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ABSTRACT. In this article, we develop the existence theory for a self-adjoint coupled system of

nonlinear ordinary differential equations supplemented with nonlocal non-separated integral bound-

ary conditions on an arbitrary domain. The two existence results depend on the Leray-Schauder

alternative and Schauder fixed point theorem, while the uniqueness result relies on the Banach

contraction mapping principle. For the illustration of the obtained result, we constructed several

examples in the last section.
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1. INTRODUCTION

Consider the following self-adjoint coupled system of nonlinear second-order or-

dinary differential equations on an arbitrary domain complemented with nonlocal

non-separated integral boundary conditions of the form:

(1.1)



(
p(t)u′(t)

)′
= µ1 f(t, u(t), v(t)), t ∈ [a, b],

(
q(t)v′(t)

)′
= µ2 g(t, u(t), v(t)), t ∈ [a, b],

α1u(a) + α2u(b) = λ1

∫ η

a

v(s)ds, α3u
′(a) + α4u

′(b) = λ2

∫ η

a

v′(s)ds,

β1v(a) + β2v(b) = λ3
∫ b
ξ
u(s)ds, β3v

′(a) + β4v
′(b) = λ4

∫ b

ξ

u′(s)ds,
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where f, g : [a, b] × R × R → R are given continuous functions, a < η < ξ < b,

p, q ∈ C([a, b],R+), αi, βi, λi ∈ R+, i = 1, 2, 3, 4, µj ∈ R+, j = 1, 2.

Let us now dwell on the importance of boundary value problems. These problems

arise in the mathematical modeling of many real-world problems, for example, see

[23, 3] and the references cited therein. This led to the development of many aspects

of boundary value problems, such as, existence and stability of solutions, analytic and

numerical methods for solving these problems, etc. Classical boundary conditions

fail to formulate the changes happening in a given phenomena at arbitrary interior

positions of the given domain. In order to cope with this situation, the concept of

nonlocal boundary value conditions was introduced. For a detailed description of

nonlocal boundary value problems, we refer the reader to the articles [11, 14, 13, 12,

7, 16, 5, 22, 9, 21, 19, 8, 15, 1, 2].

Indeed the class of self-adjoint (Sturm-Liouville) boundary value problems con-

stitutes an interesting area of research due to the occurrence of such problems in

applied sciences, for instance, see [4, 6, 18, 20] and the references cited therein. It

has been observed that the literature dealing with these problems is scarce and needs

attention. This motivated us to introduce and investigate the existence criteria for

the solutions of the problem (1.1).

The paper is arranged as follows. In Section 2, we present an auxiliary lemma

which is pivotal to define the solution of problem (1.1). Section 3 contains the main

existence and uniqueness results for the problem. In Section 4, some illustrative

examples are constructed.

2. AN AUXILIARY LEMMA

In the following, we prove an auxiliary lemma which is basic in the study of the

problem (1.1).

Lemma 2.1. For f1, g1 ∈ C([a, b],R) and R 6= 0, E 6= 0, the solution of the linear

system

(2.1)



(
p(t)u′(t)

)′
= µ1f1(t), t ∈ [a, b],(

q(t)v′(t)
)′

= µ2g1(t), t ∈ [a, b],

α1u(a) + α2u(b) = λ1

∫ η

a

v(s)ds, α3u
′(a) + α4u

′(b) = λ2

∫ η

a

v′(s)ds,

β1v(a) + β2v(b) = λ3

∫ b

ξ

u(s)ds, β3v
′(a) + β4v

′(b) = λ4

∫ b

ξ

u′(s)ds,

can be expressed by the formulas:

u(t) =

∫ t

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du+

1

R

[
− α2(β1 + β2)

∫ b

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du
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+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du ds

−λ1β2(η − a)

∫ b

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du ds

]

+
1

ER

[(
E4α2(β1 + β2)

∫ b

a

1

p(z)
dz − E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E3λ1β2(η − a)

∫ b

a

1

q(z)
dz − E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE4

∫ t

a

1

p(z)
dz
)(α4µ1

p(b)

∫ b

a
f1(z)dz

)
+
(
− E4α2(β1 + β2)

∫ b

a

1

p(z)
dz

+E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds− E3λ1β2(η − a)

∫ b

a

1

q(z)
dz

+E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds+RE4

∫ t

a

1

p(z)
dz
)(∫ η

a

λ2µ2
q(s)

∫ s

a
g1(z)dz ds

)
+
(
E2α2(β1 + β2)

∫ b

a

1

p(z)
dz − E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E1λ1β2(η − a)

∫ b

a

1

q(z)
dz − E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE2

∫ t

a

1

p(z)
dz
)(β4µ2

q(b)

∫ b

a
g1(z)dz

)
+
(
− E2α2(β1 + β2)

∫ b

a

1

p(z)
dz

+E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds− E1λ1β2(η − a)

∫ b

a

1

q(z)
dz

+E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

+RE2

∫ t

a

1

p(z)
dz
)(∫ b

ξ

λ4µ1
p(s)

∫ s

a
f1(z)dz ds

)]
,(2.2)

and

v(t) =

∫ t

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du+

1

R

[
− α2λ3(b− ξ)

∫ b

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du

+λ1λ3(b− ξ)
∫ η

a

∫ s

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du ds

−β2(α1 + α2)

∫ b

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du

+λ3(α1 + α2)

∫ b

ξ

∫ s

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du ds

]

+
1

ER

[(
E4α2λ3(b− ξ)

∫ b

a

1

p(z)
dz − E3λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds
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+E3β2(α1 + α2)

∫ b

a

1

q(z)
dz − E4λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE3

∫ t

a

1

p(z)
dz
)(α4µ1

p(b)

∫ b

a
f1(z)dz

)
+
(
− E4α2λ3(b− ξ)

∫ b

a

1

p(z)
dz

+E3λ1λ3(b− ξ)
∫ η

a

∫ s

a

1

q(z)
dz ds− E3β2(α1 + α2)

∫ b

a

1

q(z)
dz

+E4λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds+RE3

∫ t

a

1

p(z)
dz
)(∫ η

a

λ2µ2
q(s)

