Dynamic Systems and Applications 30 (2021) No.12, 1779-1791

EXISTENCE RESULTS FOR FRACTIONAL DIFFERENTIAL
INCLUSIONS

AMOURIA HAMMOU AND SAMIRA HAMANI

Laboratoire des Mathématiques Appliqués et Pures, Université de Mostaganem,
B.P. 227, 27000, Mostaganem, Algeria.

ABSTRACT. In this paper, we investigate the existence of a boundary value problem for Caputo-
Hadamard fractional differential inclusions. Both cases of convex and nonconvex valued right hand
side are considered.

AMS (MOS) Subject Classification. 26A33, 34A37.

Key Words and Phrases. Fractional differential inclusions, Caputo-Hadamard fractional deriva-

tive, Fixed point , Convex, Nonconvex. .

1. INTRODUCTION

This paper is concerned with the existence of solutions of boundary value prob-

lems (BVP for short) for a fractional differential inclusion,

(1.1) GD"y(t) € F(t,y(t)), forae. t e J=[1,T], 0<r<l1,

(1.2) ay(1) +by(T) = ¢,

where T' > 1, ¢, D" is the Caputo-Hadamard fractional derivative of order 0 < r < 1,
F : [1,T] x R — P(R) is a multivalued map, P(R) is the family of all nonempty
subsets of R, a,b and ¢ are real constants such that a + b # 0.

Differential equations of fractional order have recently proved to be valuable tool-
s in the modeling of many phenomena in various fields of science and engineering.
Indeed, we can find numerous applications in viscoelasticity, electrochemistry, con-
trol, porous media, electromagnetic, etc. (see [15, 24, 32, 33, 36]). However, the
literature on Hadamard-type fractional differential equations has not undergone as
much development; see [4]. Hadamard’s fractional derivative [22] of 1892 differs from
the aforementioned derivatives in the sense that the kernel of the integral in the
definition of the Hadamard derivative contains a logarithmic function of arbitrary ex-

ponent. Detailed descriptions of the Hadamard fractional derivative and integral can
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be found in [9, 10, 11]. Recently, Hadamard fractional calculus is getting attention
important to the theory of fractional calculus [28]. The works in [4, 9, 10, 11, 27, 30]
are major developments in the fundamental theory of Hadamard fractional calculus.
A Caputo-type modification of the Hadamard fractional derivative, which is called
the Caputo-Hadamard fractional derivative, was given in [25], and its fundamental

theorems were proved in [1, 20].

This paper is organized as follows. In Section 2 we introduce some preliminary
results needed in the following sections. In Section 3 we present an existence result for
the problem (1.1)-(1.2), when the right hand side is convex valued using the nonlinear
alternative of Leray-Schauder type. In Section 4,we give a result for nonconvex valued
right hand side where is based on a fixed point theorem due to Covitz and Nadler

[13]. An example is presented in the last section.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts that are

used in the remainder of this paper.

Let [a, b] be a compact interval, C([a, b], R) be the Banach space of all continuous

functions from |[a, b] into R with the norm

1Ylloo = sup{ly(t)] : @ <t < b}

and we denote by L'([a,b],R) the Banach space of functions y : [a,b] — R that are

Lebesgue integrable with norm

lyllze = [y(t)|dt.

AC([a,b], R) is the space of functions y : [a,b] — R, which are absolutely continuous.
Let (X, - ||) be a Banach space. Let Py(X) ={Y € P(X) :Y is closed}, B(X) =
{Y € P(X) :Y is bounded}, P.,(X) ={Y € P(X) : Y is compact} and P,,.(X) =
{Y € P(X) : Y is compact and convex}. A multivalued map G : X — P(X) is
convex (closed) valued if G(X) is convex (closed) for all z € X. G is bounded on
bounded sets if G(B) = ngG(x) is bounded in X for all B € P,(X) (i.e. igg{sup{\y[ :

y e G(x)}} < o0).
G is called upper semi-continuous (u.s.c.) on X if for each oy € X, the set G(x()
is a nonempty closed subset of X, and if for each open set N of X containing G(zy),

there exists an open neighborhood Ny of z such that G(Ny) € N. G is said to be
completely continuous if G(B) is relatively compact for every B € P, (X).

If the multivalued map G is completely continuous with nonempty compact val-
ues, then G is u.s.c. if and only if G has a closed graph (i.e. , = Tu, Yn — Ys, Yn €
G(zy,) imply y. € G(z)). G has a fixed point if there is x € X such that z € G(z).
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The fixed point set of the multivalued operator G will be denote by FixG. A multi-
valued map G : J — P,4(R) is said to be measurable if for every y € R, the function

t—d(y,G(t)) =inf{ly — z| : 2 € G(t)}
is measurable.

