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ABSTRACT. In this article, we develop the existence theory for a self-adjoint coupled system of
nonlinear ordinary differential equations supplemented with nonlocal non-separated integral bound-
ary conditions on an arbitrary domain. The two existence results depend on the Leray-Schauder
alternative and Schauder fixed point theorem, while the uniqueness result relies on the Banach
contraction mapping principle. For the illustration of the obtained result, we constructed several

examples in the last section.
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1. INTRODUCTION

Consider the following self-adjoint coupled system of nonlinear second-order or-
dinary differential equations on an arbitrary domain complemented with nonlocal

non-separated integral boundary conditions of the form:

(p(t)ul(t))/ = M1 f(tvu(t)7v(t))7 te [a’ b]’

(

(q<t)vl(t))/ = M2 g(t, u(t)’ U(t))> te [CL, b]v

(1.1) " n
aju(a) + asu(b) = /\1/ v(s)ds, azu'(a) + auu'(b) = )\2/ v'(s)ds,
b b
Brv(a) + Bav(b) = A3 fg u(s)ds, B3v'(a) + 40" (b) = /\4/ u'(s)ds,
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where f g : [a,b] x R x R — R are given continuous functions, a < n < £ < b,
p.q € C([a,b],R"), a;, i, i e R, i =1,2,3,4,u; e RT, j=1,2.

Let us now dwell on the importance of boundary value problems. These problems
arise in the mathematical modeling of many real-world problems, for example, see
23, 3] and the references cited therein. This led to the development of many aspects
of boundary value problems, such as, existence and stability of solutions, analytic and
numerical methods for solving these problems, etc. Classical boundary conditions
fail to formulate the changes happening in a given phenomena at arbitrary interior
positions of the given domain. In order to cope with this situation, the concept of
nonlocal boundary value conditions was introduced. For a detailed description of
nonlocal boundary value problems, we refer the reader to the articles [11, 14, 13, 12,
7,16, 5, 22,9, 21, 19, 8, 15, 1, 2].

Indeed the class of self-adjoint (Sturm-Liouville) boundary value problems con-
stitutes an interesting area of research due to the occurrence of such problems in
applied sciences, for instance, see [4, 6, 18, 20] and the references cited therein. It
has been observed that the literature dealing with these problems is scarce and needs
attention. This motivated us to introduce and investigate the existence criteria for
the solutions of the problem (1.1).

The paper is arranged as follows. In Section 2, we present an auxiliary lemma
which is pivotal to define the solution of problem (1.1). Section 3 contains the main
existence and uniqueness results for the problem. In Section 4, some illustrative

examples are constructed.

2. AN AUXILIARY LEMMA

In the following, we prove an auxiliary lemma which is basic in the study of the
problem (1.1).

Lemma 2.1. For f1,g1 € C([a,b],R) and R # 0, E # 0, the solution of the linear

system

(PO (1) = pafi(t), t € [a,b],

(a0 (1)) = paga (1), 75776 [a, b], i

(2.1) ¢ ayula) + au(b) = )\1/ v(s)ds, azu'(a) + agu'(b) = )\2/ v'(s)ds,
) s)ds,

a
b

b
prv(a) + Bou(b) = )\3/ u(s)ds, Bsv'(a) + Bsv'(b) = M\ : u'(
3

\

can be expressed by the formulas:

u(t) = /at (Z)l;llt)/aufl(z)d'z)du—'_; _a2(51+52)/ab (p/z;)/a“fl(z)dz>du
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+A161+ﬁz// “2 /u dz du ds
—A1fB2(n — a)/ ( /ZZ> /augl( )dz )du

+A1A3(n — a// Ml/fl dz du ds

(E4a2([31+[32)/ e )dz EsAi(B1 + B2) / / e ——dz ds

L1
ER

b
+E3A182(n — a)/ q(lz)dz — Ey i s3(n — a)/g / Z@dz ds

—RE, /at p(lz)dz) (C;z’g)l /ab fl(z)dz) + (— Eyas(B1 + B2) /ab p(lz)dz

s b
+E3A1 (81 + B2) /77/ Ldz ds — E3\a(n — a)/ q(lz)dz

FEMA( —a / / 4 ds+RE4/ (t)dz)</n22(5)2/sgl(z)dz ds)

+<E20£2(51 +52)/ ——dz — E1 (B + 52) / 7612 ds

p(2)

b1
+E1)\152(77—a)/ ——dz — Es\A3(n—a / / —dz ds
o 4(2) ¢ Ja p(2)

—RE» /at p(lz)dz) (%Eg; /ab gl(z)dz) + (— Esa(B1 + B2) /ab p(lz)dz
+E1A1(B1 + B2) /71 /8 Ldz ds — E1 M B2(n — a) /b q(lz)dz
+Es M A3(n—a / / —dz ds

+RE2/a p(l)d )(/ A4’”/ Fi(2)d> ds)]

/:(ql(iz)/au 1(Z)d2)du+R — ag3(b— 5/ ,u1/f1 dz
FAA3(b — 5// MQ /u dz du ds

—52(041-1-042)/ ( /(Z) /ugl( )dz )du

+A3 a1+a2// ,u1 / fi(z dz duds]

ElR <E4a2)\3(b 5)/ ﬁdz EshAs(b — €) / / —dz ds
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b b s
1 1
+E362(a1 + a2)/ ——dz — Ey)s(a1 + ag) / ——dz ds
a Q(z) 3 a