∫ s

a
g1(z)dz ds

)
+
(
E2α2λ3(b− ξ)

∫ b

a

1

p(z)
dz − E1λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E1β2(α1 + α2)

∫ b

a

1

q(z)
dz − E2λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE1

∫ t

a

1

p(z)
dz
)(β4µ2

q(b)

∫ b

a
g1(z)dz

)
+
(
− E2α2λ3(b− ξ)

∫ b

a

1

p(z)
dz

+E1λ1λ3(b− ξ)
∫ η

a

∫ s

a

1

q(z)
dz ds− E1β2(α1 + α2)

∫ b

a

1

q(z)
dz

+E2λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

+RE1

∫ t

a

1

p(z)
dz
)(∫ b

ξ

λ4µ1
p(s)

∫ s

a
f1(z)dz ds

)]
,(2.3)

where

R = (α1 + α2)(β1 + β2)− λ1λ3(η − a)(b− ξ),

E = E1E4 − E2E3,

E1 =
α3

p(a)
+

α4

p(b)
, E2 =

∫ η

a

λ2
q(s)

ds, E3 =

∫ b

ξ

λ4
p(s)

ds, E4 =
β3
q(a)

+
β4
q(b)

.(2.4)

Proof. Firstly, we get the following formulas of solutions by integrating the linear

differential equations (2.1) twice from a to t as

(2.5) u(t) = C1 + C2

∫ t

a

1

p(z)
dz +

∫ t

a

( µ1

p(u)

∫ u

a

f1(z)dz
)
du,

and

(2.6) v(t) = C3 + C4

∫ t

a

1

q(z)
dz +

∫ t

a

( µ2

q(u)

∫ u

a

g1(z)dz
)
du,

where Ci, i = 1, . . . , 4, are arbitrary unknown real constants. By using the coupled

boundary conditions given by (2.1) in (2.5) and (2.6), we obtain the following system:

(α1 + α2)C1 − λ1(η − a)C3 = −
∫ b

a

α2

p(z)
dz C2 +

∫ η

a

∫ s

a

(λ1µ2

q(u)

∫ u

a

g1(z)dz
)
du ds

+

∫ η

a

∫ s

a

λ1
q(z)

dz ds C4 −
∫ b

a

(α2µ1

p(u)

∫ u

a

f1(z)dz
)
du,(2.7)



EXISTENCE RESULTS FOR A SELF-ADJOINT COUPLED SYSTEM 1483

−λ3(b− ξ)C1 + (β1 + β2)C3 = −
∫ b

a

β2
q(z)

dz C4 +

∫ b

ξ

∫ s

a

(λ3µ1

p(u)

∫ u

a

f1(z)dz
)
du ds

+

∫ b

ξ

∫ s

a

λ3
p(z)

dz ds C2 −
∫ b

a

(β2µ2

q(u)

∫ u

a

g1(z)dz
)
du,(2.8)

(2.9)( α3

p(a)
+

α4

p(b)

)
C2 −

∫ η

a

λ2
q(s)

ds C4 = −α4µ1

p(b)

∫ b

a

f1(z)dz +

∫ η

a

λ2µ2

q(s)

∫ s

a

g1(z)dz ds,

(2.10)

−
∫ b

ξ

λ4
p(s)

ds C2 +
( β3
q(a)

+
β4
q(b)

)
C4 = −β4µ2

q(b)

∫ b

a

g1(z)dz +

∫ b

ξ

λ4µ1

p(s)

∫ s

a

f1(z)dz ds.

Solving (2.9) and (2.10), we obtain that

C2 =
1

E

[
E4

(
− α4µ1

p(b)

∫ b

a

f1(z)dz +

∫ η

a

λ2µ2

q(s)

∫ s

a

g1(z)dz ds
)

+E2

(
− β4µ2

q(b)

∫ b

a

g1(z)dz +

∫ b

ξ

λ4µ1

p(s)

∫ s

a

f1(z)dz ds
)]
,(2.11)

and

C4 =
1

E

[
E3

(
− α4µ1

p(b)

∫ b

a

f1(z)dz +

∫ η

a

λ2µ2

q(s)

∫ s

a

g1(z)dz ds
)

+E1

(
− β4µ2

q(b)

∫ b

a

g1(z)dz +

∫ b

ξ

λ4µ1

p(s)

∫ s

a

f1(z)dz ds
)]
.(2.12)

Using the values C2 and C4 in (2.7) and (2.8) then we find

C1 =
1

R

[
− α2(β1 + β2)

∫ b

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du

+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du ds− λ1β2(η − a)

∫ b

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du ds

+
1

E

[(
E4α2(β1 + β2)

∫ b

a

1

p(z)
dz − E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E3λ1β2(η − a)

∫ b

a

1

q(z)
dz − E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(α4µ1
p(b)

∫ b

a
f1(z)dz

)
+
(
− E4α2(β1 + β2)

∫ b

a

1

p(z)
dz + E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

−E3λ1β2(η − a)

∫ b

a

1

q(z)
dz + E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(∫ η

a

λ2µ2
q(s)

∫ s

a
g1(z)dz ds

)
+
(
E2α2(β1 + β2)

∫ b

a

1

p(z)
dz − E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds
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+E1λ1β2(η − a)

∫ b

a

1

q(z)
dz − E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(β4µ2
q(b)

∫ b

a
g1(z)dz

)
+
(
− E2α2(β1 + β2)

∫ b

a

1

p(z)
dz + E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

−E1λ1β2(η − a)

∫ b

a

1

q(z)
dz

+E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(∫ b

ξ

λ4µ1
p(s)

∫ s

a
f1(z)dz ds

)]]
,

(2.13)

and

C3 =
1

R

[
− α2λ3(b− ξ)

∫ b

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du

+λ1λ3(b− ξ)
∫ η

a

∫ s

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du ds− β2(α1 + α2)

∫ b

a

( µ2
q(u)

∫ u

a
g1(z)dz

)
du

+λ3(α1 + α2)

∫ b

ξ

∫ s

a

( µ1
p(u)

