E;(t)Wi 4, Eo(t)Ws,, and E5(t)Ws, are all bounded by 7. Then our constraints
become

maXE[%@h Wiy, — &1, T + 51)]

&162
subject to
0 < —(n =)o = 2B5(t2)& — 2E5(t)& +27) _ <1
. - 202y
28 ) <= nons = 2Et)6 +27) _ |
- 202y
0 <—(u—r)(a13+27) <1

202y
Pa(ta, Wayy, Tay,) = P3(ta, wayr, — &2, Tay, + &2)
Lastly, we want to ensure that we do not transfer more than our liquid wealth at the end

of each interval. So, our optimization problem to determine the size of the jumps is stated
below
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maXE[¢2(t1, wiy, — &1, 1 +61)

§162
subject to
0< —(p = r)(ans — 2E5(t2)& — 2E5(6)& + 29)
- 202y
0< —(p—r1)(3 — 2E3(t2)62 + 27) <1
(5.9) - 202y -
0 <o rlast2y)

- 202y
§1<EUVMJ
& <E [WQ,tQ}

¢2 (t27 w?,tzu I27t2) - ¢3 (t27 w?,tz - 527 x2,t2 + 52)

6. Numerical Examples

6.1. Procedure for Numerical Examples.

1. Solve the objective function (5.9) to determine the size of the jumps & and & using

fmincon in MATLAB. [Using syms for & and &,.]
2. Simulate the following N times.

(a) For the first interval, ¢ € [to,t;], determine Ay(t), aq(t), Di(t), E1(t), and F(¢) for
this interval. Generate wealth paths for Wi, and X, for this interval. Use (3.11)

to determine optimal control variables, 6, and c; ;.

(b) For the second interval, t € [ti,s], determine Ay(t),a}(t), Do(t), Eo(t), and Fy(t)
for this interval. Generate wealth paths for W5, and Xy, for this interval. Use (3.7)

to determine optimal control variables, 65, and ¢y ;.

(c) For the last interval, t € [to, 3], determine Asz(t), a3(t), Ds(t), F3(t), and F3(t) for
this interval. Generate wealth paths for W3, and Xs; for this interval. Use (3.3) to

determine optimal control variables, 03, and c3 ;.

6.1.1. Two Impulses. On the interval [0, 1] we will assume the following:
e Riskless Bond : 7 = 0.05

e Liquid Asset: = 0.12 and 0 = \/“72 —2u+1r=0.313

e Illiquid Asset: v =0.12,9 = 0.313, and p =0
e Initial Investment: wg =1 and xy =1
e For the final interval:

— Utility Function: U(C}) = 2(C?)? — 4C3 + 20

— Terminal Condition: ¢3(1,w,r) = (1.41w — 1.4184)* + (z + 1)?

<1
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On the interval [0, 1] two impulses & and & occur when ¢; = 0.3333 and t; = 0.6667. With
v = 1 optimal & and & determined by (5.9) are
(6.1) € = 0.0798 and & = —0.0185.

The following results are after N = 100 simulations. Using (3.3), (3.7), and (3.11) our
optimal 6; and ¢; are determined.

Optimal control, 6; Optimal control, ¢;
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The value of the value function is,

#1(0,1,1) = 23.9903.

6.1.2. Four Impulses. On the interval [0, 1] we will assume the following:
e Riskless Bond : 7 = 0.05

e Liquid Asset: ©=0.12 and o = \/“72 —2u+1r=0.313

e Illiquid Asset: v =0.12,% = 0.313, and p =0

e Initial Investment: wy =1 and zg =1
e For the final interval:
— Utility Function: U(C?) = 2(C?)? — 3.5C3 + 20

— Terminal Condition: ¢3(1,w,r) = (1.41w — 1.4184) + (z + 1)?

On the interval [0, 1] four impulses &1,&s, &3, and & occur when ¢ = 0.2,y = 0.4,t3 =
0.6, and t4 = 0.8. With v = 1 optimal i, &, &3, and &4 determined by applying (5.9) to four
impulses are

(6.2) ¢ = 0.0858, & = 0.0,& = 0.0, and & = —0.0272.

The following results are after N = 100 simulations. Using (3.3), (3.7), and (3.11) our
optimal 6; and ¢; are determined.

Optimal control, 6, Optimal control, ¢;

0.54 1
o N -
B, 0.95
0.52 -
0.9+
0.85 |
05" 1 y4
0.8 4
0.48 - o 0.75
0.7
0% N 065
0.44 ] 08¢ d
0.55 -
0_42 i L 1 1 0_5 / L 1 L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time Time

The value of the value function is,

$1(0,1,1) = 24.0264.