DP\z
b

_RE; / t@dz)(i?’;)l / ’ fi(2)dz) + (~ Biaoks(b ) / p(lz)dz
+EshAs(b—€) /n/ Ldz ds—E362(a1+a2)/ab q(lz)dz

L Eds(on + o) / / —dz ds + RE; /t(l)dz>< /" 22(“)2 / gu(2)d ds)
+<E2a2)\3(b—§)/ ()dz—El)\l)\gb g//dz ds
+E1[32(a1+a2)/ab q(lz)dz—Eg)\g(a1+a2)/£ / Mdz ds

_RE, /:p(lz)dz)(ﬁq‘zg; /abgl(z)dz) +(~ Baoohs(b - ) /abp(lz)dz

B (b — €) /n/ Ldz ds—E152(a1+a2)/ab q(lz)dz

+Bod(on + ) / / —dz ds

(2.3) +RE, /a p(lz)dz)< / Aapin / fi(2)dz ds)]

R = (a1+ a)(f1+ B2) — MAs(n—a)(b—¢&),
FE = E\Ey— EyEs,

_om oo [Ty [N B B
(24) B = p(aﬁp(b)’E?‘/a q(s)d’Ei”‘/5 o= Y Ty

Proof. Firstly, we get the following formulas of solutions by integrating the linear

differential equations (2.1) twice from a to t as

(2.5) ult) = Cy + Gy /tLdH/t (A / fu(2)dz) du
a P(2) o \P(u) Jo
and
(2.6) o(t) = Cy + Cs /tLdH /t (L /" 91(2)dz ) du
o 4(2) o Nq(u) Jg
where C;, i = 1,...,4, are arbitrary unknown real constants. By using the coupled

boundary conditions given by (2.1) in (2.5) and (2.6), we obtain the following system:

(1 + a2)Cy — A\(n—a)Cy = —/ —dz 02—|—/ / )\1“2/ g1(z )dz)du ds

a

(2.7) / / —dz ds Cy — / 225)1 / fl(z)dz>du,
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(b — €)C1 + (1 + B)C /ﬁdz C4+// A3’“/ fi(z duds
(2.8) / / By ds Cy — / 5?5)2 / (z)dz)du,
(2.9)
e [ e -2 [ 135w
(2.10)

b )\4 BS ﬂ4 54 2 b b>\4 1 ®
_ /ﬁ 2y (54 Tyen = 2 [ st /g s [ ey ds

Solving (2.9) and (2.10), we obtain that

Cy = % E4< _ ?EZ)I / Filz)dz + /; 2?5)2 / 91(2)dz ds)
(2.11) +E2(— ?]4(2‘)2 /abgl(z)dwr/; 2‘;’:)1 / fi(2)dz ds)],
and

Cy = % E3< _ (;‘E“)l / fi(z)dz + /a?7 2?5)2 /aS g1(2)dz ds)
(2.12) +E1( - i?lg)z ) g1(2)dz + /b Aapi /S fi(z)dz ds)] :

Using the values Cy and Cy in (2.7) and (2.8) then we find

C, = —

;2 — 514—52/ / dZ du
+)\1(51+52)/a / <l(Lu/ du ds — A\1B2(n — a) /ab (ﬁ /augl(z)dz)du
FAAs(n — a) /gb/ (p‘(“/ du ds

+%[<E4042(51 + B2) /b p(lz dz — E3\ (B + 32) / / ——dz ds
+E3\B2(n —a) /ab q(lz)dz — Ej i)3(n—a / / —dz ds) ((;?Z)l /b fl(z)dz>

+<—E4Oé2(51+52) /b p(l )d2+E3)\1 B1+ B2) / / ——dz ds

_E3/\162(77—a)/bq(12)dz+E4)\1)\3 (n—a / / —z)dz ds></an22(’:)2/:gl(z)dz ds)

+<E2a2(51 +52)/b p(lz dz — E1 M\ (B + B2) / / (12 dz ds



1484 A. ALSAEDI, AL ALMALKI, S.K.NTOUYAS, B.AHMAD, AND R.P. AGARWAL
b
1
+E1/\1,82(T] - a)/ mdz - Eg)\l)\g, / / 7d d 54'“2 / gl(z)dz>
b
+< — By (B + f2) /a @d'z + E1\ (B + 52)/(1 /a @dz ds

—E1 A1 B2(n — )/b(ldz

T B 31 —a//s(lzdzds /;;"ig/:fl(z)dzdsﬂ],

(2.13)

and

C; = -

(b — g// ’(‘/u dz)duds—,BQ(oq—l—ag)/ab((;(Z)/augl(z)dz)du
s a1+a2// p“u)/a dz)duds]

+%[<E4a2)\3(b—§) /abp(lz) dz — Eshidg(b— €) /n/ Ldz ds
+E352(041+042)/ )dz—E4)\3 a1 + ag) // —d» d a4M1/ Az dz

+(—E4a2)\3(b g)/b()dz—i—Eg)\l)\gb f//dzds

_E352(a1+a2)/ ()dz+E4)\3 a1 + as) // Zdzd /nzz(g)z/:gl(z)dzds>

+(E2a2>\3(b—f)/bp(1z)dz—El)\l)\g b— g/ /S(lzdz ds

+FE1B2(a1 + a2) /ab q(lz)dz — Eods(a1 + 042)/£ /: p(lz)dz ds) (%E’Z; /ab gl(z)dz>
+( — Byashs(b— €) /ab p(lz)dz + E A (b— €) /a?7 /a q(lz)dz ds

b
—E1fa(oq -1-042)/ q(lz)dz

B +a2)/gb/: p(lz)dz ds) (/; 2‘25; /a Fi(2)dz ds)}].

