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1. INTRODUCTION

Motivated by ideas in [4, 12, 13] in this paper we present some new collectively
fixed and coincidence type results. Then using these results we establish some new
maximal type element theorems for families of majorized type maps [4, 6] in the
compact setting. In this paper we discuss the ®* maps from the literature [2] and also
admissible maps in the sense of of Gorniewicz [9]. We present collectively coincidence
results bewteen classes of maps (the first result is between the same classes and the

second result is between different classes).

Now we describe the maps considered in this paper. Let H be the Cech homology
functor with compact carriers and coefficients in the field of rational numbers K from
the category of Hausdorff topological spaces and continuous maps to the category of
graded vector spaces and linear maps of degree zero. Thus H(X) = {H,(X)} (here
X is a Hausdorff topological space) is a graded vector space, H,(X) being the ¢-
dimensional Cech homology group with compact carriers of X. For a continuous
map f: X — X, H(f) is the induced linear map f, = {fi,} where f,,: H,(X) —
H,(X). A space X is acyclic if X is nonempty, H,(X) = 0 for every ¢ > 1, and
Ho(X) =~ K.
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Let X, Y and I' be Hausdorff topological spaces. A continuous single valued
map p: ' — X is called a Vietoris map (written p : I' = X)) if the following two

conditions are satisfied:
(i). for each x € X, the set p~'(z) is acyclic

(ii). p is a perfect map i.e. p is closed and for every z € X the set p~'(z) is

nonempty and compact.

Let ¢ : X — Y be a multivalued map (note for each x € X we assume ¢(x) is
a nonempty subset of Y). A pair (p,q) of single valued continuous maps of the form
X & T4 Y is called a selected pair of ¢ (written (p,q) C ¢) if the following two

conditions hold:
(i). p is a Vietoris map
and

(ii). ¢(p~'(z)) C ¢(z) for any z € X.

Now we define the admissible maps of Gorniewicz [9]. A upper semicontinu-
ous map ¢ : X — Y with compact values is said to be admissible (and we write
¢ € Ad(X,Y)) provided there exists a selected pair (p,q) of ¢. An example of an
admissible map is a Kakutani map. A upper semicontinuous map ¢ : X — K(Y) is
said to Kakutani (and we write ¢ € Kak(X,Y)); here K(Y') denotes the family of

nonempty, convex, compact subsets of Y.

The following class of maps will play a major role in this paper. Let Z and W
be subsets of Hausdorff topological vector spaces Y; and Y5 and G a multifunction.
We say G € &*(Z,W) [2] if W is convex and there exists a map S : Z — W with
S(z) C G(x) for x € Z, S(z) # 0 and has convex values for each € Z and the fibre
SN w)={2z€ Z: we S(z)}isopen (in Z) for each w € W.

Let @ be a class of topological spaces. A space Y is an extension space for ()
(written Y € ES(Q)) if for any pair (X, K) in @ with K C X closed, any continuous
function fy : K — Y extends to a continuous function f: X — Y. A space Y is an
approximate extension space for @ (written Y € AES(Q)) if for any a € Cov (V) and
any pair (X, K) in @ with K C X closed, and any continuous function fy : K — Y

there exists a continuous function f : X — Y such that f|x is a—close to fj.

Let V be a subset of a Hausdorff topological vector space E. Then we say
V' is Schauder admissible if for every compact subset K of V and every covering

a € Covy (K) there exists a continuous functions 7, : K — V such that
(i). my and i : K — V are a—close;

(ii). 7 (K) is contained in a subset C' C V with C' € AES(compact).

Our first result is taken from [1, 10].
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Theorem 1.1. Let X be a Schauder admissible subset of a Hausdorff topological
vector space and WV € AD(X,X) a compact map. Then there exists a x € X with
x € V(z).

Remark 1.2. Other variations of Theorem 1.1 can be found in [11].

We recall that a point € X is a maximal element of a set valued map F' from

a topological space X to another topological space Y if F(z) = 0.

2. MAXIMAL ELEMENT RESULTS

We begin by establishing a new collectively fixed point result (motivated in part
from [12, 14]).