Let A be a subset of [0,7] x R. A is [ ®  measurable if A belongs to the
o—algebra generated by all sets of the form J x D where J is Lebesgue measurable
in [0, 7] and D is Borel measurable in R. A subset A of L!([0,T],R) is decomposable
if for all u,v € A and J C [0,T] measurable,ux s + vx[qy-s € A, where x stands for

the characteristic function.

Definition 2.1. A function F': [a,b] x R — P(R) is said to be Caratheddory if

(1) t = F(t,u) is measurable for each u € R;

(2) u— F(t,u) is upper semicontinuous for almost all ¢ € [a, b].

For each y € C([a, b],R), define the set of selections of F' by
Spy = {v € L'([a,b],R) : v(t) € F(t,y(t)) ae. t € [a,b]}.
Let (X,d) be a metric space induced from the normed space (X,|-|). Consider
Hy: P(X) x P(X) — Ry U{oo} given by
Hy(A, B) = max{sgg d(a, B),supd(A,b)},

beB
where d(A, b) = ingd(a, b), d(a, B) = gngd(a, b). Then (P, 4(X), Hy) is a metric space
ac €
and (P4(X), Hy) is a generalized metric space (see [29]).

Definition 2.2. A multivalued operator N : X — P,(X) is called

(1) ~-Lipschitz if and only if there exists v > 0 such that
Hy(N(x), N(y)) < 7d(z,3), for cach 2,y € X,
(2) a contraction if and only if it is y-Lipschitz with v < 1.

The following lemma will be used in the sequel.

Lemma 2.3. (Covitz-Nadler [13]) Let (X, d) be a complete metric space. If N : X —
P.(X) is a contraction, then FixN # (.

Theorem 2.4. (Arzela-Ascoli theorem)[?] Let A be a subset of C(J; E);A is relatively
compact in C(J; E) if and only if the following conditions are met:

(a) The set A is bounded ie :
Fk>0:||f(x)| <k Vo e andVf € A.

(b) Set A is equicontinuous ie :
Ve> 0,30 >0: |t —to| <0 = ||f(t1) — f(t)|| < € for allty,to € J and all f €
A.
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(c) Forallx € J: set {f(x), f € A} C E is relatively compact.

Theorem 2.5. (Mazur) Let {x,} be a weakly convergent sequence to x in a Banach
space E. Then, there is a sequence of convex combination of elements of {x,} which

converges strongly to x.
Definition 2.6. ([28]) The Hadamard fractional integral of order o > 0 for a function
h :la,b] = R, where a,b > 0, is defined by

I9h(t) = 1T()! (logts)* ™" h(s)sds,
provided the integral exists.
Definition 2.7. ([25]). Let AC{[a,b] = {g : [a,b] — C, §"tg € AC]a,b]} where
d =tddt, 0 < a < b < oo and let @ € C, such that Re(or) > 0. For a function
g € AC}la,b] the Caputo-Hadamard derivative of fractional order « is defined as

follows

(i): fa ¢ N,and n — 1 < a < n such that n = [Re(«)] + 1, then

(" Dgg)(#) = 1T(n — ) (ddh);* log )"~ 67g(s)".

(ii): If « = n € N, then (“#D2g)(t) = d"g(t),
where in both cases, [Re(a)] denotes the integer part of the real number Re(«) and
log(-) = log,(:).
Lemma 2.8. ([25]) Let y € AC}[a,b] or Cfla,b] and o € C. Then
n—1 k
§Fy(a) t
a/CH na _ _ _
(2.) g = o) - L0 (1os )
k=0
Let us now recall the nonlinear alternative of Leray-Schauder.
Theorem 2.9. [21] Let X be a Banach space and C a nonempty convexr subset of
X. Let U a nonempty open subset of C with 0 € U and T : U — C' continuous and

compact operator.
Then either

(a) T has fized points. Or
(b) There ezxist u € OU and X € [0, 1] with x = XT'(x).