(2.14)

Substituting the values of Cy, Cy and C3,Cy in (2.5) and (2.6) respectively, we have
the solutions (2.2) and (2.3). By direct computation, we can obtain the converse of

the lemma. This completes the proof. O
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3. MAIN RESULTS

Let (F,| - ||) denote the Banach space of all continuous real valued functions
where F = {u(t)|u(t) € C([a,b],R)} and |[u]| = sup{|u(t)|, € [a,b]}. Evidently the
product space (F x F, ||(u,v)]|) is a Banach space with the norm given by ||(u,v)| =
|u|| + |Jv]| for any (u,v) € F x F.

In view of Lemma 2.1, we transform the problem (1.1) into an equivalent fixed

point problem as:
(3.1) (u,v) = H(u,v),
where H : F x F — F X F is defined by

(3.2) H(u,v)(t) == (Ha(u, v)(1), Ha(u, v)(1)),

where

Ha(u, v)(t)
/ / )dz> du

—0n(f + ) / (L / 7 u(2), (=))d=) du

1
+R
+A1 (51 + Bo) / / ,u_ g(z u(z),v(z))dz)du ds

q(u)
M\l — )/ (ﬂ/ g(z,u(z),v(z))dz)du

FAN(7 —a// /fzu )dz)duds]

<E4Oé2(51 + /32)/ md?«“ — B3\ (B1 + B2) / / —dZ ds

B3\ faln — a) / bﬁdz—ﬂl)\l)\g / / —dz s
—RE4/t—Z 0‘4’“/ Flu(z). o(2)dz) + (—E4a2(61+ﬁ2)/ab]%dz
+Esh (B + o) / / Lz ds — Es\ifa(n — a) / brlz)dz

FEM s / / 1 gz s

+RE, / p(z)dz>< / ' 22(’;)2 / g(z,u(2), v(2))dz ds)

L1
ER
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b s
+<E2042<51 + 52)/ ]%dz — El)\l(ﬁl + ﬁQ) /n/ ﬁdz ds

LB Bl — a) /ab ﬁdz _ Bohs(n — a) /b / %dz ds

—RE, /at ﬁdz) (%/@ g(z,u(z),v(z ))dz) ( Esas(fy + Ba) /ab]%dz

s b
+E1 M (B + B2) /’7/ Ldz ds — Ey A\ Ba(n — a)/ le)dz
+E M A3(n—a / / —dz ds

e 4re [ ) (28 [ feute) oo ds)],

and
Ho(u,v)(t)
= [ (2 [ steuto ez an
+}1% — apds(b— g/ “1/fzu ))dz)du

(b — 5// “2 /u )dz)duds

_52(a1+a2>/ ( l@) /“g(z ulz), v(z))dz)du

—i—)\gal—l—ag// 'ul/fzu dz duds]

+ﬁ <E4a2A3(b g)/a Z%dz Eshdg(b— g/ / —dz ds
b
+E302(y +a2)/ %)dz — Ey\s(a1 + an) / / —dz ds
t b
—REg/ 044}/01/ f Z, U E4042)\3(b g)/ ]%dz

b

1
+E3)\1>\3 b— 5 / / ——dz ds — Egﬁg o1+ 062)/ @dz
+E4)\3 O./l =+ Q9 / / —dZ ds

+RE3/a p(lz)dz)(/: 22(‘;)2/ g(z,u(2), v(2))dz ds)
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+<E2a2)\3(b —¢) /ab ﬁdz — B (b—€) /a?7 / ﬁdz ds

b 1 b ps 1
+EIB2(C‘51 + a?) / —dz — E2)\3(041 + 042) / —ZdZ ds
a 6 a

q(2)
_RE, /:}%dz)(% /abg(z u(2),v(2)dz) + ( — Baaada(b— &) /:Z%dz
+E1 A A3(b / —dz ds — E1fs(a1 + ) /b Tl)dz

+Eyhg(on + o) / / —dz ds
(3.4) +RE /: p(lz / A4“1/ £z, ul ))dz ds)]

Note that the problem (1.1) has solutions if and only if the operator (3.2) has fixed
points.

For the sake of computational convenience, we set:
(35) 51 - Dl —|— Dg, 52 - D2 —|— D4,
and

(36) &= mln{l - (51]{31 + 52];’1),1 - (gle + 52]232)}, ]{ZZ', ]%Z are given in (Sl),

where
—a)[(b—a)®— (¢ —a)?
D, — u;é;[(b;a)QOR’_i_%(ﬁl_i_ﬁQ))+)\1)\2(7) )[(56 )’ —(§—a) ]}
+|R1E [<E4042(51 7;52)(5 —a) n E3 (61 +2_§2)(77 —a)? n E3\182(n qj a)(b—a)
Eshids(n—a)[(b—a)® — (£ —a)?] RE4(b— a)) <a4u1(b - a))
+ +
2p p Ip(b)|
+(E2042(51+52)(b*a) Ei\(B1+ B2)(n @)2+E1)\152(77*a)(b*a)
jZ 2q q
Exhiz(n—a)[(b—a)’ = (€ —a)’]  REy(b—a)\ My [(d—a)’—(§—a)’]
* 2p " 215 )( 2p )
—a)3
Dy = fo [MOEBOZ sy 0o 0]
1 Eyon(B1+ B2)(b—a) | Esh(Bi+ B2)(n—a)®  Eshifa(n—a)(b—a)
+|RE‘K 21]32 +3112; +312(j
Es\ds(n—a)[(b—a)* — (€ —a)?]  REy(b—a)\ [Aapa(n — a)?
+ % ) (PR )