∫ u

a
f1(z)dz

)
du ds

]

+
1

E

[(
E4α2λ3(b− ξ)

∫ b

a

1

p(z)
dz − E3λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E3β2(α1 + α2)

∫ b

a

1

q(z)
dz − E4λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(α4µ1
p(b)

∫ b

a
f1(z)dz

)
+
(
− E4α2λ3(b− ξ)

∫ b

a

1

p(z)
dz + E3λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

−E3β2(α1 + α2)

∫ b

a

1

q(z)
dz + E4λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(∫ η

a

λ2µ2
q(s)

∫ s

a
g1(z)dz ds

)
+
(
E2α2λ3(b− ξ)

∫ b

a

1

p(z)
dz − E1λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E1β2(α1 + α2)

∫ b

a

1

q(z)
dz − E2λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(β4µ2
q(b)

∫ b

a
g1(z)dz

)
+
(
− E2α2λ3(b− ξ)

∫ b

a

1

p(z)
dz + E1λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

−E1β2(α1 + α2)

∫ b

a

1

q(z)
dz

+E2λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

)(∫ b

ξ

λ4µ1
p(s)

∫ s

a
f1(z)dz ds

)]]
.

(2.14)

Substituting the values of C1, C2 and C3, C4 in (2.5) and (2.6) respectively, we have

the solutions (2.2) and (2.3). By direct computation, we can obtain the converse of

the lemma. This completes the proof.
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3. MAIN RESULTS

Let (F , ‖ · ‖) denote the Banach space of all continuous real valued functions

where F = {u(t)|u(t) ∈ C([a, b],R)} and ‖u‖ = sup{|u(t)|, t ∈ [a, b]}. Evidently the

product space (F ×F , ‖(u, v)‖) is a Banach space with the norm given by ‖(u, v)‖ =

‖u‖+ ‖v‖ for any (u, v) ∈ F × F .

In view of Lemma 2.1, we transform the problem (1.1) into an equivalent fixed

point problem as:

(3.1) (u, v) = H(u, v),

where H : F × F → F ×F is defined by

(3.2) H(u, v)(t) := (H1(u, v)(t),H2(u, v)(t)),

where

H1(u, v)(t)

=

∫ t

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z))dz
)
du

+
1

R

[
− α2(β1 + β2)

∫ b

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z))dz
)
du

+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2

q(u)

∫ u

a

g(z, u(z), v(z))dz
)
du ds

−λ1β2(η − a)

∫ b

a

( µ2

q(u)

∫ u

a

g(z, u(z), v(z))dz
)
du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z))dz
)
du ds

]

+
1

ER

[(
E4α2(β1 + β2)

∫ b

a

1

p(z)
dz − E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E3λ1β2(η − a)

∫ b

a

1

q(z)
dz − E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE4

∫ t

a

1

p(z)
dz
)(α4µ1

p(b)

∫ b

a

f(z, u(z), v(z))dz
)

+
(
− E4α2(β1 + β2)

∫ b

a

1

p(z)
dz

+E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds− E3λ1β2(η − a)

∫ b

a

1

q(z)
dz

+E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

+RE4

∫ t

a

1

p(z)
dz
)(∫ η

a

λ2µ2

q(s)

∫ s

a

g(z, u(z), v(z))dz ds
)
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+
(
E2α2(β1 + β2)

∫ b

a

1

p(z)
dz − E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E1λ1β2(η − a)

∫ b

a

1

q(z)
dz − E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE2

∫ t

a

1

p(z)
dz
)(β4µ2

q(b)

∫ b

a

g(z, u(z), v(z))dz
)

+
(
− E2α2(β1 + β2)

∫ b

a

1

p(z)
dz

+E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

q(z)
dz ds− E1λ1β2(η − a)

∫ b

a

1

q(z)
dz

+E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

+RE2

∫ t

a

1

p(z)
dz
)(∫ b

ξ

λ4µ1

p(s)

∫ s

a

f(z, u(z), v(z))dz ds
)]
,(3.3)

and

H2(u, v)(t)

=

∫ t

a

( µ2

q(u)

∫ u

a

g(z, u(z), v(z))dz
)
du

+
1

R

[
− α2λ3(b− ξ)

∫ b

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z))dz
)
du

+λ1λ3(b− ξ)
∫ η

a

∫ s

a

( µ2

q(u)

∫ u

a

g(z, u(z), v(z))dz
)
du ds

−β2(α1 + α2)

∫ b

a

( µ2

q(u)

∫ u

a

g(z, u(z), v(z))dz
)
du

+λ3(α1 + α2)

∫ b

ξ

∫ s

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z))dz
)
du ds

]

+
1

ER

[(
E4α2λ3(b− ξ)

∫ b

a

1

p(z)
dz − E3λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E3β2(α1 + α2)

∫ b

a

1

q(z)
dz − E4λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE3

∫ t

a

1

p(z)
dz
)(α4µ1

p(b)

∫ b

a

f(z, u(z), v(z))dz
)

+
(
− E4α2λ3(b− ξ)

∫ b

a

1

p(z)
dz

+E3λ1λ3(b− ξ)
∫ η

a

∫ s

a

1

q(z)
dz ds− E3β2(α1 + α2)

∫ b

a

1

q(z)
dz

+E4λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

+RE3

∫ t

a

1

p(z)
dz
)(∫ η

a

λ2µ2

q(s)

∫ s

a

g(z, u(z), v(z))dz ds
)
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+
(
E2α2λ3(b− ξ)

∫ b

a

1

p(z)
dz − E1λ1λ3(b− ξ)

∫ η

a

∫ s

a

1

q(z)
dz ds

+E1β2(α1 + α2)

∫ b

a

1

q(z)
dz − E2λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

−RE1

∫ t

a

1

p(z)
dz
)(β4µ2

q(b)

∫ b

a

g(z, u(z), v(z))dz
)

+
(
− E2α2λ3(b− ξ)

∫ b

a

1

p(z)
dz

+E1λ1λ3(b− ξ)
∫ η

a

∫ s

a

1

q(z)
dz ds− E1β2(α1 + α2)

∫ b

a

1

q(z)
dz

+E2λ3(α1 + α2)

∫ b

ξ

∫ s

a

1

p(z)
dz ds

+RE1

∫ t

a

1

p(z)
dz
)(∫ b

ξ

λ4µ1

p(s)

∫ s

a

f(z, u(z), v(z))dz ds
)]
.(3.4)

Note that the problem (1.1) has solutions if and only if the operator (3.2) has fixed

points.