3. MAIN RESULTS

3.1. The convex case. Let us start by defining what we mean by a solution of the
problem (1.1)-(1.2).

Definition 3.1. A function y € AC;(J,R) is said to be a solution of (1.1)-(1.2), if
there exists a function v € C(J,R) with v(t) € F(t,y(t)), for a.e.t € J such that
4D y(t) = v(t), and the function y satisfies condition (1.2).
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To prove the existence of a solution to (1.1)-(1.2), we need the following auxiliary

lemma

Lemma 3.2. Let h : [1,+00) — R be a continuous function. A function y is a

solution of the fractional integral equation
(3.1) y(t) = 1T(r)} (logts) " h(s)dss — bI'(r)(a + b)1 (log T's)" " h(s)dss + c(a + b)
if and only if y is a solution of the fractional boundary value problem,

(3.2) e Dy(t) = h(t), 0<r <1,
(3.3) ay(1) +by(T) = ¢,

Proof: Assume y satisfies (3.2). Then Lemma (2.8) implies that
y(t) =g I"h(t) + y(1).
The boundary condition (3.3)implies that
ay(1) +by(T) =4 I"h(t) + (a+ b)y(1) = c.
y(1) =ca+b—bglI"h(t)a + b.
Finally, we obtain the solution (3.1)
y(t) =p I"h(t) — ba + by I"h(t) + ca + b.

Conversely it is clear that if y satisfies equation (3.1), then equations (3.2)-(3.3) hold.
O

Theorem 3.3. Assume the following hypotheses hold:

(H1) F:J xR — P.,.(R) is a Carathéodory multi-valued map;
(H2) There exist p € C(J,RT) and 1 : [0,00) — (0,00) continuous and nondecreasing
such that

|F(t,w)|p < p(t)0(|u]) fort € J and each u € R;
(H3) There exists | € L*(J,R), with I"l < oo such that
Hy(F(t,u), F(t,a) <1t)|u—1a| for every u,u € R,
and
d(0, F(t,0)) <I(t), a.e. teJ
(H4) There ezists a number M > 0 such that
(3.4) M1+ |blla+ 0] (M) I"p(T) + |c|la + b] > 1.

Then the BVP (1.1)-(1.2) has at least one solution on J.
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Proof Transform the problem (1.1)-(1.2) into a fixed point problem. Consider

the multivalued operator

N(y(t)) = {h e C(J,R):

h(t) = 1T(r)! (logts) " v(s)dss
— la+b [bF(r)lT (log T's)" " v(s)dss — c|, v € Sp,.

Remark 3.4. Clearly, from Lemma (3.2), the fixed points of N are solutions to
(1.1)—(1.2).

We shall show that N satisfies the assumptions of the nonlinear alternative of

Leray-Schauder type . The proof will be given in several steps.

Step 1: N(y) is convez for each y € C(J,R).

Indeed, if hy, hy belong to N(y), then there exist vy, v € Sp,, such that for each
t € J we have

hi(t)

= 1T(r)} (logts) " vi(s)dss
— la+b [bF(T)f (log T's)" " vi(s)dss —e¢|, i=1,2.

Let 0 < d < 1. Then, for each t € J, we have
(dhy + (1 —d)ho)(t) = 1F(r)§(log§)’"‘1[dvl(s) + (1 - d)vg(s)]%

~ la+b [br(r)f(zogg)r—l[dm(s) + (1= dyva(s))% — .

Since Sp,, is convex (because F' has convex values), we have

dhi + (1 — d)hg c N(y)

Step 2: N maps bounded sets into bounded sets in C'(J,R).

Let B» = {y € C(J,R) : |ly|looc < n*} be bounded set in C(J,R) and y € B,-.
Then for each h € N(y), there exists v € Sp,, such that

h(t) = 1T(r)! (logts) " v(s)dss

— la+b [bF(r)lT (logTs) " v(s)dss — c| .

By (H2) we have for each ¢t € J,

Thus

A ()]

<
+
<
-
<

111(7‘)t1 (log ts)ri1 lv(s)|dss

D|T(7)|a + b|1 (logTs)" ™" |v(s)|dss + |c||a + b]

10 (r); (log ts)"™" |p(s)e(|y(s)|)dss

bIT(r)|a + bly (logts)™" p(s)t(Jy(s)|)dss + |cl|a + b]
V() eI (p)(T) + [l (") 1" (p)(T)|a + b| + |cl|a + 0.

)
)

}
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[1hfloe < (14 [blla+ bln*) (") pd"p(T) + |c|la + b] := 1
Step 3: N maps bounded sets into equicontinuous sets of C'(J,R).

Let t1,ty € J, t1 < t2, B,» be a bounded set of C'(J,R") asin Step 2, let y € B,
and h € N(y), then

\h(t2) — h(ty)| = ‘1F(r)t11 [(logtis) " — (logts) ] v(s)dss

+1T'(r);? (log ts) \v(s)dss‘

< lpllocto()T(r)y [(logtris)™" — (logtzs)™ " |] dss
Hpllocto ()0 (r);; (logtas)" dss
< plloc ()T (r + 1)[(log(t2) — log(tr))" + log(t1)" — log(t2)"] + [|pllect ()T (r + 1)

< Pl ()T (r + 1)(l0g(t2) — log(t1))" + [|plloct ()T (r + 1)(log(t1)" — log(ta)").