Theorem 2.1. Let {X;}Y, be a family of convexr compact sets each in a Hausdorff
topological vector space E;. For each i € {1,...,N} suppose F; : X = Hf\il X, = X;
and in addition there exists a map S; : X — X; with S;(x) C Fy(x) for x € X, S;(x)
has convex values for v € X and S; ' (w) is open (in X ) for each w € X;. Finally
suppose for each x € X there exists a i € {1,..., N} with S;(z) # 0. Then there exists
axe€X and ati € {l,..,N} with z; € F;(z) (here x; is the projection of x on X;).

Proof. Note A; = {z € X : Si(x) # 0},i € {1,..,N} is an open covering of X (recall
the fibres of S; are open). Now since X is compact (so in particular paracompact)
then from [8, Lemma 5.1.6, pp301] there exists a covering {B;}Y, of X where B; is
closed and B; C A; for alli € {1,..., N}. For each i € {1,.., N} let G; : X — X; and
T; : X — X, be given by

F B, : B;
Gil) = i(z), € B and Ti(x) = Si(z), z € B;
Xi, € X\B; X:, v € X\B,.
We claim for i € {1,..., N} that G; € ®*(X, X;). Note first for i € {1,..., N} that
Ti(x) # 0 for x € X. Also for x € X and ¢ € {1,..., N} then if © € B; we have
Ti(x) = Si(x) C Fij(x) = G;(x) whereas if v € X\B; we have Tj(z) = X; = G;(z).
Also note if y € X; then
T7'(y) = {#eX:yeTi(2)}
= {zeX\Bi:yeTi(z)=X;}U{zeB;: yeTi(2)}
= (X\B)U{zeB;:yeSi(z)}=X\B)U[B;N{ze€ X : ye Si(2)}
= (X\B)U[Bin S (y)] = XN [(X\B) US7 ()] = (X\Bi)) US;(y)

which is open in X (note S; '(y) is open in X and B; is closed in X). Thus for
i €{l,...., N} we have G; € *(X, X;).
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Now since X is compact for each ¢ € {1, ..., N} from [2, 5] there exists a continuous
(single valued) selection f; : X — X, of G; with f;(z) € T;(x) C G;(z) for z € X and
also there exists a finite set C; of X; with f;(X) C co(C;) = D;. Let

N

D:HDZ- and f(a:):Hfi(x),xED.

i=1 i=1
Now D is compact and convex, f : D — D and f(D) lies in a finite dimensional
subspace of F = Hi\il E;. Brouwer’s fixed point theorem guarantees that there
exists a © € D with z = f(z) i.e. z; = fj(x) € Tj(z) C G(x) for each j € {1,.., N}.
Now since {B;}¥, is a covering of X there exists a jo € {1,.., N} with € Bj, so
zj, € Gj(z) = Fj (). O

Remark 2.2. Note one could replace {X;}¥, in Theorem 2.1 with {X;};c; where I

is an index set. In Theorem 2.1 since X = []..; X; is compact (since we assume each

el
X, is compact) then we could assume in the statement of Theorem 2.1 that there
exists a finite subset Iy of I and for each x € X there exists a i € Iy with S;(x) # 0 so
as a result one could rewrite the statement of Theorem 2.1. This remark could also

be applied to the other results in this paper.

Next we will rewrite Theorem 2.1 as a maximal type element result.

Theorem 2.3. Let { X}, be a family of convexr compact sets each in a Hausdorff
topological vector space. For each i € {1,..., N} suppose F; : X = Hf\il X, — X, and
in addition there exists a map S; : X — X; with S;(x) C Fy(x) for x € X, S;(x) has
conver values for v € X and S; ' (w) is open (in X ) for each w € X;. Now suppose
for alli € {1,..,N} that x; ¢ F;(x) for each x € X. Then there exists a x € X with
Si(x) =0 for alli € {1,...,N}.