For the sake of computational convenience, we set:

(3.5) E1 = D1 +D3, E2 = D2 +D4,

and

(3.6) E = min{1− (E1k1 + E2k̂1), 1− (E1k2 + E2k̂2)}, ki, k̂i are given in (S1),

where

D1 =
µ1
|Rp̄|

[(b− a)2

2

(
|R|+ α2(β1 + β2)

)
+
λ1λ2(η − a)

[
(b− a)3 − (ξ − a)3

]
6

]
+

1

|RE|

[(E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2̄q
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(α4µ1(b− a)

|p(b)|

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2q̄
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(λ4µ1[(b− a)2 − (ξ − a)2
]

2p̄

)]
,

D2 =
µ2
|2Rq̄|

[λ1(β1 + β2)(η − a)3

3
+ λ1β2(η − a)(b− a)2

]
+

1

|RE|

[(E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2q̄
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(λ2µ2(η − a)2

2q̄

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2̄q
+
E1λ1β2(η − a)(b− a)

q̄
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+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(β4µ2(b− a)

|q(b)|

)]
,

D3 =
µ1
|Rp̄|

[(b− a)2

2

(
α2λ3(b− ξ)

)
+
λ3(α1 + α2)

[
(b− a)3 − (ξ − a)3

]
6

]
+

1

RE

[(E4α2λ3(b− ξ)(b− a)

p̄
+
E3λ1λ3(b− ξ)(η − a)2

2q̄
+
E3β2(α1 + α2)(b− a)

q̄

+
E4λ3(α1 + α2)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE3(b− a)

p̄

)(α4µ1(b− a)

|p(b)|

)
+
(E2α2λ3(b− ξ)(b− a)

p̄
+
E1λ1λ3(b− ξ)(η − a)2

2q̄
+
E1β2(α1 + α2)(b− a)

q̄

+
E2λ3(α1 + α2)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE1(b− a)

p̄

)(λ4µ1[(b− a)2 − (ξ − a)2
]

2p̄

)]
,

D4 =
µ2
|Rq̄|

[(b− a)2

2

(
|R|+ β2(α1 + α2)

)
+
λ1λ3(b− ξ)(η − a)3

6

]
+

1

RE

[(E4α2λ3(b− ξ)(b− a)

p̄
+
E3λ1λ3(b− ξ)(η − a)2

2q̄
+
E3β2(α1 + α2)(b− a)

q̄

+
E4λ3(α1 + α2)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE3(b− a)

p̄

)(λ2µ2(η − a)2

2q̄

)
+
(E2α2λ3(b− ξ)(b− a)

p̄
+
E1λ1λ3(b− ξ)(η − a)2

2q̄
+
E1β2(α1 + α2)(b− a)

q̄

+
E2λ3(α1 + α2)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE1(b− a)

p̄

)(β4µ2(b− a)

|q(b)|

)]
,(3.7)

p̄ = inf
z∈[a,b]

|p(z)|, q̄ = inf
z∈[a,b]

|q(z)|.(3.8)

3.1. Existence results. In this section, we prove two existence results for the prob-

lem (1.1). The first is based on the Leray-Schauder alternative [10].

Lemma 3.1. (Leray-Schauder alternative). Let Ω be a Banach space, and Y : Ω→ Ω

be a completely continuous operator (i.e., a map restricted to any bounded set in Ω is

compact). Let Γ(Y ) = {y ∈ Ω : y = δY (y) for some 0 < δ < 1}. Then either the set

Γ(Y ) is unbounded or Y has at least one fixed point.

Theorem 3.2. Assume that:

(S1) There exist real constants ki, k̂i ≥ 0 (i = 1, 2), and k0 > 0, k̂0 > 0, such that

∀ u, v ∈ R, we have

|f(t, u, v)| ≤ k0 + k1|u|+ k2|v|, and |g(t, u, v)| ≤ k̂0 + k̂1|u|+ k̂2|v|.

Then there exist at least one solution for the problem (1.1) on [a, b], provided that

(3.9) E1k1 + E2k̂1 < 1 and E1k2 + E2k̂2 < 1,

where Ei (i = 1, 2) are given by (3.5).
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Proof. The proof consists of two steps:

Step 1: We show that the operator H : F ×F → F ×F defined by (3.2) is com-

pletely continuous. Since the functions f and g are continuous, it follows that the

operators H1 and H2 are continuous. Consequently the operator H is continuous. Let

ρ ⊂ F×F be a bounded set. Then, there exist positive constantsOf andOg such that

|f(t, u(t), v(t))| ≤ Of , and |g(t, u(t), v(t))| ≤ Og, ∀(u, v) ∈ ρ.

Then, for any (u, v) ∈ ρ, we have

|H1(u, v)(t)|

≤
∫ t

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du

+
1

R

[
α2(β1 + β2)

∫ b

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du

+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u(z), v(z))
∣∣dz)du ds

+λ1β2(η − a)

∫ b

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u(z), v(z))
∣∣dz)du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du ds]

+
1

ER

[(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE4

∫ t

a

1

|p(z)|
dz
)(α4µ1
|p(b)|

∫ b

a

∣∣f(z, u(z), v(z))
∣∣dz)+

(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz

+E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds+ E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz

+E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds+RE4

∫ t

a

1

|p(z)|
dz
)

×
(∫ η

a

λ2µ2
|q(s)|

∫ s

a

∣∣g(z, u(z), v(z))
∣∣dz ds)+

(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz

+E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds+ E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz

+E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds+RE2

∫ t

a

1

|p(z)|
dz
)( β4µ2
|q(b)|

∫ b

a

∣∣g(z, u(z), v(z))
∣∣dz)