As t; — tg, the right-hand side of the above inequality tends to zero. As a conse-
quence of Steps 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that
N :C(J,Rt) — P(C(J,R)) is completely continuous.
Step 4: N has a closed graph.
Let ¥, — Ys, hn € N(y,) and h,, — h,. We need to show that h. € N(y.).
h, € N(y,) means that there exists v,, € Sp,, such that, for each t € J,
ho(t) = 1T(r): (logts) " v,(s)dss
— la+b [bF(T)IT (logts) Un(5)% — C] :
We must show that there exists v, € Sp,, such that, for each t € J,
ho(t) = 10(r)} (logts)" " v.(s)dss
— la+b [bf(r)? (logts) " v,(s)dss — c} :

Since F(t,-) is upper semicontinuous, then for every € > 0, there exist ng(e) > 0 such

that for every n > ng, we have
vn(t) € F(t,yn(t)) C F(t,y.(t)) +eB(0,1), ae. t € J.
Since F'(+,-) has compact values, then there exists a subsequence vy, (-) such that
Un,, () = v(+) as m — o0

and
v.(t) € F(t,y«(t)), ae. t € J.
For every w € F(t,y.(t)), we have

[0n,,, () = 02 ()] < fom,, () — w] + |w = v.(F)].
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Then
|Vn,, (8) = vu(t)| < d(vn,, (1), F(t, y: (1))

By an analogous relation, obtained by interchanging the roles of v,,,, and v,, it follows
that

[0n,, (8) = 0o (O)] < Ha(F (2, yn (1)), F(1, 5. (1)) < U [9n = Yelloo-

Then
B (t) = hu()] < A0(r)] (logts)™™" [vn,, (5) — va(s)|dss
+ [blja+ 6|10 ()T (logTs) o, (5) — v,(s)|dss
< 10(r)] (logts)™™" ()—Hynm Yulloo
+ [blla + 01T (r)y (log Ts)" ™" I(s)dss||yn,. — Yulloo-
Hence

i, = Plloe < 1T(r); (log ts)™" 1(5)dss|[Yn,, — 4elloo
+ |bla + b|1T(r)] (log Ts) ™" 1(s)dss||yn,, — Yslloo — 0 as m — oco.

Step 5: A priori bounds on solutions.

Let y be a possible solution of the problem (1.1)-(1.2). Then, there exists v € Sg,,
such that, for each t € J,

[y ()]

IN

1T(r)! (logts) " |u(s)|dss

6|0 (r)|a + b\lT (logT's)" " |u(s)|dss + |c||a + b|

L0(r)| (logts)™™ p(s)4(|y(s)|)dss

[BIT(r)]a+bly (log Ts)"™" p(s)(Jy(s)|)dss + [cl|a+ b

D([[ylloe)T () (log ts)™ p(s)dss

b1 ([lylloo)T ()] + Iy (log Ts)™ " p(s)dss + |cl[a + b]
Olyllse) (") (T) + [0[Y([[yllo) (I "p)(T)|a 4 b] + [c]|a + b].

IN 4+ IN +

IN +

Thus
y(t) = 10(r) (logts) " v(s)dss
— la+0b [bD(r)] (logTs) " v(s)dss —c| .

This implies by (H2) that, for each t € J, we have

[Yllo[L + [Blla + bl]eb(Nylloo) i I"p(T) + lefla + b] < 1.
Then by condition (3.8), there exists M such that ||y||. # M.
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Let
U={yeC(JR): |ylo <M}

The operator N : U — P(C(J,R)) is upper semicontinuous and completely contin-
uous. From the choice of U, there is no y € OU such that y € AN(y) for some
A € (0,1). As a consequence of the nonlinear alternative of Leray-Schauder type, we
deduce that N has a fixed point y in U which is a solution of the problem (1.1)—(1.2).
This completes the proof.

3.2. The Nonconvex case. We present now a result for the problem (1.1)-(1.2)
with a nonconvex valued right hand side. Our considerations are based on the fixed

point theorem for contraction multivalued maps given by Covitz and Nadler [13].

Theorem 3.5. Assume (H3) and the following hypothesis holds:

(H5) F': J x R — P.,(R) has the property that F(-,u) : J — P.,(R) is measurable
for each u € R;

If
(3:5) [ " Uloo (1 + [blla +b]) <1
then the BVP (1.1)-(1.2) has at least one solution on J.

