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ABSTRACT.We establish the existence of viable solutions of quantum stochastic differential equa-
tions (QSDE) within the framework of Hudson and Parthasarathy formulation of quantum stochastic
calculus. The main results are established for QSDE whose coefficients are Lipschitzian and quasi-
compact. This work extends the Nagumo viability results for classical differential equations on finite
dimensional Euclidean spaces. Viable solutions of QSDE in the present formulation take values in
some closed subsets of the infinite dimensional locally convex spaces of non-commutative stochastic
processes.
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1. INTRODUCTION

This work initiates the study of viable solutions of quantum stochastic differen-
tial equations within the framework of Hudson-Parthasarathy formulation of quantum
stochastic calculus [15] and using the notations of previous works in [5, 6, 7, 8, 9, 11,
13, 14]. Viability theory concerning solutions of differential equations is important
since it addresses the question of dynamic adaptation of real life systems to environ-
ments defined by constraints. It is well known that when modelling physical systems
that are susceptible to quantum noise, quantum stochastic differential equations (QS-

DEs) often arise.

In analogy to the classical context, quantum systems and other physical sys-
tems are sometimes subject to some constraints. The temporal evolution of such
systems maybe modelled by means of a noncommutative stochastic calculus [Hudson-
Parthasarathy| [15] that generalises the classical Ito stochastic calculus. To be able
to take account of the temporal evolutions of the observables of the quantum systems

subject to some constraints, a viability theory needs to be developed in parallel to
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the classical theory. In this paper, we exploit the notion of a viable solution of QSDE

taking values in some closed subset of the space of quantum stochastic processes.

In the classical settings , existence of viable solutions of differential equations
defined on Euclidean spaces have been well studied see [1, 2, 3, 17, 18, 19, 20]. How-
ever, the viability problem for quantum stochastic differential equation have not been
well studied. The existence of solutions of quantum stochastic differential equations
and inclusions in which the coefficients are Lipschitzian have been established in
[4, 5,9, 11, 13]. In these previous works, the solutions were established in the global
space of the quantum processes without any constraint. Our present efforts are partly
aimed at provoking extensive study of the viability theory with respect to diverse

topologies on the space of quantum stochastic processes as itemized in [12].

In the present paper, viable solutions of quantum stochastic differential equations
are established subject to the coefficients being Lipschitzian and quasi compact. This
is done by restricting the solutions to some closed subset of the global locally convex

space.

We employ the properties of some cones that are tangent to the set of matrix
elements of a closed subset of the space of stochastic processes. This enables us to
establish the existence of solutions of the QSDE whose matrix elements are viable

with respect to the given closed set.

The organization of the paper is as follows. Section 2 highlights some of the
fundamental notions and notations which are used throughout the discussion. Sec-
tion 3 introduces the quantum stochastic differential equations under consideration.
Section 4 describes the notion of viable solutions with respect to the weak topology
on the space of the observables generated by a family of seminorms while section 5 is

devoted to the main results of this paper.

2. PRELIMINARIES

Let D be an inner product space and H, the completion of D. We denote by
Lt(D,H), the set {X : D — H : X is a linear map satisfying Dom X* D D, where
X* is the operator adjoint of X}.

We remark that LT (D, H) is a linear space under the usual notions of addition and

scalar multiplication of operators.

In what follows, ID is some inner product space with R as its completion, and -~

is some fixed Hilbert space.
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For each t € Ry, we write L2(Ry),(resp. L2([0,t)) resp. L2([t,00))), for the
Hilbert spaces of square integrable, y-valued maps on R = [0, 00), (resp. [0,¢); resp.

[t,00)). Then we introduce the following spaces:

(i) A= L*(D2 F, R @ T(I2(Ry)).
(i) A = LT (D2 B, R @ T(L2([0,1)) ® 1t .
(i) A' = 1, ® LT(D@ B, R ® T(L2([t, 0))),t > 0

where ® denotes algebraic tensor product and 1; (resp. 1) denotes the identity
map on R @ I'(L2([0,1)))(resp.I'(L2([t,00))), t > 0. We note that A" and A,, t > 0,
may be naturally identified with subspaces of A. For n,& € ID® F, define || - ||, on
A by ||z]lpe = [(n,2€)], x € A. Then {|| - |l4e,n, € € D E} is a family of seminorms
on A; we write 7, for the locally convex Hausdorff topology on A determined by this
family. We denote by A, A, and A the completions of the locally convex topological
spaces (A, ), (A, 7o) and (A%, 7,), t > 0, respectively.
We remark that the net {A;;t € R, } is a filtration of A. Denoting by Clos(A), the
family of closed subsets of the topological space A we adopt the Hausdorff topology
on clos(j) as described in [4, 5, 6, 7, 8, 9, 11, 13, 14].

Definition 2.1: Let ] C R,

(i) A map X : I — A is called a stochastic process indexed by 1.
(ii) A stochastic process X is called adapted if X (t) € A, for each t € I.

We denote by Ad(A) the set of all adapted stochastic processes indexed by 1.

(iii) A member X of Ad(A) is called
(a) weakly absolutely continuous if the map t — (n, X (¢)§), t € I, is absolutely

continuous for arbitrary 7, € ID® E. We denote this subset of Ad(.A) by

Ad(A)wac-
(b) locally absolutely p-integrable if [ X(-)||}, is Lebesgue measurable and inte-
grable on [ty,t) C I for each t € I,p € (0,00) and arbitrary 7, € D® F.

