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ABSTRACT. In this paper, we consider the existence of positive solutions for the following boundary

value problem of fractional differential equations in Banach space E

{ Du(t) = f(t,u(t)), tel,

li tl—a t) = et ;
Jim 1 u(t) = '~ u(w)

where 0 < « < 1 is real number, I = (0,w], D% is the Riemann-Liouville fractional derivative, f :
I x K — K is continuous, K is a normal cone in Banach space F. Under more general growth and
noncompactness measure conditions about nonlinearity f, we obtained the existence of positive solutions

by applying the fixed point index theory of condensing mapping.
AMS (MOS) Subject Classification. 34B15, 34B18, 47HO0S.

Key Words and Phrases. Fractional differential equation, Positive solutions, Cone, Measure of

noncompactness, Condensing mapping.

1. INTRODUCTION

Fractional differential equations derive in various field such as physics, chemistry and
engineering. And it has been of great interest for the last decade (see[1]-[4]). Boundary
value problem of fractional differential equations have been investigated in many paper
(see [5]-[14] and the reference therein). In view of the fact that only positive solutions
are meaningful in practical problem, we discuss the existence of positive for boundary

value problems of fractional differential equations in this paper.

Using fixed point theory on cone, Bai [15] discuss the existence results of positive

solutions for the following boundary value problem of fractional differential equation in
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real spaces
Dgou(t) + f(t,u(t)) =0, 0<t<l,

u(0) = u(1) = 0,

where 1 < a < 2 is real numbers, Df, is the standard Riemann-Liouville fractional

derivative, the function f is continuous on [0, 1] x [0, +00).

In [16], the existence of positive solutions for the nonlinear fractional differential

equations with Dirichlet problem
Dou(t) — Mu(t) + f(t, 77 u(t)) =0, 0<t<1,

lim t27%u(t) = u(l) =
Jim $%7u(t) = u(1) =0

is investigated by constructing a proper cone, where 1 < a < 2, D® is the standard

Riemann-Liouville fractional derivative, the function f is continuous on [0, 1] x [0, +00).

However, the above-mentioned results are discussed in real spaces. Because of the
essential differential between infinite dimensional space and finite dimensional space, the
existence of solutions of ordinary differential equations is no longer valid in abstract Ba-
nach space. We should mention that Li and Guo [17] discussed the existence of positive
solutions for two-point boundary value problem of second order nonlinear differential
equations in Banach spaces by using the fixed point index theory on cones. The authors
replace the limit condition with the order condition which is easy to satisfy, describes the
growth condition of the nonlinear term, and improves the conclusion of reference [18].
Motivated by the aforementioned works, in this article, under more general conditions of
growth and noncompactness measure about the nonlinear term f, combining with fixed
point index theory of condensing mapping in cone, we study the existence of positive
solutions for the following boundary value problem of fractional differential equation in
Banach spaces E
" Du(t) = f(t,u(t)), tel,

1
t1_1>r51+ treu(t) = wu(w),
where 0 < o < 1 is a real number, I = (0,w]|, D* is the Riemann-Liouville fractional
derivative, and f : [0,w] x K — K is a continuous, K is a normal come in Banach space
E.

2. Preliminaries

Let E be a Banach space, I = [0,w], we use C(I, F) to denote the Banach space of
all continuous function on interval I with the norm |ju|lc = max |u(t)|]. In our further
S

consideration we utilize its generalization, for 1 —a > 0, u € C(I, E), denote

U (t) =0 = 111%1+ % (t), Ci oll,E)={ueC(,E) |t ut) € C(I,E)}.
t—
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Then Cy_,(I, E) equipped with the norm ||ul|c,_, = [[t!"*u(t)||c. It is easy to verify
that C1_,(I, E) is a Banach space. Evidently, C,_,(I, F) is an ordered Banach space
induced by the convex cone Cy_(I, K) = {u € C1_o([,E) | u(t) € K}, and C,_,(I, K)
is also a normal cone in C;_, (1, E).

In this article, we denote by wu(), pc(-) and pe,_, (+) the Kuratowski measure of
noncompactness on the bounded set of £, C'(I, E) and C,_,(I, E), respectively. For any
B CC(I,E)and t € I, set B(t) = {u(t) | w € B} C E. If B is bounded in C(I, E),
then B(t) is bounded in E, and p(B(t)) < uc(B). For the details of the properties of

the measure of noncompactness, we refer to the monographs [19, 20].
For the convenience of the reader, first, we present the necessary lemmas.