+
(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds
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+RE2

∫ t

a

1

|p(z)|
dz
)(∫ b

ξ

λ4µ1
|p(s)|

∫ s

a

∣∣f(z, u(z), v(z))
∣∣dz ds)]

≤ Of

{
µ1
|Rp̄|

[(b− a)2

2

(
|R|+ α2(β1 + β2)

)
+
λ1λ2(η − a)

[
(b− a)3 − (ξ − a)3

]
6

]
+

1

|RE|

[(E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2̄q
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(α4µ1(b− a)

|p(b)|

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2q̄
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(λ4µ1[(b− a)2 − (ξ − a)2
]

2p̄

)]}

+Og

{
µ2
|2Rq̄|

[λ1(β1 + β2)(η − a)3

3
+ λ1β2(η − a)(b− a)2

]
+

1

|RE|

[(E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2q̄
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(λ2µ2(η − a)2

2q̄

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2̄q
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(β4µ2(b− a)

|q(b)|

)]}
,

which, on taking the norm for t ∈ [a, b], yields ‖H1(u, v)‖ ≤ OfD1 +OgD2. Similarly,

we have ‖H2(u, v)‖ ≤ OfD3 +OgD4, where Di (i = 1, . . . , 4) are given by (3.7). From

the above inequalities, it follows that the operator H is uniformly bounded, since

‖H(u, v)‖ ≤ OfE1 +OgE2,

where Ei (i = 1, 2) are given by (3.5).

Next, we show that H is an equicontinuous operator. Let t1, t2 ∈ [a, b] with

t1 < t2, this yields

|H1(u, v)(t2)−H1(u, v)(t1)|

=

∣∣∣∣∣
∫ t2

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z))dz
)
du−

∫ t1

a

( µ1

p(u)

∫ u

a

f(z, u(z), v(z)))dz
)
du

+
(E4

E

(∫ t2

a

1

p(z)
dz −

∫ t1

a

1

p(z)
dz
)(α4µ1

p(b)

∫ b

a

f(z, u(z), v(z))dz
))

+
(E4

E

(∫ t2

a

1

p(z)
dz −

∫ t1

a

1

p(z)
dz
)(∫ η

a

λ2µ2

q(s)

∫ s

a

g(z, u(z), v(z))dz ds
))

+
(E2

E

∫ t2

a

1

p(z)
dz −

∫ t1

a

1

p(z)
dz
)(β4µ2

q(b)

∫ b

a

g(z, u(z), v(z))dz
))
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+
(E2

E

(∫ t2

a

1

p(z)
dz −

∫ t1

a

1

p(z)
dz
)(∫ b

ξ

λ4µ1

p(s)

∫ s

a

f(z, u(z), v(z))dz ds
))∣∣∣∣∣

≤ Of
[(µ1

|p̄|

)(t2 − a)2 − (t1 − a)2

2
+

E4

E|p̄|

( α4µ1

|p(b)|

)
(t2 − t1)(b− a)

+
E2

E|p̄|

(
λ4µ1

)
(t2 − t1)

[
(b− a)2 − (ξ − a)2

]
2

]
+Og

[ E4

E|p̄|

(
λ2µ2

)
(t2 − t1)(η − a)2

2q̄
+

E2

E|p̄|

( β4µ2

|q(b)|

)
(t2 − t1)(b− a)

]
→ 0

as t2 → t1 independent of (u, v).

Similarly, we can find that

|H2(u, v)(t2)−H2(u, v)(t1)| → 0 as t2 → t1 independent of (u, v).

Therefore, the operator H is equicontinuous.

Step 2: We verify that the set Φ = {(u, v) ∈ F×F|(u, v) = δH(u, v), 0 < δ < 1}
is bounded. Let (u, v) ∈ Φ. Then (u, v) = δH(u, v), we have for any t ∈ [a, b],

u(t) = δH1(u, v)(t), v(t) = δH2(u, v)(t).

Then, using the conditions (S1), we have

|u(t)| ≤ D1

(
k0 + k1|u|+ k2|v|

)
+D2

(
k̂0 + k̂1|u|+ k̂2|v|

)
≤ D1k0 +D2k̂0 + (D1k1 +D2k̂1)‖u‖+ (D1k2 +D2k̂2)‖v‖,

and

|v(t)| ≤ D3

(
k0 + k1|u|+ k2|v|

)
+D4

(
k̂0 + k̂1|u|+ k̂2|v|

)
≤ D3k0 +D4k̂0 + (D3k1 +D4k̂1)‖u‖+ (D3k2 +D4k̂2)‖v‖,

which implies

‖u‖+ ‖v‖ ≤ (D1 +D3)k0 + (D2 +D4)k̂0 +
[
(D1 +D3)k1 + (D2 +D4)k̂1

]
‖u‖

+
[
(D1 +D3)k2 + (D2 +D4)k̂2

]
‖v‖.

By (3.6) and (3.9), we have

‖(u, v)‖ ≤ E1k0 + E2k̂0
E

.

This proves that set Φ is bounded and hence the Leray-Schauder alternative implies

the operator H has at least one fixed point. Therefore, the problem (1.1) has at least

one solution on [a,b]. This completes the proof.

Now, we discuss the second existence result for the problem (1.1) by applying the

Schauder fixed point theorem [10].
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Theorem 3.3. Assume that:

(S2) There exist nonnegative functions ψ, φ ∈ L(a, b) such that

|f(t, u, v)| ≤ ψ(t) + ε1|u|m1 + ε2|v|m2 , u, v ∈ R, ε1, ε2 > 0, 0 < m1,m2 < 1,

and

|g(t, u, v)| ≤ φ(t) + σ1|u|n1 + σ2|v|n2 , u, v ∈ R , σ1, σ2 > 0, 0 < n1, n2 < 1.

Then there exists at least one solution for the problem (1.1) on [a, b].

Proof. Let us fix

ϕ > max

{
6E1‖ψ‖, 6E2‖φ‖, (6ε1E1)

1
1−m1 , (6ε2E1)

1
1−m2 , (6σ1E2)

1
1−n1 , (6σ2E2)

1
1−n2

}
.