+(E2a2(ﬁ1 + 52)(b —a) El)\1(51 + B2)(n — a)? n E1\iB2(n —a)(b—a)
P 2q q
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EsMidz(n—a)[(b—a)? — (€ —a)? 2(b—a (b —a
. 3(n—a)| | | RE3( ))(ﬁu(b)| ))}

2p p lq(b
—a)? a1 + —a)® — (£ —a)?
Dy — u;%'[(b2) (ag)\g(bf)>+)\3( 1+ 2)[(56 )" — (¢ )]}

+R% |:<E4042/\3(bpj f)(b — a) i E3)\1A3(b ;qf)(?] — a)2 " EgﬁQ(Oél +q0¢2)(b - a)

Eds(ar +a2)[(b—a)?> = (£ —a)?)]  RE3(b—a)\ faup(b—a)
i 2 =) her )
+(E2a2)\3(b —9b—a)  Eihs(b— )0 - a)’ L Brba(an + a2)(b— a)

D 2q q

Exds(on + as)[(b—a)® — (€ —0)?]  REx(b— a)y (Aapn[(b— @) — (€ — 0)?]

+ % ) % )
—a)2 _ — )
Dy = \.Zfﬂ[(b 5 ) (\R! —l—ﬂz((n—i—az)) + Aus (b g)(ﬁ ) }

_’_R% |:<E4042)\3(b]; f)(b — CL) n Eg/\l)\g(b ;qf)(n — a)2 N Egﬂg(oq —I—qozg)(b - CL)

Es(an + o) [(b—a)? — (€ —a)?]  RE3(b—a)\ [ Aep
+ % ¢ DB00)) ()
+(E2oz2)\3(b—§)(b—a) 4 El)\l)\g(b—f)(n—a)Q ElﬁQ(Oq —|—042)( )

p 2q
Ey)z(ar +ag)[(b—a)®> — (€ —a)’]  RE1(b—a)\ (Bapa(b— )
B7) + 2p T It la(0)] )]
(38) p= él[lfb] p(2)], 7= zé&fb] lq(2)].

3.1. Existence results. In this section, we prove two existence results for the prob-
lem (1.1). The first is based on the Leray-Schauder alternative [10].

Lemma 3.1. (Leray-Schauder alternative). Let S be a Banach space, andY : Q — Q
be a completely continuous operator (i.e., a map restricted to any bounded set in §2 is
compact). Let T'(Y) ={y € Q :y = Y (y) for some 0 < § < 1}. Then either the set
[(Y) is unbounded or'Y has at least one fixed point.

Theorem 3.2. Assume that:

(S1) There exist real constants ki k; >0 (1 =1,2), and ky > 0, ko > 0, such that
YV u,v €R, we have

£t u,0)| < Ko+ K lul + kalv|, and |g(t,u,v)| < ko + ki lul + kalv].
Then there ezist at least one solution for the problem (1.1) on [a,b], provided that
(39) 51]{31 + 821%1 <1 and gle + 82]%2 < 1,

where &; (1 = 1,2) are given by (3.5).
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Proof. The proof consists of two steps:

Step 1: We show that the operator H : F x F — F x F defined by (3.2) is com-
pletely continuous. Since the functions f and g are continuous, it follows that the
operators Hi and H, are continuous. Consequently the operator H is continuous. Let
p C FxF be abounded set. Then, there exist positive constants O and O, such that

[f (&, u(t), v(t)| < O, and [g(t, u(t), v(t))] < O, V(u,v) € p.

Then, for any (u,v) € p, we have

!’Hl(uvv)(

/ ’/ |f z,u(z }dz)du
L az(B1 + B2) /b ’/ |/ (2, ulz |dz>

R

+>\1(51+52)/ / |/ l9(z, u(z ‘dz)du ds
+A182(n — /b ’/ ‘g z,u(z ‘dz)du

+FAs(n // /\fzu \dz)duds]

(E4a251+52/| dot B+ 8o) [ [ e ds

ER
+E3)\152 / | dZ + E4)\1)\3 / / | dZ ds
pb{z
b
044M1 1
E —_— E _—
wr [ / 6, veaz) + 4“2(51”2)/@ e

+E3\ (B + B2) / / (=) dz ds + E3\152(n /‘q

+E4)\1)\3 / / |p dZ ds + RE4/
A b1
/ Agfl2 / ‘g z,u( ‘dz ds) (Ezag(ﬁl —i—Bz)/ mdz

+E M (B1 + B2) / / ) dZdS+E1>\152 /|q

+EasM\As(n / / s ds+RE2/ 54“2 / 9z, u(2), v(2)]d2)
p(2) Ip(2)

<E2042 b1+ 52) / > (1z dz 4+ E1 M\ (B1 + B2) / / |q dz ds

b1
+E1/\162(7]—a)/ |q(z)|dz+E2)\1/\3 // ) dzds
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+RE2/at’p(12)’d /H;‘““/ |£(2,u(z) \dzds)]