The Mittag-LefHler function plays a similar role in fractional calculus as the exponen-
tial function in the theory of integer-order differential equation. Thus, the Mittag-Leftler

function in two parameters is defined as [21]

o0 k
z
Eaﬁ(Z) = kgzo m A R, a, ﬂ > 0.

Note that the series converges uniformly in R.

Lemma 2.1. ([22]) Let 0 <a <1, 8,v>0, M € R and a € R. Then it holds
(i) Baza(Mt®) = M7 (Eaa(Mt®) — 1/T(a));
(ii) I)(t — @)’ 1B, 5(M(t — a)*) = (t — a) P E, g (M (t — a)%) for t > a;
(ili) Eao(Mt*) is decreasing in t for M < 0 and increasing for M > 0 for all t > 0.

Lemma 2.2. ([23]) Let B = {u,} C Ci_o(I, E) be a bounded and countable set, then
a(B(t)) is Lebesgue integral on I, and

M({ /Iun(t)dt Ine N}) < Q/I,u(B(t))dt.

Lemma 2.3. ([24], [25]) Let D C E be bounded. Then exist a countable set Dy C D,
such that (D) < 2u(Dy).

Lemma 2.4. ([26]) Let B C Cy_4(I, E) be bounded and equicontinuous. Then u(B(t))

18 continuous on I, and

por o (B) = max u(B(t)) = pe, . (B(I)).

tel

Obviously, the boundary value problem (1) is equivalent to the following

Du(t) + Mu(t) = f(t,u(t)) + Mu(t), tel,
2
@) tli%}* ey (t) = wu(w),

where M > 0 is real number.

To prove our main results, we consider the boundary value problem (2) the corre-

sponding linear problem, and give the following Lemma.
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Lemma 2.5. For any h € Cy_,(I, E), the linear boundary value problem of fractional

differential equation in Banach spaces

Du(t) + Mu(t) = h(t), tel,
(3)

lim ¢ u(t) = wru(w)
t—0+t

has a unique solution

where
w! 2T (@) Ea,a(—MtY) Eq,o (—M (w—5)%) Eo,o(—M(t—s)*)
(5) Glts)= O T@PenCH T e Uss<iso,
) w0 () Baa(— M) Ea. o (— M(w—s)%)
(I—T(@) Ba.a(— M) (w—s)1 ot 0<t<s<w.

Proof. We can verify directly that the function u € Cy_, (I, FE) defined by the expression
(4) is a solution of the linear boundary value problem (3). Next, we prove that u
is uniqueness of solution. Assume that ui,us € Ci_o(I, FE) are two solutions of the
linear boundary value problem (3). for any ¢ € E* (The dual space of E* is E), note
r(t) = o(ui(t) — us(t)), by means of the reference [7], then the scalar linear boundary

value problem

Dr(t)+ Mr(t) =0, tel,

lim ¢ (t) = wl™r(w)
t—0t

has only zero solution. Since r(¢) = 0, without loss of generality of ¢ € E* we get
uy(t) — ug(t) = 0, namely, uy(t) = ua(t) in 1. Hence, the linear boundary value problem

(3) has a unique solution u(t).

Conversely, we can verify directly that the function u € Cy_, (I, E) defined by (4) is

a solution of the linear problem (3). Therefore, the conclusion of Lemma 2.5 holds. [
Lemma 2.6. Let 0 < a <1 and M > 0, then the Green’s function (5) satisfies

“ 1
= [ G(t,s)s* lds = — t 0, wl.
/0 (t,s)s S i , s € [0, w]
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Proof. Employing the results of Lemma 2.1, we have

o ¥y aeigs = [T T Baa (M) Bao(=M(w = 8)7) oy
t /O Gt s)s*d /0 (1 —=T(a)Eya(—Mw*))(w — s)L-e a

s s

B wl_aF(Q)Ea,a _Mta) “ Ea,a<_M(W — S)a)
/0 (w—s)te

" Eoo(—M(t — 5)%)

a—ld
(t—sta =~

&

T

Q
N

W) Eq o(—Mt®)
_ a,a Iata—lEa N _Mta —w
T T(0) By~ M) 0 ol D=

+T ()t (1§t By o (— M)

__ —T(a)?Baa(=Mt*) o
M1 —=T(a)E,o(—Mw>)) (Eao(—Mw®) — F_)

D(0)(Baa(—Mt%) = 155) 1
M M
This completes the proof. O

Lemma 2.7. For any h € C1_o(I, E), then the norm of solution operator S satisfies

1
(6) ISher-. < 57

Proof. For any h € Cy_,(I, E), due to the definition of operator S and the Lemma 2.6,
we get that

Je-esnol = 8- [ Gesnts)ds] = 17 [ Gt s n(s)as]
0 0

< tl_a/ G(t,5)s*|s'=*h(s)||ds
0

@ 1
< [ G s)s* ds|h = —|lh
< 1 [ Gttt astble . = 37lAle .
which means that [|Sh||c,_, < -||h|c,_.. Hence, (6) holds. O
Now, let us prove two additional inequalities for Green’s function G(t, s).