Remark 3.6. For each y € C(J,R), the set Sp, is nonempty since by (H5), F' has a

measurable selection (see [12], Theorem IIL.6).

Proof. We shall show that N satisfies the assumptions of Lemma 2.3. The proof

will be given in two steps.
Step 1: N(y) € Py(C(J,R)) for each y € C(J,R).

Indeed,let (y,)n>0 € N(y) such that v, — ¢ in C(J,R). Then, g € C(J,R) and
there exists v, € Sg, such that, for each t € J,

yu(t) = 10(r)t (logts) " v, (s)dss
— la+0b [b(r)] (logTs) " v,(s)dss — C] .
Using the fact that F' has compact values and from (H3), we may pass to a subse-
quence if necessary to get that v, converges weakly to v in L. (J,R). ( the space
endowed with the weak topology) An application of Mazur’s theorem implies that v,
converges strongly to v and hence v € Sg,. Then, for each ¢t € J,
yn(t) — G(t) = 10(r)t (logts) " v(s)dss
— la+b [bF(T)? (log T's)" " v(s)dss — c] .

So, y € N(y).
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Step 2: There exists v < 1 such that

Hd(N(y)7 N(y)) < ’7||y - y“oo fOT each y)? € O(‘LR)

Let y,7 € C(J,R) and hy € N(y). Then, there exists v1(t) € F(t,y(t)) such that
for each t € J

h(t) = 10(r)} (logts) " vy (s)dss
la+b [bF(T)IT (log T's)" " vy(s)dss — ¢| .

From (H3) it follows that
Hy(F(t,y(1), F(t,5(1)) < UD)]y(t) —y(1)]-
Hence, there exists w € F(t,7(t)) such that
o1(t) —w| < UB[Y(t) —F(@)], t € J.
Consider U : .J — P(R) given by
U(t) ={w e R:Jui(t) —w| < 1{t)[y(t) — 5(t)}.

Since the multivalued operator V' (t) = U(t)NF(¢,7(t)) is measurable (see Proposition
I11.4 in [12]), there exists a function vy(¢) which is a measurable selection for V. So,
vo(t) € F(t,7(t)), and for each t € J,

01(2) — w2 (8)| < U(H)[y(E) —7(2)]-

Let us define for each t € J

ho(t) = 10(r)} (logts)" " vy(s)dss
— la+bd [bf(r)? (log T's)" " vy(s)dss — ¢| .
Then for t € J

< 1T(r): (logts) " vy (s) — va(s)|dss
+ [o|T(r)]|a + b|1T (log Ts)’“*1 lv1(s) — va(s)|dss
< 1T(r); (logts)™ " [1(s)[ly(s) — (s)|dss

£ T+ 8] (og Ts) ™ 16)ly(s) — 7)1

[ (1) = ha(t)]

Thus

171 = holloe < [lla 1 o (1 + [blla + 0]} |y — ¥llo-
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By an analogous relation, obtained by interchanging the roles of y and 7, it follows
that

Hy(N(y), N@)) < [zl (1 +[bl]a + )] Iy = Ylloo-
So by (3.5), N is a contraction and thus, by Lemma 2.3, N has a fixed point y which
is solution to (1.1)—(1.2). The proof is complete.

3.3. An Example. As an application of the main results, we consider the fractional

differential inclusion

(3.6) AD"y(t) € F(t,y), forae teJ=[le,1<r<2,

(3.7) y(1) +y(e) =0

F:[l,e] x R — P(R) is a multivalued map satisfying

Ft,y)={veR: fi(t,y) <v< folt,y)}

Where fi, fo : [1,e] x R — R. We assume that for each t € [1,¢], fi(t,-) is lower
semi-continuous (i.e., the set {y € R : fi(t,y) > p1} is open for each p; € R), and
assume that for each ¢t € [1,e], fo(t,-) is upper semi-continuous (i.e., the set the set
{y € R: fo(t,y) < p2} is open for each py € R). Assume that there is a function
p e C(J,R") and ¥ : [0,00) — (0,00) continuous and nondecreasing such that

1EEy)llp = sup{lv] = o(t) € F(t,y)}
= max(|fi(t,y)],|f2(t,v)]) < p(t)Y(ly|), foreacht e [1,e]l,y € R.
Where

and there exists a number M > 0 such that
(3.8) M[32])p(M)gI"p(e) > 1.

Since all the conditions of Theorem 3.3 are satisfied, problem (3.6)-(3.7) has at

least one solution y on [1,€].
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