—a)[(b—a)®— (£ —a)?
< Of{ 2 [0 (1 ax(r + ) + = MO = E =)
n ‘RlE’ [(E40z2(51 +ﬁ52)(b —a) N E3\i (5 +2§2)(77 — a)? n E3\152(n ; a)(b—a)
E4)\1/\3(17 - a) [(b - a)2 - (f - a)2] RE4(b — a) (6% Y0a} (b - a)
" 2p - p >< lp(b)] )
Eaas(Br + B2)(b — a) E1>\1(51 + B2)(n—a)* | ExhifBa(n —a)(b—a)
+< D 2q * q
Ex\iAs3(n—a)[(b—a)®> = (€ —a)®’] | RE3(b—a)\ A [(b—a)® — (£ —a)?]
: G )]
_ )3
N |R1E| [(E4a2(51 ;52)(5 —a) E3)\1(51 +2§2)( —a)’ n E3\152(n ; a)(b—a)
Es iz(n—a)[(b—a)? = (€ —a)?]  RE (b—a)\ (Aapz(n — a)?
: L BED =) (lamty o
+(E2042(51 +_52)(b —a) n By (B +2§2)(77 —a)? N Ey B2 (n ; a)(b—a)
Ex)idz(n—a)[(b—a)? — (£ —a)?]  REy(b—a)\ (Bapa(b—a)
i % =) e ﬂ}’

which, on taking the norm for ¢ € [a,b], yields | Hi(u,v)|| < OfD; + O,D,. Similarly,
we have ||Ha(u,v)|| < OfDs+ O,Dy, where D; (i = 1,...,4) are given by (3.7). From

the above inequalities, it follows that the operator H is uniformly bounded, since
[H(u, v)|| < O&r + Oy,
where & (i = 1,2) are given by (3.5).

Next, we show that #H is an equicontinuous operator. Let ti,t; € [a,b] with

t1 < to, this yields
[Ho1(u, v)(t2) — Ha(u,v)(t)]

/:2 <]% /a“ f(Z,u(Z),v(z))dz>du — /at1 (1% /auf(Z,U(Z),U(Z)))dz>du

+

=& =8 ==

_|_

+
N
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+(%(/j$dz_/“$ /Wl/fzu >>dzds>)‘

[Qm>%_ﬂ)2(1_@2+lﬂ(a#ﬁﬂh—qu—@

IA
AS

E|p| \|p(b)
Eb(Muﬁﬁm—hM@—aV—(f—aV”
Elp| 2
By (Mop2)(t2 —t1)(n — a)? Bakiz Ny
v Z * () (=~ 00 =) ¢

as to — t1 independent of (u,v).
Similarly, we can find that
|Ha(u, v)(t2) — Hal(u,v)(t1)| — 0 as ta — t; independent of (u,v).

Therefore, the operator H is equicontinuous.

Step 2: We verify that the set ® = {(u,v) € FxF|(u,v) = dH(u,v), 0 <6 < 1}
is bounded. Let (u,v) € ®. Then (u,v) = H(u,v), we have for any t € [a, b],

u(t) = 0Hq(u,v)(t), v(t) = dHa(u,v)(t).
Then, using the conditions (S7), we have
u(t)] < D1 (ko + kaul + kalv]) + Dy (ko + kalu| + kafv])
< Diko + Dyko + (Diky + Doky)||ul| + (Diky + Daky) 0],
and
lw(t)] < Dy (ko + krlu| + Ealv]) + Da(ko + kilu] + ks|v])
< Dskg + Dako + (Dsk1 + Diky)|Jul| + (Dsks + Daks) 0],
which implies
[ul| + ||v]| < (Dy + Ds)ko + (Do + Da)ko + [(D1 + Ds)kr + (Dy + Da)kn ] ||
+ [(D1 + D3)ka + (D + Da)ko] ||v]].
By (3.6) and (3.9), we have

Eiko + Exky
I(a, o)) < ST

This proves that set ® is bounded and hence the Leray-Schauder alternative implies

the operator H has at least one fixed point. Therefore, the problem (1.1) has at least

one solution on [a,b]. This completes the proof. O

Now, we discuss the second existence result for the problem (1.1) by applying the
Schauder fixed point theorem [10].
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Theorem 3.3. Assume that:

(S2) There exist nonnegative functions 1, ¢ € L(a,b) such that
|f(t,u,v)] <(t) + er|u]™ + e]v|™, u,v €R, €,65 >0, 0 <my,my <1,
and
lg(t,u,v)| < o(t) + o1|ul™ + o2|v|"?, u,v €R | 01,09 >0, 0<ng,ng < 1.

Then there exists at least one solution for the problem (1.1) on [a,b].

Proof. Let us fix
¢ > max {651“1/}“, 6&s|@], (6e1E1) T, (6ea&r) -2, (601E) 71, (602E2) 2 }

We introduce a set © in a Banach space define by © = {(u,v) € FxF : ||(u,v)| <
¢}, and the operator H : © — ©. For any (u,v) € ©, we have

[H1(u, )

/ ’/ |fzu ‘dz)du
L az(B1 + B2) /b / | f (2, u(z) |dz>

IN

R

+A1(B1 + Bo2) / / / ‘g z,u(z ‘dz)du ds
+ M1 fa(n — /b |/ l9(z, u( ]dz)du

A // |/ £z u(z), 0(2)|d= ) du ds]

<E4042 514-[32/‘ dz + E3\ 514-[32//(] dz ds

ER
-I-Ed)\lﬁg / |q dZ + E4)\1>\3 / / |p dZ ds
b
044M1 1
+RE / — / )|d E + / d
4 ’p ’ ‘f 2, u ‘ Z) ( 4052(/31 /32) ., \p(z)\ z
+E3/\1 ,81 + ,62 / / |q dZ ds + Eg)qﬂz / |q
—|—E4)\1)\3 / / dZ ds + RE4/ dZ
p(2) p(2)
D\ b1
/ 2#2 / ‘g z u ‘dz ds) <E20[2(,81 —i—,@g)/ ﬂdz