7. Determine Size of Impulses and their Occurrences

Now, we will consider, if the number of rebalancing times is known, but when they occur
and and size of the impulse is random.
Let t; = 0.333 + a and t5 = 0.6667 + b. The optimal ¢y, 15, &; and & are determined by
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1 Liquid Wealth 116 llliquid Wealth
095 1 1.14 . /ﬂ
L I | . A Ay
0.9 1.12 N “\ f,w\‘pf\d.g“‘“ My
0851 | 11} /
0.8+ ‘ ‘N/
1.08 Vs
0.75 \\\ /w
07+ N el il il
0.65 | AN 1 1047 W
06" A 102
0.55 - q 1 fn?™
0-5 L L I 1 0-98 L L 1 L
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time Time
1878 Utility Function F](C,,) 05 Value P“unctiom d>(‘t7 w, )
18.76 MJ”\“W .
20
1874 1 N
1872 1 15+ Y
18.7 ) \
10+ "
18.68 1 N
W»\N‘ ™, ‘\\\
18.66 ‘ ‘ : ‘ 5 ‘ : ‘ :
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
Time Time
max E|¢o(t, w1y, — &1, 214, + 51)]
61 75270'717
subject to
3
0 <—(M —r)(a) — 2E3(t2)§2 — 2B ()61 + 27) <1
- 202y -
3
—(p —r)(ay — 2E3(t2)62 + 27)
0< <1
202y
(7.1) —(n—=r)(ad+2
o<Wl +2y)

202y
51 <E [Wl,tl]
52 <E [W27t2]

Pa(te, Wor,, Tay,) = G3(te, Way, — &, Tay, + &2)

—0.3333 < a < 0.3333
—0.3333 < b < 0.3333

See the derivation for (5.9) on how to determine 7.
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7.0.1. Two Impulses. On the interval [0, 1] we will assume the following:
e Riskless Bond : » = 0.05

e Liquid Asset: ©=0.12 and ¢ = \/“72 —2u+r=20.313
e Illiquid Asset: v =0.12,9 = 0.313, and p =0
e Initial Investment: wg =1 and x¢y =1
e For the final interval:
— Utility Function: U(C?) = 2(C?)? — 4C3 + 20
— Terminal Condition: ¢3(1,w,z) = (1.41w — 1.4184)% + (z + 1)?

On the interval [0, 1] two impulses & and & occur at ¢; and t5. With v = 1 optimal
&1,&, 11, and ty determined by (7.1) are

(7.2) & =0.0946 and & = —0.0141
and
(7.3) t; = 0.0010 and ¢, = 0.9990.

The following results are after N = 100 simulations. Using (3.3), (3.7), and (3.11) our
optimal 6; and ¢; are determined.

Optimal control, 6; Optimal control, ¢;

0.72 1
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0.7 1
0.9r
0.68 0857
0.8+ //
0.66 | ) 1 0.75
{
VA i \ W | 0.7r
iy AW pih T I Mty
64 - \ A MY PN | "y
06 AW A\ M N f ,r“\ 0.65 1
h ) Y, /™ ik
f A
0.62 | | 0.6
0.55
0-6 L L L 1 0-5 ] L L 1 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time Time

The value of the value function is,
$1(0,1,1) = 24.1845.

7.0.2. Four Impulses. On the interval [0, 1] we will assume the following:
e Riskless Bond : r = 0.05

o Liquid Asset: = 0.12 and o = /2 — 2+ = 0.313

e Illiquid Asset: v =0.12,% = 0.313, and p =0
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e Initial Investment: wy =1 and zg =1
e For the final interval:
— Utility Function: U(C?) = 2(C?)? — 3.5C3 + 20

— Terminal Condition: ¢3(1,w,z) = (1.41w — 1.4184)? + (z + 1)?

On the interval [0, 1] four impulses &1, &, &, and & occur at tq,t9,t3, and t4. With v =1
optimal &1, &, &3, &4, t1, Lo, t3, and t4 are determined by applying (7.1) to four impulses are

(7.4) & =0.0945, & = —0.0015, &3 = 0.0015, and & = —0.0229
and
(7.5) t; = 0.0010, t5 = 0.4896, t3 = 0.4929, and t, = 0.9977.

The following results are after N = 100 simulations. Using (3.3), (3.7), and (3.11) our
optimal 6; and ¢; are determined.
The value of the value function is,

#1(0,1,1) = 24.1393.
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Optimal control, 6; Optimal control, ¢;
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8. Conclusion

We note that illiquid wealth increases in each numerical example as desired. The consumption
also increases in each case. These are two desired features. These features are desirable goals
of the rebalancing problem.
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