Lemma 2.8. Let G(t, s) be Green’s function related to problem (3), given by expression
(5). Then there exist a positive constant M and a function m(t) € C1_4[0,w| such that
m(t) > 0 for all t € (0,w), for which the following inequalities hold

< Gt s)

m(t) < ) <M, tse(0,w),
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where eq™ ™ = (w — ) By o(— M (w — 5)®).

Proof. Denote h(t,s) = tl__;,ﬁ(f’f)), then h(t, s) is continuous on [0,w] X [0,w). Moreover,
o

for all t € [0,w] the limits

, . Gt 8)
ll (t) = lim h(t, S) = lim m

s—w s—w
Co

r T () w! ™ Ego(—Mt*) Eq o(—M(w — 5)*)
= lim
e (1 o F(Q)Ea,a(—Mw"‘))(w - S)l_atl_O‘@;M(w_s)

y T(0)w @By o(—Mt*)ea "™ w1707 () By o(— M1t*)
= 1m =
559 (1 = T() Bao(—Mw®))ea @™ 1 =T(a)EBao(—Mw?)

exist and are finite, so h(t, s) has removable discontinuities at s = w, and we can extend

it continuously to a function A(t, s) on [0,w] x [0,w].

Therefore, m(t) = rr[lén]{z(t, s)} is a continuous function such that 0 < m(t) <
se|0,w
h(t,s) < M for all t,s € [0,w], where M = . I[gla]X 0 }h(t, s). That is, the inequality
t,5)€|0,w| X |0,w
holds. [

Lemma 2.9. Leth € C,_,(I, K), then boundary value problem of fractional differential
equation (1) the solution of the corresponding linear equation (3) is u(t) = Sh(t), the

following inequalities are satisfied

n%u(n), t, nel.

thou(t) = e /Ow G(t,s)h(s)ds > m(t) /Ow e, M@= (s)ds

m(t) ¢ l—a m<t) l1-a
> _— = — .
Namely, t1=u(t) > %nl_au(n). O

We define an operator T': Cy_,(I, E) — C1_,(I, E) as following

(1) Tu(t) = /0 Gt ) (s, u(s)) + Mu(s))ds = (S o F)(u) = S(F(u).

Evidently, operator T' : C1_,(I,F) — Ci_.(I, F) is continuous and the solution of
problem (1) is equivalent to the non-zero fixed point of operator T defined by (7).

Nextly, we will use the fixed point index theory of condensed mapping to find the
fixed point of operator T'. For this reason, we need to prove that 7' is condensed mapping.

Therefore, we assume f satisfies the following assumption.
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(PO) For any R > 0, f(I x (B(6, R))) is bounded in C_,(I, E') and there exist constant
L, such that for arbitrarily D € K N B(#, R) and t € I, we have

per_o ({f(t, D) + MD}) < Lue,_ (D), tel,

where 0 < L < %, B(A,R) is a closed sphere with 6 as the center, and R as the

radius in Banach space F.

Lemma 2.10. Assume that the assumption (P0) holds, thenT : Ci_o(I, E) — C1_,(I, E)

15 a condensed mapping.

Proof. We know that 7" maps bounded set in C;_,(I, E) into bounded and equicon-
tinuous set in C1_, (I, F), When the assumption (P0) holds. For every non-relatively
compact bounded set B C C_,(I, E), we need prove that uc,  (T(B)) < pc,_,(B).
For any bounded set B C Cy_, (1, E), by the Lemma 2.3, there exists a countable subset
By = {u,} C B such that ue, (T(B)) < pe, (T(By)). Since T(B) is bounded and

equicontinuous set, we have

foro(B) = max u(tB(t)),  poy o (T(B)) = max p(t'"*T(B(1))).

tel

For any ¢ € I, we can obtain

p(tl‘aT(Bl)(t)> - u({tl_“ /0 "Gt 5)(F(5, un(s)) + Mun(s))ds | n N})