+E1M(B1 + B2) / / @) dzdS-FEl)\lﬁz /|q
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+E2 1 M3(n / / dz ds+RE2/ ’64M2 / }g (z,u(z }dz)
Ip(2) Ip(2)

1
(EQOZQ 51 -+ 52 / | (Z dZ + E1>\1 51 + 52 / / |q dZ ds
—i—El)\lBQ / | dZ + Eg)q)\g / / |p dz ds

+RE2/a md /£ @4’”/ |/ (2, u(z), v(2)) |dz ds)]

- mo\ ) 1|, (0—a)®  ag(Bi+ B2)(b—a)?
= (w(t) +aful™ + e ){ Ipll (R I
Mdo(n —a)[(b —a)® = (€ — a)’]
+ : )
é<<E4042(ﬁ1 Jrﬁﬁz)(b —a) . Es (B +2_§2)(77 a)? n E3>\152( a)(b—a)
E4)\1/\3(T] — a) [(b - a)2 - (f - a)2] RE. (b « M
+ T ¢ TG (. )
+<E2042(51 + B2)(b — a) n E\\(B1 + B2)(n — a)? E1)\1,32( )(b—a)
D 2q
Eshds(n—a)[(b—a)* — (£ —a)®’]  REy(b—a)\ [ am [(b —a)? — (£ —a)?]
B G N

—a)? —a —a)?
+(¢(t)+al|u|m+02,v|m){1[ﬁ(m(ﬁﬁﬁg)(n )P B 2)(b )>

1 <<E40é2(51 + B2)(b — a) n E3\i(B1 + B2)(n — a)? n E3X1B2(n —a)(b—a)
p q

_l’_

E 27
+E4>\1)\3("7 —a) [(;’ﬁ— a)? — (£ —a)?] n RE4(];? — a)> <)\2,U2(277(j— G)Q)
+<E2042(/31 + B2)(b — a) n E1)i(B1 + Ba2)(n — a)? n Ei\iBe(n —a)(b—a)
p 29 q
Eodids(n—a)[(b—a)® — (£ —a)?]  REy(b—a)\ /Bapz(b—a)
: B ()]

which, on taking the norm for ¢ € [a, b], we have

11w, )l < (10 + eallull™ + eollo] ™) Dy + (llgl] + aullull™ + oallol]™) D
Similarly, we find that

(o)l < (Il + exllull™ + eollo] ™) Dy + (Il8] + o lull™ + allol]™ ) s,

where D; (i = 1,...,4) are given by (3.7). From the foregoing arguments, it follows
that

17, v) < (Il + ellul™ + ellol™ )&+ (6l + orllul™ + oallo]™) & < ¢,

where & and & are given by (3.5). Thus, we verify that H : © — ©.
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Therefore, the operator H is completely continuous. Hence, by the Schauder
fixed point theorem (3.2) there exist at least one solution for the problem (1.1) on

[a, b]. The proof is now completed. ]

3.2. Uniqueness result. Here we establish the uniqueness of solutions for the given
problem (1.1) by applying Banach’s contraction mapping principle.
Theorem 3.4. Assume that:
(S3) For allt € [a,b] and u;,v; € R, (i = 1,2), there exist £; > 0, (i = 1,2) such that:
[f (@t ur,v1) = f(t uz, v2)] < G(fur — uof + |vr — vel)
and
|g(t, ur, v1) = g(t, uz, v2)| < Co([ur — ug| + o1 — va]).
In addition, we suppose that
(310) 5161 + 5262 < 1,
where & (i = 1,2) are given by (3.5). Then, the problem (1.1) has a unique solution
on [a,bl.
Proof. Firstly, we verify that HB, C B, where B, = {(u,v) € Fx F : [[(u,v)] < v}.
Define Z; = sup;e(, ) | f(2,0,0)[ and Zs = sup,¢(, 4 [9(t, 0,0)], and choose
y Zlgl + 2252
- 1= (€151 + 6252) '
For any (u,v) € B,, t € [a,b], by condition (S3) we have
|f (@ u(t), v())] = |f (¢ ult), v(t) — f(2,0,0) + f(£,0,0)]
f(tu(t),v(t) — f(2,0,0)[ +[f(2,0,0)|
< G([[ull + [loll) + 21 < 4[(u,v)[ + 20 < v + 21,

Similarly, |g(t, u(t),v(t))| < lo]|(u,v)|| + Zy < v+ Zs. Then, for (u,v) € B, we find
that

IA

[H1(u, v)(#)]

/t m’/ |fzu }dz)du
1
+=

b
J) 042(51-1—52/

+A1(B1 + B2) / /
+A182(n — /b ’/ ‘g z,u(z ‘dz)du

+A1As(n / / m |/ (2 u(2),0(2))|dz ) du ds]

IA

|dz>

‘dz) du ds




IN
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(E4042 B1 + B2) / o

—|—E3)\1B2 / |q dZ + E4)\1>\3

e [ Wr/ £zt

+EM (B + Ba) / / g ds+ Bl

/ / dz dS+RE4/
Ip(2) p(2)
/” Ao ft2 / 9z, ulz
s)|

+E1 A ( 51+52//|q dz ds+ E1\B2(n

1
ER

+E4 1 A3(n

1495

dz+E3/\1ﬂ1+ﬂ2//q dz ds

// e s

‘dz) (E4042 B1+ B2) /ab le)‘dz

XINeE

dz

b
‘dz ds) (Egag B1+ B2) / |1|dz

/|q

+Ea M A3(n

/ / dz ds + RE, /
\p Ip(2)