Proof. Suppose the conclusion is false. Then for each x € X there exists a ¢ €
{1,..., N} with S;(x) # (0. Now Theorem 2.1 guarantees a € X and ai € {1,.., N}

with z; € F;(z), a contradiction. O

We now discuss a generalization of majorized mappings in the literature (see [3,
4, 6, 15]). Let Z and W be sets in a Hausdorff topological vector space with W
convex and Z compact. Suppose H : Z — W, J: Z — W and for each y € Z assume
there exists a map A, : Z — W and an open set U, containing y with H(z) C A,(z)
for every z € Uy, A, is convex valued, (A4,) () is open (in Z) for each x € W and
J(w)NA,(w) =0 for w € Z. We now claim that there exists a map 7 : Z — W with
H(z) C T(z) for z € Z, T is convex valued, T~(x) is open (in Z) for each z € W
and J(w) N T(w) = 0 for w € Z. To see this note {Uy,},cz is an open covering of
Z and since Z is compact there exists 7, 8] a finite set {y1,...,y,} (with y; € Z for
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i € {1,..,n}) and an open covering {V,,}* , of Z with y; € V,, and Q,, =V, C U,
fori e {l,..,n}. Fixie {1,...,n} and let

o Ayi(z)7 z € Qyi
Qul2) = { W, zeZ\Q,,.

Now @, is convex valued and H(z) C Q,,(z) for every z € Z (note if z € Q,, then
since Q,, C U,, and since H(w) C A,,(w) for w € U,, we have H(z) C @, (z) whereas
if z € Z\Q,, then it is immediate since @, (2) = W). Also note the argument in
Theorem 2.1 guarantees for any x € W that

(Qyi)_l('x) = (Z\Qyz) U (Ayi)_l('x)
which is open in Z. Let T': Z — W be given by

z) = ﬁ Qy,(2) for z € Z.
i=1

Now T is convex valued, H(z) C T'(z) for every z € Z and for x € W we have

T 'x) = {ZGZ:xET(z)}:{ZeZ: xeﬁ Qyi(z)}

= ﬂ{zeZ € Qy(z ﬁQyL

i=1 i=1
which is open in Z. Finally we note J(w) N T(w) = () for w € Z. To see this let
w € Z and note there exists a k € {1,...,n} with y, € Z and w € Q,,, so

= ﬂ Qy,(w) € Qy, (w) = Ay, (w)
i=1
(since w € Q,,) and thus J(w) N T(w) C J(w) N A, (w) = 0.
Now we will combine the above discussion with Theorem 2.3.

Theorem 2.4. Let { X}, be a family of convexr compact sets each in a Hausdorff
topological vector space. For each i € {1,..., N} suppose H; : X = Hfil X, = X;
and for each x € X assume there exists a map A;, : X — X; and an open set U, ,
containing v with H;(z) C A; .(2) for every z € Us », Ai . is convex valued, (A; )1 (2)
is open (in X ) for each z € X; and w; ¢ A; (w) for each w € X. Then there exists
ax e X with H(x) =10 for alli € {1,...,N}.

Proof. Let i € {1, ..., N}. From the discussion after Theorem 2.3 (with Z = X, W =
X;, H=H;, J = Projection of X on X;, A, = A, ) there exists amap T; : X — X,
with H;(w) C Ti(w) for w € X, T; is convex valued, (7;)7(z) is open for each z € X;
and w; ¢ T;(w) for each w € X; here for a i € {1,..., N} we have that {U;,}.ex

is an open covering of X so there exists a finite set {y; 1, ..., Yin, } (With y;; € X for
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j € {1,...,n;}) and an open covering {Vj,, .}, of X and Q;,, = V;, = C U, for

sYi,j
j€{l,..,n;} and for fixed j € {1,...,n;},

Ai, ij(z)7 z € QZ) i
inyi,j(z) = { v .

©Yi,jg

XZ', z € X\Qi,yi,j
and

Ty(2) =[] Qiy,(2) for z€X.
j=1

Now we will apply Theorem 2.3 with F; = S; = T; and so there exists a x € X
with Tj(xz) = 0 for all j € {1,..., N}. Now since H;(w) C T;(w) for w € X then we
have H;(x) =0 for all j € {1,..., N}. O

Next we will discuss collectively coincidence points motivated in part by [4, 13].