We introduce a set Θ in a Banach space define by Θ = {(u, v) ∈ F×F : ‖(u, v)‖ ≤
ϕ}, and the operator H : Θ→ Θ. For any (u, v) ∈ Θ, we have

|H1(u, v)(t)|

≤
∫ t

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du

+
1

R

[
α2(β1 + β2)

∫ b

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du

+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u(z), v(z))
∣∣dz)du ds

+λ1β2(η − a)

∫ b

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u(z), v(z))
∣∣dz)du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du ds]

+
1

ER

[(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE4

∫ t

a

1

|p(z)|
dz
)(α4µ1
|p(b)|

∫ b

a

∣∣f(z, u(z), v(z))
∣∣dz)+

(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz

+E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds+ E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz

+E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds+RE4

∫ t

a

1

|p(z)|
dz
)

×
(∫ η

a

λ2µ2
|q(s)|

∫ s

a

∣∣g(z, u(z), v(z))
∣∣dz ds)+

(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz

+E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds+ E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz
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+E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds+RE2

∫ t

a

1

|p(z)|
dz
)( β4µ2
|q(b)|

∫ b

a

∣∣g(z, u(z), v(z))
∣∣dz)

+
(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE2

∫ t

a

1

|p(z)|
dz
)(∫ b

ξ

λ4µ1
|p(s)|

∫ s

a

∣∣f(z, u(z), v(z))
∣∣dz ds)]

≤
(
ψ(t) + ε1|u|m1 + ε2|v|m2

){ 1

R

[
µ1
|p̄|

(
R

(b− a)2

2
+
α2(β1 + β2)(b− a)2

2

+
λ1λ2(η − a)

[
(b− a)3 − (ξ − a)3

]
6

)
+

1

E

((E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2̄q
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(α4µ1(b− a)

|p(b)|

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2q̄
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(λ4µ1[(b− a)2 − (ξ − a)2
]

2p̄

))]}

+
(
φ(t) + σ1|u|n1 + σ2|v|n2

){ 1

R

[µ2
|q̄|

(λ1(β1 + β2)(η − a)3

6
+
λ1β2(η − a)(b− a)2

2

)
+

1

E

((E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2q̄
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(λ2µ2(η − a)2

2q̄

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2̄q
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(β4µ2(b− a)

|q(b)|

))]}
,

which, on taking the norm for t ∈ [a, b], we have

‖H1(u, v)‖ ≤
(
‖ψ‖+ ε1‖u‖m1 + ε2‖v‖m2

)
D1 +

(
‖φ‖+ σ1‖u‖n1 + σ2‖v‖n2

)
D2.

Similarly, we find that

‖H2(u, v)‖ ≤
(
‖ψ‖+ ε1‖u‖m1 + ε2‖v‖m2

)
D3 +

(
‖φ‖+ σ1‖u‖n1 + σ2‖v‖n2

)
D4,

where Di (i = 1, . . . , 4) are given by (3.7). From the foregoing arguments, it follows

that

‖H(u, v)‖ ≤
(
‖ψ‖+ ε1‖u‖m1 + ε2‖v‖m2

)
E1 +

(
‖φ‖+ σ1‖u‖n1 + σ2‖v‖n2

)
E2 ≤ ϕ,

where E1 and E2 are given by (3.5). Thus, we verify that H : Θ→ Θ.



1494 A. ALSAEDI, A.ALMALKI, S.K.NTOUYAS, B.AHMAD, AND R.P. AGARWAL

Therefore, the operator H is completely continuous. Hence, by the Schauder

fixed point theorem (3.2) there exist at least one solution for the problem (1.1) on

[a, b]. The proof is now completed.

3.2. Uniqueness result. Here we establish the uniqueness of solutions for the given

problem (1.1) by applying Banach’s contraction mapping principle.

Theorem 3.4. Assume that:

(S3) For all t ∈ [a, b] and ui, vi ∈ R, (i = 1, 2), there exist `i > 0, (i = 1, 2) such that:

|f(t, u1, v1)− f(t, u2, v2)| ≤ `1(|u1 − u2|+ |v1 − v2|)

and

|g(t, u1, v1)− g(t, u2, v2)| ≤ `2(|u1 − u2|+ |v1 − v2|).

In addition, we suppose that

(3.10) E1`1 + E2`2 < 1,

where Ei (i = 1, 2) are given by (3.5). Then, the problem (1.1) has a unique solution

on [a, b].

Proof. Firstly, we verify that HBν ⊂ Bν , where Bν = {(u, v) ∈ F×F : ‖(u, v)‖ ≤ ν}.
Define Z1 = supt∈[a,b] |f(t, 0, 0)| and Z2 = supt∈[a,b] |g(t, 0, 0)|, and choose

ν ≥ Z1E1 + Z2E2
1− (`1E1 + `2E2)

.

For any (u, v) ∈ Bν , t ∈ [a, b], by condition (S3) we have

|f(t, u(t), v(t))| = |f(t, u(t), v(t))− f(t, 0, 0) + f(t, 0, 0)|

≤ |f(t, u(t), v(t))− f(t, 0, 0)|+ |f(t, 0, 0)|

≤ `1(‖u‖+ ‖v‖) + Z1 ≤ `1‖(u, v)‖+ Z1 ≤ `1ν + Z1.