(Ezoéz (B1 + B2) / ol

54#2’ / gz u(z }dz)

dz+E1)\1 /Bl+/82//|q dz ds

—|—E1/\162 / |q dZ + Eg)\lx\g / / |p dZ ds
g1

+RE2/a md /é 05 / £ (2, u(2), v(2))|dz ds)]
(1w + Zl){ ! |“1| (R(b —2a> az(f1 + 522)( —a)®>  Mda(n—a)[(b . a)’ — (£ — a)’] )
—i—l (<E4042(51 + B2)(b — a) E3/\1(51 + Ba2)(n — a)® E3)\152( a)(b—a)

E D 2q

EsAs(n—a)[(b—a)®> — (£ —a)?]  RE4(b— g (
+ 3 RO (2 )
+<E2O‘2(51 erﬁz)(b —a) . Erh (B +2,2’2)(77 —a)® E1>\152( )(b—a)

Exhidz(n—a)[(b—a)® = (£ —a)’]  RE(b—a)\ A [(b a)? — (€ —a)’]
: i Ry (anll— Pl |
oy + Z) 1 HLQ‘ ()\1(51 + /35)(77 —a)® n A1B2(n —;)(b - a)2>

l((EWQ(ﬁl + 00 —a)  Esh(Bit Ba)(n—a)®  EshpBa(n—a)(b—a)

E P 2q CY

—a)[(b—a)?— (¢ —a)?

+E4>\1A3(?7 )[(1;]3 )? = (€ —a)’] N RE4(];?

—a)?

7))
(b—

E1>\152( a) a)

+<E2a2(51 + B2)(b— a) E1)\1(,6’1 + B2)(n
p 2q
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+E2)\1>\3(17 —a) [(l;p— a)? — (£ — a)?] N REQ(IZ)) - a)) <ﬁ4ﬂ|z(<l;i a)>>] }’

which implies
HHl(U, 'U)H S (flu + Zl)Dl -+ (€2V -+ ZQ)DQ.

Similarly, we obtain || Hz(u,v)|| < (G1v+Z1)Ds+ (lov+Z5) Dy, where D; (i =1, . ..

are defined by (3.7). which leads to the following:
”H(U, U)H S (fll/ + Zl)gl + (£2V + 22)52 S V.
This shows that HB, C B,.

4)

Secondly, we show that the operator H is a contraction. For (uy,vy1), (ug,vs) €

F x F, then

’Hl(ulyvl — Ha(uz, v2)(t)]
t
/ / | f(z,u1(2),v1(2)) = f(z,u2(2) ‘dz)du
1
_l’_i

7 (B + f2) /b ’/ | f(z,u1(2),v1(2 f(z,m(z),w(z))}dz)du

+A1(81 + B2) / /

+A182(n /b ’/ ’9 (z,u1(2),v1(2 9(%“2(2)71)2(2))“’32)01“

), v1(z g(Z,UQ(Z),’UQ(Z))‘dZ)dU ds

s (7 // [z |/ £ (2,1 (2),01(2)) — F(2, us(2) |dz)du ds]

<E4Oé2 51+52/‘ dz + E3)( 514-52//(1 dz ds

ER
+E3A152(n / dZ + EgAiA3(n / / dZ ds
lq(=) p(2)
Ck
wrEy [ L) (L / [z un(2) 01 (= f<z,u2<z>,v2<z>>\dz)

<E4a261+52/| dz+E3)\161+52//|q dz ds

+E3)\1B2 / |q dz + E4)\1>\3 / / |p dz ds

A
+RE4/ Fd / A2p2 / ‘g z u1 U1 g(z u2( ‘dz dS)

(E2a2 51+52/| dz 4+ E1)( 51+52//|q dz ds

+E1)\1B2 / dz + Eg)\l)\g / / dz ds
lq(2) Ip(2)
+RE2/ —_ 54#2/ ‘g z,u1(2),v1(2)) — g(z,ua(2) }dz)
a !p(z)!
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b s
+<E2042(51+52)/ |p1d2’+E1)\1(51+52)/n/ |q1 dz ds

+E1)\162 / |q dZ + E2)\1)\3 / / |p dZ ds

L Aqpi

—i—REz/a ]p(z)]d /f 0(s) ‘/ | f(z,u1(2),v1(2)) = f(z,u2(2), v2(2)) |dz ds)]
- N2

< 51(‘U1—u2’—|—|vl—rg2’){]‘; |Mpl’<R(b 2(1) +a2(/31+,322)(b a)

+>\1)\2(7I —a)[(b—a)® - (£ —a)’] )