< 2ttt /w G(t,s)u(f(s, Bi(s)) + M By(s))ds.
0
By the properties of the measure of noncompactness and condition (P0), we can obtain
Hey—o (f(sv Bl(s)) + MBl(S)) < L2N01—a (81(8)) < LQ:ucl—a (Bl) < LQ,UCH—Q(B)?
and then
u(tl‘aT(Bl)(t)> < 2Lt / "Gt ) Bu(s))ds
0

w oL
< 2Lyt / G(t,S)S“‘ldsucl_a(BFqucl_a(B)-
0

This above inequality implies

2L
/'Lcl—a (T(Bl)) S WQILLCI—Q<B)
Since 0 < Ly < %, so we get
AL
/‘Lclfa (T(B)) S 2”01,(1 (T<B1)) S ﬁQuclfa(B) < l‘Lclfa(B)‘
Hence, T : C1_(I, E) — C1_,(I, E) is a condensing mapping. O

Let P be a cone in C_, (I, K) defined by

pP= {u € ol K) | £ u(t) > %nl_au(n), t e 1}.
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Lemma 2.11. If f(I x K) C K, then T(P) C P.
Proof. For any t,s € I and u € P, from Lemma 2.9, we have
Tu(t) = /Ow G(t,s)(f(s,u(s)) + Mu(s))ds
< iy /0 " =M@ ([, u(s)) + Mu(s))ds,

therefore

toTu(t) = /Ow G, 8)(f(s,u(s)) + Mu(s))ds

v

m(t) /Ow e M@= (f(s,u(s)) + Mu(s))ds > %sl_aTu(s).

Hence, T(P) C P. O
For 0 <r < R < o0, set
O ={ueCrall,E) | ullern <7}, Qa={veCioll,E) | |lulle,_, <R},
and
oY ={ueCr_o(,E)| ||ulle,_, =7}, 0% ={ueCi_o,E)]| ||ulc_, = R}
Which are the relative boundary of €2, {25 in P, respectively. Then the fixed point

of T'in PN (Qy \ ) is the positive solution of boundary value problem (1). We give

following some properties of the fixed point index.

Lemma 2.12. ([26]) Let Q C E be a bounded open subset of E and let Q : PNQ — P
be a condensing mapping. If Q) satisfies

u# pQu, Yue PN, 0<u<l,
then i(Q, PN, P)=1.

Lemma 2.13. ([26]) Let E is Banach space, P is the cone in E. Let Q : PN — P be
a condensing mapping. If () satisfies

Qugu, ueIPN,

then i(Q, PN, P) = 0.

We will use the fixed point index theory of condensing mapping to find the fixed
point of T in PN (2 \ Q).
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3. Main results
Theorem 3.1. Let E be an order Banach space, its positive cone K be a normal cone,

and the nonlinear term f : I x K — K is continuous. If (P0) and the following two

conditions are satisfied

(P1) There exist constants 0 < a < M and 6 > 0 such that f(t,x) < —az for anyt € I
and x € PN (Qy\ ),

(P2) There exist b > % — M and H > 0 such that f(t,z) > bx for any t € I and
[elleyo = H.

Then the boundary value problem (1) has at least one positive solution.

Proof. We just need to prove that the operator T has a fixed point in P N (Qy \ Q)

when r is small enough and R large enough.

On the one hand, let r € (0, ), where § is the constant in condition (P1). We show
that

(8) u—pTu#6, ve PNoQ;, 0<pu<l.

In fact, if there exist ug € P NIy and 0 < py < 1 such that ug = poTug, then by the
definition of T" and the condition (P1), it follows that

wolt) = poTuolt) < / "Gt ) (f (s, un(s)) + Muo(s))ds

< (M- a)/ G(t, s)up(s)ds = (M — a)(Sug)(t),
0
The above inequalities are used repeatedly, we can obtain

up(t) < (M —a)(Sup)(t) <--- < (M —a)"(S"up)(t), tel, neN.

According to the normality of K and Lemma 2.7, we have

[uolley o < N(M = a)"[[5" oy olluolloy o < N(M —a)"[[S][&,_ luolle, .

_<M—a
N M

)"Nluollc =0 as n — oo.

The above inequality means that ||ug||c,_, = 0, which contradicts with the uy € PNOS;.
This mean (8) holds. Therefore, from Lemma 2.12 implies that

9) (T, PNQy,P) =1,
On the other hand, by the condition (P2), we have

(10) ft,x) bz, tel, |zlc, ., > H.
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We choose R > max{™ME 41 for any u € 9y, that is ||ullc,_, = R. For any s,7 € I,

m(t)
we can obtain

t
sl_au(s) > —m]\(4>7'1_au(7').
By the normality of K, we have
t
Nlseu(s)] > 2 ey, srer

M

Take the maximum norm for 7 on both sides of the above formula, it follows that

m(t m(t
w2 D e, 2 W >

From the above formula, (6) and (10), it follows that

Is*

HTu(t) = th° /Ow G(t,s)(f(s,u(s)) + Mu(s))ds > (b+ M)t /Ow G(t, s)u(s)ds

> (b+M tl a/ G(t,s)s*” lrl-a u(T)ds = —(b+]\]\jzm(t)7'lau(7').