Theorem 2.5. Let {X;}Y,, {Y;}o, be families of convex sets each in a Hausdorff
topological vector space E; with Hfil X, paracompact and in addition {Y;}X°, is also
a family of compact sets. For each i € {1,..., Ny} suppose F; : X = Hfil X, =Y
and there exists a map T; : X — Y; with T;(z) C Fy(z) for x € X, Ti(z) has
conver values for each x € X and T, *(w) is open (in X ) for each w € Y;. For each
Jj €A{L,...N} suppose G; : Y = HivzolYi — X, and there exists a map S; 1 Y — X;
with S;(y) C G;(y) fory € Y, S;(y) has convex values for each y € Y and S; ' (w)
is open (in'Y) for each w € X,. Finally suppose for each x € X there exists a
i€{1,..., No} with T;(x) # 0 and suppose for eachy € Y there exists a j € {1,..., N}
with S;(y) # 0. Then there exists a x € X, ay € Y, a jo € {1,..,No} and a
io € {1,..., N} with y;, € Fj,(x) and z;, € G;,(y).

Proof. Note A; = {z € X : Tiy(x) # 0},7 € {1,..,No} is an open covering of X so
from [8, Lemma 5.1.6, pp301] there exists a covering {B;}¥°, of X where B; is closed
in X and B; C A; foralli € {1,...,No}. Also C; ={y €Y : Si(y) # 0},i € {1,..,N}
is an open covering of Y and from [8, Lemma 5.1.6, pp301] there exists a covering
{D}Y, of Y where D; is closed in Y and D; C C; for all i € {1, ..., N}. Now for each
ie{l,..,No} let H;: X = Y; and J; : X — Y] be given by

Fi(z), B; T;(), B;
Hi(x) = (z), = € and J;(x) = (z), z €
Y;, x e X\Bz }/Z', T e X\Bz

Also for each i € {1,..,N}let M; : Y — X; and L; : Y — X, be given by

4 D , D
M) =] GWVED g Ly = S vED
Xia Yy € YV\DZ Xi, Yy < Y\Di

The reasoning in Theorem 2.1 guarantees that H; € ®*(X,Y;) for i € {1,...., Ny} and
M, € ®*(Y, X;) for i € {1,..., N}.
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Now since Y is compact for each i € {1, ..., N} from [2, 5] there exists a continuous
(single valued) selection ¢; : Y — X; of M; with ¢;(y) € L;(y) C M;(y) for y € Y and
there exists a finite subset R; of X; with ¢;(Y) C co(R;) = Q;. Let Q =[]\, Qi (C

X) and note @ is compact. Let H} (respectively, J*) denote the restriction of H;

(respectively, J;) to Q. Note for i € {1,..., No} that Hf € ®*(Q,Y;) since for y € Y;

we have

()7 = {zeQ:yei(2)} ={z€Q:y e Ji(2)}
= Qn{zeX:yeli(z)} =QnJ\(y)

which is open in @ N X = @. Now since @ is compact (in particular paracompact)
for each i € {1,..., No} from [2, 5] there exists a continuous (single valued) selection
hi : Q —Y; of Hr with h;(z) € Jf(z) C Hf(x) for z € Q. Let

No N
h(z) = H hi(xz) for x € Q and q(y) = H gi(y) for yeY
i=1 i=1

and note h : Q — Y and ¢ : Y — @ are continuous. Consider the continuous map
0:Q — Q given by 0(x) = q(h(z)) for z € Q. Note @ is a compact convex subset
in a finite dimensional subspace of E = HZ]L E; so Brouwer’s fixed point theorem
guarantees that there exists a x € @ with x = 0(x) = q(h(x)). Let y = h(x) so
r = q(y). Then since v € Q we have y; = h;(v) € Ji(x) C Hi(z) i.e. y; € Hj(z) for
je{l,..,No} and z; = ¢;(y) € Li(y) € My(y) for i € {1,..., N}. Next since { B;} ",
is a covering of X there exists a jo € {1, .., No} with x € B, so y;, € Hj,(x) = Fj,(z).
Finally we note since {D;}¥ | is a covering of Y there exists a ig € {1,.., N} with
x € Dy, so x;, € My, (y) = Giy(v). O

Theorem 2.6. Let {X;}Y,, {Y;}° be families of convex sets each in a Hausdor(f
topological vector space with Hfil X; paracompact and in addition {Y;}X°, is also a
family of compact sets. For each i € {1,..., No} suppose F; : X = Hf\il X, = Y
and there exists a map T; : X — Y; with T;(z) C Fy(z) for x € X, Ti(z) has
convex values for each x € X and T, *(w) is open (in X ) for each w € Y;. For each
Jj €A{L,...N} suppose G; : Y = HZ].V:OIYZ- — X, and there exists a map S; 1 Y — X;
with S;(y) € G;(y) fory € Y, S;(y) has convex values for each y € Y and S; ' (w)
is open (in'Y') for each w € X;. Now suppose either for all j € {1,..., Ny} we have
y; ¢ Fj(x) for each (z,y) € X XY or for all i € {1,..., N} we have z; ¢ G;(y)
for each (xz,y) € X x Y. Then either there exists a x € X with T;(x) = 0 for all
i €{l,...,No} or there exists a y € Y with S;(y) =0 for all j € {1,...,N}.