6
—i—% <<E4Oé2(51 -;52)(5 —a) n E3\ (Bt +2_§2)(7I —a)? n E3A182(n qj a)(b—a)
Edidz(n—a)[(b—a)* — (€ —a)’]  RE4(b—a)\ fasui(b— a)
i % =) e )
+<E2a2(51 +_52)(b —a) n By (B + @2)(77 —a)? n E1\B2(n - a)(b—a)
p 2q q
ExMiAs(n —a)[(b—a)® = (€ —a)’] | REy(b—a)y\ A [(d—a)* — (£~ a)’]
: M) (a0t el )
—a 3 —a —a 2
+€2(’U1—U2‘+"U1—’U2|){ h |(A1(B1+Bg)( ) +)\152(77 2)(b ) )
é<<E4Oé2(51 -:352)(5 —a) + B3\ (b1 +2§2)(77 —a)? L E3\1B2(n - a)(b—a)
E is(n—a)[(b—a)* = (£ =a)’]  RE(b—a)\ [Aapz(n — a)?
: BB =) (e
+(E2Oé2(51 +_52)(b —a) n Ey M (1 + Ba)(n — a)? n E1\iBa(n - a)(b—a)
p 2q q
Exhidz(n—a)[(b—a)? = (£ —a)’]  REs(b—a)\ (Bapa(b—a)
" % =) ))]}-
Thus, we have
(311) ||H1(U1,’Ul) — Hl(Ug,Ug)H S (KIDI + €2D2)<|U1 — U2| + |’U1 — U2|).
In the same way, we find that
(312) ||H2(U1,U1) - HQ(UQ,UQ)H S (€1D3 + €2D4)(|U1 — U2| + |U1 — 'U2|).
From (3.11) and (3.12), we have
(313) H’H(ul, 1)1) — H(UQ, UQ)H S (5161 + 8262)(’?“ — UQ’ -+ |’U1 — ’UQD,

where & (i = 1,2) are given by (3.5). So, by the assumption (3.10), the operator H is
a contraction. Hence, by Banach contraction mapping principle the operator H has
a unique fixed point, which implies that the problem (1.1) has a unique solution on

[a, b]. This completes the proof . ]
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4. ILLUSTRATIVE EXAMPLES

In this section, we present aid examples to illustrate the main results that ob-

tained:

Example 4.1. Consider the following coupled system of second-order ordinary dif-

ferential equations

(4.1)

()0 = 5[5 * s ham + g 1€ 09

< 8 ,())’ 2[cost mu(t}—i— 1 (t)},te[(),?,],

- t —_—
2 +or+12 " tr1 3 215"

T 93

supplemented with the following boundary conditions:

T(0) + 2u(3) = & /0 *u(s)ds, u(0) +u/(3) = % /0 * o (s)ds,

3 3 7 3
(42) 1 2 3 [° 3 4 4 [°
5?}(0) + 57)(3) = ?/g u(s)ds, §v'(0) + 57/(3) = ?/g u'(s)ds.
Here

=y ol a0 = ()
w1 =3/36, ua =2/93,a=0, b=3, n=1/2, £=15/2,
Mo=1/7, ho=2/T, Ay =3/7, A =47,
a; =T7/3, ap =5/3, ag=4/3, ay =1,

Br=1/9, B2=2/9, B3 =3/9, fs=4/9.

Using the given data,we find that |R| ~ 1.323129 # 0, |E| ~ 115.6354 # 0

(R and E is given by (2.4)), p ~ 0.0625, ¢ = 0.148148, D; ~ 17.1389708, Dy ~

0.06036034, D3 =~ 38.2023705, D, ~ 4.565128967, [p, ¢ and D; (i = 1,...,4) are

defined in (3.7)], & ~ 17.19933114 and & ~ 42.76749946 [£; and &, are given by
(3.5)]. Here,

2 2

1 1 1 2
7 0,0)] < s+ sl + sl lotu, o) < = + sl + 1=

216 300 204 165 279 o1l

with, kg = 1/216, ky = 1/300, ky = 1/204, ko = 2/465, ki = 2/279, ky = 2/465.
Morever, we obtain €1k, + Exky ~ 0.3639081609 < 1, Eky + Exky ~ 0.268256681 < 1.
By Theorem (3.2) the problem (4.1) and (4.2) has at least one solution on [0, 3].
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Example 4.2. Consider the following system:
(4.3)

((et)0) ~ Al () o0

8 / / 373 2 2
<4t2 Yo+12 " (t>> D) [?t + () [W(t))

subject to the coupled boundary conditions of Example 4.1.

IS

+ @)F]], e 0,3,

N
|

+@®)?]] teo.3)

With my = 3/4 my =2/5, ny = 1/2, ny = 3/8. It’s clear, that the condition (.Ss)
is verified. Thus, by the conclusion of Theorem 3.3 to the system (4.3) with bound-
ary conditions (4.2) there exist a solution of the problem (4.3) with the boundary
conditions (4.2) on [0, 3].

Example 4.3. Consider the following system:

Lo o L fu®) 1 .
<t+13u(t)) = %[1+ (@] + t3+1v(t)+3sm(t)}, t €10,3],
(4.4)

<\/2t2+12 v’(t)) _ %[%u(t) Ftan o(t) — 5] € [0.3],

with the coupled boundary conditions (4.2).

Observe that

|f(t7u177)1) - f(t,UQ,U2)| S

and

which implies that ¢; = 1/36 , ¢, = 1/93. By using the same data in example (4.1),

we have
&~ 17.19933114, & ~ 42.76749946 and &E101 + Exly ~ 0.937624784 < 1.

Hence by Theorem 3.4, the problem (4.4) with the coupled boundary conditions (4.2)

has a unique solution on [0, 3].

5. CONCLUSIONS

In this paper, we have derived the existence and uniqueness results for a self-
adjoint coupled system of nonlinear ordinary differential equations supplemented with
nonlocal non-separated integral boundary conditions on an arbitrary domain. We
have applied the standard tools of the fixed-point theory to establish the desired
results. Our results are new and significantly contribute to the literature on nonlinear
nonlocal integral boundary value problems involving self-adjoint ordinary differential

equations.
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