Since b > — M, let’s take 7 =t in the above formula, we have

(t)
T u(t) > 1 u(t).

Hence, Tu £ u. By Lemma 2.13, we have

(11) i(T,PNQy, P)=0.

Now, by the additivity of fixed point index, (9) and (11), we can obtain
i(T, PN (Q\ ), P)=i(T,PNQy, P)—i(T,PNQ, P) = —1.

Consequently, T exists a fixed point in P N (Qy \ Q) which is a positive solution of
boundary value problem (1). O

Theorem 3.2. Let E be an order Banach space, its positive cone K be a normal cone,
and the nonlinear term f : I x K — K is continuous. If (P0) and the following two

conditions are satisfied

(P3) There exist constant b > T — M and § > 0 such that f(t,x) > bx for anyt € I,
r € K and ||x|c,_, > 9.

(P4) There exist constants 0 < a < M and hy € C1_(I, K) such that f(t,z) < —ax +
hi(t) for anyt €I and x € K.

Then the boundary value problem (1) has at least one positive solution.

Proof. We need to prove that the operator 7" has a fixed point in PN (Qy\ Q) when r

is small enough and R large enough.
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On the one hand, we choose 0 < r < min{ r}. For any u € 0y and s,7 € I,

by the condition (P3) and (6), we have

NMH
m(t) ’

Py = o /0 Gt ) (f(s, u(s)) + Mu(s))ds > (b+ M)t /0 "Gt s)uls)ds

> —(b + ]E\?m(t)tl_a /Ow G(t,s)s* i u(r)ds = —(b + ]\]\Qm(t)Tl_au(T).

Owing to b > % — M, we take 7 =t in the above inequality, we have

)
Tu(t) > u(t).
Hence, Tu(t) € u(t). By Lemma 2.13, we can obtain
(12) iW(T,PNQy, P)=0.
On the other hand, we show that following formula holds when R is large enough.

(13) u—pTu#60, uve PNoQy, 0<pu<l.

Actually, if (13) dose not hold, there exist u; € P N0y and 0 < py < 1 such that
uy; = p1Tuy. For any ¢ € I, from the definition of 7" and the condition (P4), we have

wlt) = wmTu) < / "Gt ) (F(5, un(s)) + Mua(s))ds

< /Ow G(t, s)[(M — a)uy(s) + hq(s)]ds = (M — a)(Suq)(t) + /Ow G(t, s)hi(s)ds,
therefore

(14) (I — (M —a)S)u(t) < /Ow G(t,s)hi(s)ds = Shy(t).

theorem, I — (M — a)S has a bounded inverse operator (I — (M — a)S)™!, and

Because of ||S]lc,_, < 77, then |[[(M — a)S|l¢,_, < 1. According to the perturbation

(I—(M—a)S)™ =) [(M—a)s]"

n=0

is a positive operator. Acting on (14) by (I — (M — a)S)™!, we have
0 <ui(t) < (I—(M—a)S) '(Shy)(t).
And since the normality of cone K, we have
1@ < NI = (M = a)S)" 't (Sh) (@)l < N|(I = (M = a)S) ™ (Sh) e
< NI = (M= a)8) ey lIShalle,

< NY M —a)"S"|ley o [1SPllon s
n=0
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therefore

Nlhille, . nan
furlle, . < =S (M — )8 e ..
n=0

There exist 0 < a < M such that M —a < M, it implies that

nQn M—a n
(01— )57, < (L0
Obviously, > (#=%)" is convergent, that is, Y (M —a)"|S"||¢,_,, is convergent. Denote
n=0 n=0

My = > ||(M —a)*S"||¢,_., < +o0, it follows that
n=0

Nllha

Ci—a
e, < T

We choose R > max {5, %MO}, then (14) holds. From Lemma 2.12, we have
(15) i(T, PNy, P) = 1.
By the additivity of fixed point index, (12) and (15), we can obtain

i(T, PN (Q\N),P)=i(T,PNQ, P)—i(T,PNQ, P)=1.

Therefore, T exists a fixed point in PN (5 \Q;), which is a positive solution of boundary
value problem (1). O
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