Proof. Suppose the conclusion is false. Then for each x € X there exists a ¢ €
{1,..., No} with T;(z) # 0 and for each y € Y there exists a j € {1,..., N} with
Sj(y) # 0. Now Theorem 2.5 guarantees axz € X, ay € Y, a jy € {1,...,No} and a
ip € {1,..., N} with y;, € Fj,(z) and z;, € G;,(y), a contradiction. O
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Theorem 2.7. Let {X;}YN,, {Y;}X°, be families of convex compact sets each in a
Hausdorff topological vector space. For eachi € {1,..., No} and for each j € {1, ..., N}
suppose H; : X = valei =Y, and ¥; 1 Y = vazolYi — X, and for each x € X
assume there exists a map A, : X — Y; and an open set U,, containing x with
Hi(z) C A;.(2) for every z € U, Ais is convex valued, (A;,)"1(2) is open (in X)
for each z € Y; and for each y € Y assume there exists a map Bj, 1 Y — X; and
an open set O;,, containing y with V;(z) C B;,(z) for every z € O;,, B;, is conver
valued, (Bj,) ' (z) is open (in'Y) for each z € X; and also assume either for all
ie{l,..,No} we have v; ¢ A;.(u) for each (u,v) € X xY or forall j € {1,....,N}
we have u; ¢ Bj,(v) for each (u,v) € X x Y. Then either there exists a v € X
with H;(x) = 0 for all i € {1,..., No} or there exists a y € Y with V;(y) = 0 for all
je{l,..,N}

Proof. We will modify slightly the ideas in the discussion after Theorem 2.3. Fix
i € {1,..,No} (vespectively, j € {1,..,N}). Note {U;,}sex is an open covering
of X (respectively, {O;,}yev is an open covering of Y') so there exists a finite set
{@ix, . Tim, } (With z;; € X for j € {1,...,n;}) and an open covering {V;.,, },-; of
X withx;, € Vi,
and an open covering {Cj,. };*; of Y with y;;, € C},., and D;,., = Cj,., C O;,. )
and for fixed k € {1,....,n;},

and Qi o, , = Via,, € Ui, (respectively, a finite set {y; 1, ..., yj,nj}

Tik

Aivmi,k (Z)7 z € Qi,zi,k

1,T; z) =
Q, z,k( ) { Y, z¢€ X\quzk

and let T; : X — Y] be
T(2) = () Quoa() z€ X
k=1

(respectively, for fixed [ € {1,...,n,},

v B zeny,
J5Y5,0 Xj, ZGY\Dj,yj,l

and let S; Y — X, be

Sj(w) = ﬂ Rj’yj,l (w)7 wey )

I=1
The argument in the discussion after Theorem 2.3 guarantees that H;(z) C T;(z) for
every z € X (respectively, ¥;(w) C S;(w) for w € Y), T; (respectively, S;) is convex
valued and 7, '(w) is open for each w € Y; (respectively, S () is open for each
z € X;).
There are two cases to consider (see the statement of Theorem 2.7). Suppose first
that for each x € X for all i € {1, ..., No} we have v; ¢ A, ,(u) for each (u,v) € X xY.
Then for all i € {1, ..., Ny} we have v; ¢ T;(u) for each (u,v) € X xY; to see this fix
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ie{l,..,No} and (u,v) € X x Y and note there exists a z;,,, (m € {1,...,n;}) with

U € Qig,,, SO
E(“) - ﬂ Qi,xi,k (U) - Qi,ﬂﬂi,m <u> - Ai,zi,m (U’)
k=1

and as a result v; ¢ T;(u) since v; ¢ A, (u) and Tj(u) C Aig, . (u). Next consider
the case that for each y € Y for all j € {1,...., N} we have u; ¢ B;,(v) for each
(u,v) € X x Y. As in the first case (with S; replacing 7;) we obtain for all j €
{1,...., N} we have u; ¢ S;(v) for each (u,v) € X x Y.