Similarly, |g(t, u(t), v(t))| ≤ `2‖(u, v)‖+Z2 ≤ `2ν+Z2. Then, for (u, v) ∈ Bν , we find

that

|H1(u, v)(t)|

≤
∫ t

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du

+
1

R

[
α2(β1 + β2)

∫ b

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du

+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u(z), v(z))
∣∣dz)du ds

+λ1β2(η − a)

∫ b

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u(z), v(z))
∣∣dz)du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u(z), v(z))
∣∣dz)du ds]
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+
1

ER

[(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE4

∫ t

a

1

|p(z)|
dz
)(α4µ1
|p(b)|

∫ b

a

∣∣f(z, u(z), v(z))
∣∣dz)+

(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz

+E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds+ E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz

+E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds+RE4

∫ t

a

1

|p(z)|
dz
)

×
(∫ η

a

λ2µ2
|q(s)|

∫ s

a

∣∣g(z, u(z), v(z))
∣∣dz ds)+

(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz

+E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds+ E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz

+E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds+RE2

∫ t

a

1

|p(z)|
dz
)( β4µ2
|q(b)|

∫ b

a

∣∣g(z, u(z), v(z))
∣∣dz)

+
(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE2

∫ t

a

1

|p(z)|
dz
)(∫ b

ξ

λ4µ1
|p(s)|

∫ s

a

∣∣f(z, u(z), v(z))
∣∣dz ds)]

≤ (`1ν + Z1)

{
1

R

[
µ1
|p̄|

(
R

(b− a)2

2
+
α2(β1 + β2)(b− a)2

2
+
λ1λ2(η − a)

[
(b− a)3 − (ξ − a)3

]
6

)
+

1

E

((E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2̄q
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(α4µ1(b− a)

|p(b)|

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2q̄
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(λ4µ1[(b− a)2 − (ξ − a)2
]

2p̄

))]}

+(`2ν + Z2)

{
1

R

[µ2
|q̄|

(λ1(β1 + β2)(η − a)3

6
+
λ1β2(η − a)(b− a)2

2

)
+

1

E

((E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2q̄
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(λ2µ2(η − a)2

2q̄

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2̄q
+
E1λ1β2(η − a)(b− a)

q̄
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+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(β4µ2(b− a)

|q(b)|

))]}
,

which implies

‖H1(u, v)‖ ≤ (`1ν + Z1)D1 + (`2ν + Z2)D2.

Similarly, we obtain ‖H2(u, v)‖ ≤ (`1ν+Z1)D3+(`2ν+Z2)D4, where Di (i = 1, . . . , 4)

are defined by (3.7). which leads to the following:

‖H(u, v)‖ ≤ (`1ν + Z1)E1 + (`2ν + Z2)E2 ≤ ν.

This shows that HBν ⊂ Bν .

Secondly, we show that the operator H is a contraction. For (u1, v1), (u2, v2) ∈
F × F , then

|H1(u1, v1)(t)−H1(u2, v2)(t)|

≤
∫ t

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u1(z), v1(z))− f(z, u2(z), v2(z))
∣∣dz)du

+
1

R

[
α2(β1 + β2)

∫ b

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u1(z), v1(z))− f(z, u2(z), v2(z))
∣∣dz)du

+λ1(β1 + β2)

∫ η

a

∫ s

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u1(z), v1(z))− g(z, u2(z), v2(z))
∣∣dz)du ds

+λ1β2(η − a)

∫ b

a

( µ2
|q(u)|

∫ u

a

∣∣g(z, u1(z), v1(z))− g(z, u2(z), v2(z))
∣∣dz)du

+λ1λ3(η − a)

∫ b

ξ

∫ s

a

( µ1
|p(u)|

∫ u

a

∣∣f(z, u1(z), v1(z))− f(z, u2(z), v2(z))
∣∣dz)du ds]

+
1

ER

[(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE4

∫ t

a

1

|p(z)|
dz
)(α4µ1
|p(b)|

∫ b

a

∣∣f(z, u1(z), v1(z))− f(z, u2(z), v2(z))
∣∣dz)

+
(
E4α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E3λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E3λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E4λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE4

∫ t

a

1

|p(z)|
dz
)(∫ η

a

λ2µ2
|q(s)|

∫ s

a

∣∣g(z, u1(z), v1(z))− g(z, u2(z), v2(z))
∣∣dz ds)

+
(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE2

∫ t

a

1

|p(z)|
dz
)( β4µ2
|q(b)|

∫ b

a

∣∣g(z, u1(z), v1(z))− g(z, u2(z), v2(z))
∣∣dz)
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+
(
E2α2(β1 + β2)

∫ b

a

1

|p(z)|
dz + E1λ1(β1 + β2)

∫ η

a

∫ s

a

1

|q(z)|
dz ds

+E1λ1β2(η − a)

∫ b

a

1

|q(z)|
dz + E2λ1λ3(η − a)

∫ b

ξ

∫ s

a

1

|p(z)|
dz ds

+RE2

∫ t

a

1

|p(z)|
dz
)(∫ b

ξ

λ4µ1
|p(s)|

∫ s

a

∣∣f(z, u1(z), v1(z))− f(z, u2(z), v2(z))
∣∣dz ds)]

≤ `1
(
|u1 − u2|+ |v1 − v2|

){ 1

R

[
µ1
|p̄|

(
R

(b− a)2

2
+
α2(β1 + β2)(b− a)2

2

+
λ1λ2(η − a)

[
(b− a)3 − (ξ − a)3

]
6

)
+

1

E

((E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2̄q
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(α4µ1(b− a)

|p(b)|

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2q̄
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(λ4µ1[(b− a)2 − (ξ − a)2
]

2p̄

))]}

+`2
(
|u1 − u2|+ |v1 − v2|

){ 1

R

[µ2
|q̄|

(λ1(β1 + β2)(η − a)3

6
+
λ1β2(η − a)(b− a)2

2

)
+

1

E

((E4α2(β1 + β2)(b− a)

p̄
+
E3λ1(β1 + β2)(η − a)2

2q̄
+
E3λ1β2(η − a)(b− a)

q̄

+
E4λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE4(b− a)

p̄

)(λ2µ2(η − a)2

2q̄

)
+
(E2α2(β1 + β2)(b− a)

p̄
+
E1λ1(β1 + β2)(η − a)2

2̄q
+
E1λ1β2(η − a)(b− a)

q̄

+
E2λ1λ3(η − a)

[
(b− a)2 − (ξ − a)2

]
2p̄

+
RE2(b− a)

p̄

)(β4µ2(b− a)

|q(b)|

))]}
.

Thus, we have

(3.11) ‖H1(u1, v1)−H1(u2, v2)‖ ≤ (`1D1 + `2D2)
(
|u1 − u2|+ |v1 − v2|

)
.