Now apply Theorem 2.6 (with F; = T; and G; = §;) so either there exists a
z € X with T;(z) =0 for all i € {1, ..., N} or there exists ay € Y with S;(y) = 0 for
all j € {1,..., N}, Now since H;(z) C Ti(z), z € X and ¥;(w) C Sj(w), w € Y the

conclusion follows. O

Remark 2.8. In Theorem 2.7 we could replace {X;}¥, is a family of compact sets
with the assumption that X = Hf\il X, in paracompact. The proof is as in Theorem
2.7 (see Theorem 2.6) once we describe the map 7; (i € {1, ...., Ny} fixed) as follows:
Note {U; . }zex is an open covering of X so there exists a locally finite open covering
{Vie}oex of X with x € Vi, and Q;, = V;, C U;, for each x € X, and for each

r € X let
Aig(2), 2€ Qi
sz(Z) = { X, (Z)E X\Qi,x
(it is easy to see that @), is convex valued and H;(z) C Q;.(2) for z € X) and let
T,: X =Y, be
Ti(z) = [] Qia(z) for z€X.

Note H;(z) C Ty(z) for z € X and Tj is convex valued. It remains to show T} *(y) is
open for each y € Y;. Fix y € Y; and let u € T, '(y). Since {V;,},cx is locally finite
there exists an open neighborhood N, of u such that {z € X : N, NV, # 0} =
{Zi1, ooy Tim, } (afinite set). Now if ¢ {x;1, ..., % m, } then 0 = V; ., NN, = Q,; ,NN,
50 Qi.(2) =Y, for all z € N, and as a result

T:(z) = ﬂ Qiz(z) = ﬁ Qi ;(2) forall ze N,.
j=1

zeX

Now T, '(y) = {z € X : y € T;(z)} but note

{Z € Nu RS T;(Z)} = {Z € Nu Yy e ﬂ Qi,xi,j(z)} = Nu N [m?l:il (Qi,xi,j)_l(yﬂ
j=1
SO

w€ Ny N[N Qi) ()] ST (y)
so T, ' (y) is open. To finish the proof in Theorem 2.7 there is as before two cases to

consider (see the statement of Theorem 2.7). Suppose first that for each z € X for
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all i € {1,..., No} we have v; ¢ A; .(u) for each (u,v) € X x Y. Fixi € {1,..., No}
and (u,v) € X x Y and note there exists a 2* € X with u € Q; ;+ so
Ti(z) = [] Qiel2) C Qiae(u) = s (u)
zeX

so v; & Ti(u). Thus for all ¢ € {1,..., No} we have v; ¢ T;(u) for each (u,v) € X x Y.
Next consider the case that for each y € Y for all j € {1,...., N} we have u; ¢ B;,(v)
for each (u,v) € X x Y. Then as in the proof of Theorem 2.7 we have for all
Jj€{l,...,N} that u; ¢ S;(v) for each (u,v) € X x Y. Now apply Theorem 2.6.

Now we consider a collectively coincidence result between the ®* and Ad classes.

Theorem 2.9. Let {X;}Y,, {V;}X°, be families of convex sets each in a Hausdorff
topological vector space E; and in addition {Y;}fiol 1s also a family of compact sets.
For eachi € {1,..., No} suppose F; - X = [[X, Xi = Vi and F; € Ad(X,Y;). For each
Jj€{1,..N} suppose G : Y = H?ﬁlYi — X and there exists a map S; 1Y — X
with S;(y) C G;(y) fory € Y, S;(y) has convex values for each y € Y and S; ' (w)
is open (in'Y) for each w € X;. Finally suppose for each y € Y there exists a
Jje{l,..., N} with S;(y) # 0. Then there exists ax € X, ay €Y, aig € {1,...,N}
with y; € Fj(x) for all j € {1,..., No} and z;, € G, (y).