In the same way, we find that

(3.12) ‖H2(u1, v1)−H2(u2, v2)‖ ≤ (`1D3 + `2D4)
(
|u1 − u2|+ |v1 − v2|

)
.

From (3.11) and (3.12), we have

(3.13) ‖H(u1, v1)−H(u2, v2)‖ ≤ (E1`1 + E2`2)
(
|u1 − u2|+ |v1 − v2|

)
,

where Ei (i = 1, 2) are given by (3.5). So, by the assumption (3.10), the operator H is

a contraction. Hence, by Banach contraction mapping principle the operator H has

a unique fixed point, which implies that the problem (1.1) has a unique solution on

[a, b]. This completes the proof .
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4. ILLUSTRATIVE EXAMPLES

In this section, we present aid examples to illustrate the main results that ob-

tained:

Example 4.1. Consider the following coupled system of second-order ordinary dif-

ferential equations

(4.1)
(( 1

t+ 13

)
u′(t)

)′
=

3

36

[e2t
18

+
|u(t)|

25(1 + |u(t)|)
+

2

17
√
t3 + 4

v(t)
]
, t ∈ [0, 3],( 8

4t2 + 2t+ 12
v′(t)

)′
==

2

93

[ cos t

t+ 1
+

√
t+ 1

3
u(t) +

1

t2 + 5
v(t)

]
, t ∈ [0, 3],

supplemented with the following boundary conditions:

(4.2)

7

3
u(0) +

5

3
u(3) =

1

7

∫ 1
2

0

v(s)ds,
4

3
u′(0) + u′(3) =

2

7

∫ 1
2

0

v′(s)ds,

1

9
v(0) +

2

9
v(3) =

3

7

∫ 3

5
2

u(s)ds,
3

9
v′(0) +

4

9
v′(3) =

4

7

∫ 3

5
2

u′(s)ds.

Here

p(t) =
1

t+ 13
and q(t) =

(
8

4t2 + 2t+ 12

)
,

µ1 = 3/36, µ2 = 2/93, a = 0, b = 3, η = 1/2, ξ = 5/2,

λ1 = 1/7, λ2 = 2/7, λ3 = 3/7, λ4 = 4/7,

α1 = 7/3, α2 = 5/3, α3 = 4/3, α4 = 1,

β1 = 1/9, β2 = 2/9, β3 = 3/9, β4 = 4/9.

Using the given data,we find that |R| ≈ 1.323129 6= 0, |E| ≈ 115.6354 6= 0

(R and E is given by (2.4)), p̄ ≈ 0.0625, q̄ = 0.148148, D1 ≈ 17.1389708, D2 ≈
0.06036034, D3 ≈ 38.2023705, D4 ≈ 4.565128967, [p̄, q̄ and Di (i = 1, . . . , 4) are

defined in (3.7)], E1 ≈ 17.19933114 and E2 ≈ 42.76749946 [E1 and E2 are given by

(3.5)]. Here,

|f(t, u, v)| ≤ 1

216
+

1

300
‖u‖+

1

204
‖v‖, |g(t, u, v)| ≤ 2

465
+

2

279
‖u‖+

2

465
‖v‖,

with, k0 = 1/216, k1 = 1/300, k2 = 1/204, k̂0 = 2/465, k̂1 = 2/279, k̂2 = 2/465.

Morever, we obtain E1k1 + E2k̂1 ≈ 0.3639081609 < 1, E1k2 + E2k̂2 ≈ 0.268256681 < 1.

By Theorem (3.2) the problem (4.1) and (4.2) has at least one solution on [0, 3].
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Example 4.2. Consider the following system:

(4.3)

(( 1

t+ 13

)
u′(t)

)′
=

1

44

[ 2

t3 − 15
+
(
t+

9

36
√
t+ 2

)[
(u(t))

3
4 + (v(t))

2
5

]]
, t ∈ [0, 3],(

8

4t2 + 2t+ 12
v′(t)

)′
=

3

42

[3

7
t2 +

(
t2
)[

(u(t))
1
2 + (v(t))

3
8

]]
, t ∈ [0, 3],

subject to the coupled boundary conditions of Example 4.1.

With m1 = 3/4 m2 = 2/5, n1 = 1/2, n2 = 3/8. It’s clear, that the condition (S2)

is verified. Thus, by the conclusion of Theorem 3.3 to the system (4.3) with bound-

ary conditions (4.2) there exist a solution of the problem (4.3) with the boundary

conditions (4.2) on [0, 3].

Example 4.3. Consider the following system:

(4.4)



( 1

t+ 13
u′(t)

)′
=

1

36

[ |u(t)|
1 + |u(t)|

+
1√
t3 + 1

v(t) + 3 sin(t)
]
, t ∈ [0, 3],(

√
2t2 + 12 v′(t)

)′
=

1

93

[ 4

t2 + 4
u(t) + tan−1 v(t)− 5t

]
, t ∈ [0, 3],

with the coupled boundary conditions (4.2).

Observe that

|f(t, u1, v1)− f(t, u2, v2)| ≤
1

36
(|u1 − u2|+ |v1 − v2|)

and

|g(t, u1, v1)− g(t, u2, v2)| ≤
1

93
(|u1 − u2|+ |v1 − v2|),

which implies that `1 = 1/36 , `2 = 1/93. By using the same data in example (4.1),

we have

E1 ≈ 17.19933114, E2 ≈ 42.76749946 and E1`1 + E2`2 ≈ 0.937624784 < 1.

Hence by Theorem 3.4, the problem (4.4) with the coupled boundary conditions (4.2)

has a unique solution on [0, 3].

5. CONCLUSIONS

In this paper, we have derived the existence and uniqueness results for a self-

adjoint coupled system of nonlinear ordinary differential equations supplemented with

nonlocal non-separated integral boundary conditions on an arbitrary domain. We

have applied the standard tools of the fixed-point theory to establish the desired

results. Our results are new and significantly contribute to the literature on nonlinear

nonlocal integral boundary value problems involving self-adjoint ordinary differential

equations.
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