Proof. For each i € {1,..., N} let C;, D;, M; and L; be as in Theorem 2.5 and note
M; € *(Y, X;). Now since Y is compact for each i € {1, ..., N} from [2, 5] there exists
a continuous (single valued) selection ¢; : Y — X; of M; with ¢;(y) € L;(y) € M;(y)
for y € Y and there exists a finite subset R; of X; with ¢;(Y) C co(R;) = Q;. Let
Q= Hf\il Q; (C X) and note @ is compact. Let F denote the restriction of F; to @
and let F*(z) = vazol Fr(z) for x € Q. Since Ad is closed under compositions and
also since a finite product of Ad maps is an Ad map [9] then F* € Ad(Q,Y). Let
q(y) = Hf\il ¢i(y) for y € Y and note ¢ : Y — @ since ¢; : Y — Q; fori € {1,...,N}.
Thus ¢ F* € Ad(Q, Q) and note @ is a compact convex subset in a finite dimensional
subspace of E = [[~, F; so Theorem 1.1 guarantees a z € Q with z € ¢ (F*(x)).
Now let y € F*(z) with z = ¢(y). Note y € F(x) so y; € F;(z) for all j € {1,..., Np}.
Also since z € @ we have z; = ¢;(y) € Li(y) € M,(y) for i € {1,...,N}. Now
since {D;} | is a covering of Y then there exists a iy € {1,..., No} with y € D;, so
Ty € M;,(y) = Giy (). O

Theorem 2.10. Let {X;}Y,, {Yi}o, be families of convex sets each in a Hausdorff
topological vector space and in addition {Y;}f\fl 18 also a family of compact sets. For
each i € {1,..., No} suppose F; : X = Hfil X; — Y, and F; € Ad(X,Y;). For each
Jj €A{L,...N} suppose G; : Y = H?lei — X and there exists a map S; 1Y — X
with S;(y) C G;(y) fory € Y, Sj(y) has convex values for each y € Y and Sj_l(w)
is open (in'Y) for each w € X;. Now suppose either for all i € {1,..., N} we have
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x; & Gi(y) for each (z,y) € X XY or for each (z,y) € X XY there exists a
Jj € AL, .., No} with y; ¢ F;j(x). Then there exists a y € Y with S;(y) = 0 for all
ie{l,..,N}.

Proof. Suupose the conclusion is false. Then for each y € Y there exists a j €
{1,...,N} with S;(y) # 0. Now Theorem 2.9 guarantees a v € X, ay € Y, a iy €
{1,..., N} with y; € Fj(x) for all j € {1, ..., No} and z;, € G},(y), a contradiction. [

Theorem 2.11. Let {X;}Y¥,, {Yi}o, be families of convex sets each in a Hausdor(f
topological vector space and in addition {Y;}f\fl 1$ also a family of compact sets. For
each i € {1,..., No} suppose F; : X = Hfil X; — Y, and F; € Ad(X,Y;). For each
j€eA{l,...N} suppose ¥; : Y = Hf\fl Y; = X, and for each y € Y assume there exists
a map Bj, 'Y — X; and an open set O, containing y with V;(z) C B;,(2) for
every z € O;,, Bj, is conver valued and (B;,) *(z) is open (in'Y) for each z € X;.
Also suppose either for each y € Y for all j € {1,...., N} we have u; ¢ B;,(v) for
each (u,v) € X XY or for each (x,y) € X XY there exists a i € {1,..., No} with
yi & Fi(x). Then there exists ay € Y with ¥;(y) =0 for all j € {1,...., N}.

Proof. Let j € {1,..., N} and create {y;1, -, Yjn; }> Ciy,0r Diyr Rjy,y (L€ AL, ., n5})
and S; as in Theorem 2.7. We now claim that for all j € {1,...., N} we have u; ¢ S;(v)
for each (u,v) € X x Y if in the statement of Theorem 2.11 we have for each y € Y
for all j € {1,...., N} we have u; ¢ B;,(v) for each (u,v) € X x Y. Note for a fixed
Jj € {l,..,N} and (u,v) x X x Y note there exists a y;.,, (m € {1,...,n;}) with
v € Djy, .. SO

n

Sj (U) = m ijyj,l(v) - ijyj,m (U) = Bjyyj,m (U>

=1
so u; ¢ Sj(v). Thus our claim is true. Now apply Theorem 2.10 (with G; = S;) so
there exists a y € Y with S;(y) = 0 for all ¢« € {1,..., N}. The result follows since

U (w) C Sj(w), weY. O
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