We denote this subset of Ad(A) by L? (A).

loc

In what follow, we adopt stochastic integration in the frameworks of [11, 15].
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3. QUANTUM STOCHASTIC DIFFERENTIAL EQUATIONS

Definition 3.1: Let E,F,G, H € L? (I x A) and (ty, X;) be a fixed point of
I x A. Then a relation of the form
dX(t) = E(t, X (t))dA(t) + F(t, X (t))dAs(t) + G(t, X (t))dA; (t) + H(t, X (t))dt
X(to) = Xo
(3.1)
almost all ¢ € I is called a quantum stochastic differential equation (QSDE) with
coefficients E, F, G, H and initial data (to, Xo) if X (t9) = Xo.
equation (3.1) is understood in integral form as:
X(t) = Xo+ [} (E(s, X(s)dAx(s) + F(s, X (s)dA(s)
+G (s, X(s))dA; (s) + H(s, X(s))ds), t €1,
with coefficients F, F, G, H and initial data (¢y, Xo).

(3.2)

An equivalent form of (3.1) has been established in Theorem 6.2 in [11], and is given by

d

2 (1 X ()€) = P(t, X(£)(1,€)
(3.3)

(n, X (to)€) = (n, oS)
for arbitrary n,£ € ID® F and almost all ¢t € 1.
Hence the existence of solution of (3.1) implies the existence of solution of (3.2) and
vice-versa.

As explained in Ekhaguere [11], the sesquilinear form valued map P:

P(t,z)(n,€) # P(t, (n, 2€))
For some complex-valued multifunction P defined on I x C for t € T , T € ./21,77,5 €

D@ F.
The notion of solution of (3.1) or equivalently (3.2) is defined as follows:

Definition 3.2 : By a solution of (1.1) or equivalently (3.3), we mean a stochas-

tic process ¢ € Ad(A)wee N L2 (A) such that

loc
dp(x) = E(t, o(t)dAx(t) + F(t, (1)) dAs(t) + G(t, o(t))dAS (t) + H(t, o(t))dt
o(to) = ¢p almost all ¢t € I.

or equivalently

%(n,so(t)@ = P(t,0(1))(n, €)

<777 90<t0)§> - <777 90()5)
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for almost 7, € DRFE.
Definition 3.3

(i) We denote the space of sesquilinear forms on D® E by sesq(ID® E). Thus,
sesq(IDR F) = {a : DRF x DRJF — ¢'| the map (n,&) — a(n,§) is linear in £
and conjugate linear in n, Vn,§ € DR F}.

(i) Let I C R, we denote by L°(I, IDRF) the set of all sesq(IDRF)-valued maps
on I, i.e.,

LI, DR F) = {u: I — sesq(IDRE)}.

Definition 3.4: We define K (7, &) as follows:

Given any subset K € clos(.A), and any pair of elements 7, ¢ € IDQFE,
K(n,§) ={<n,x§ > v € K}.
Hence, K(n,§) C C.

4. VIABLE SOLUTIONS OF QUANTUM STOCHASTIC
DIFFERENTIAL EQUATIONS

Definition 4.1: Let P : I x A — sesq(D® F)? be a sesqulinear valued funtion,
then the subset K of A is viable with respect to P if for every (to, z0) € I x K there
exists T' € I,T > ty such that equation (3.3) have at least one solution X € K and
that < n, X >€ K(n,¢).

Definition 4.2 :For K € clos(fi, we assume that K(n,€) is locally closed. That
is, for each z € K, < n,2§ >= x,¢ € K(n,&), there exists p > 0 such that
D(xy¢,p) N K(n,§) is closed for arbitrary pair n,£ € DRE.

Here, D(x, ¢, p) == { Xy ¢ : |Tne| < p}-

Next we define tangent cone as it applies to our present non commutative settings.

We shall make use of the notion of the Bouligand- Severi tangency as in [17].
Definition 4.3: Let K ¢ A,F C A and z € K. Then that z, € K(1,£). The set
E(n,£) is said to be tangent to the set K(n,§) at the point x,; if

|

lim inf - d (@ + hE(n, £); K (1,€)) = 0.
We denote by Tk, the class of all sets which are tangent to K(n,£) at the point

xy ¢ for arbitrary n,{ € DQF.

Proposition 4.1: The set Tx(,¢)(2y¢) of all complex numbers which are tangent

to the set K (n,&) at the point x,¢ is a closed cone.
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Proof

Let (1) € K(n,§);

by a preorder definition E(n,&) € T(y.e)(Tye) if

N
hItI’nglf gd(xng +tE(n,§); K(n,§)) =0
Let s > 0, then we have

o1 o1
lim inf > d(zye +¢sE(n,€); K(n,€)) = sliminf —d(zye + tsB(n, £); K (1, €))

1
= sliminf —d(z,e + 7E(n,§); K(n,§))
0 T

Hence, sE(n,&) € Ti(xy)

To complete the proof, we need to show that Tr (z,¢) is a closed set.

Let N* be the set of strictly positive natural numbers.

Let (En(n,€))nen- be a sequence of elements in Ty (2,¢), convergent to E(n,§) then

we have

S 1B, E: K (.)€ B0, — Bl ©)] + g + B (0, €): K 1.6))

= B0, — Bl €)1+ 7dlane + B, ) K (1,6))

for every n € N*. So

liinf d (e + By, €); K(n,€)) < |E(1.6) ~ B, )|

for every n € N*.
Since lim |E(n,&) — E.(n,€)| = 0, then
n—oo

.1
lim inf ~d(zye + tE(n, €); K(n,€)) = 0
which shows that the set Tx ¢ (@) is a closed cone.

Proposition 4.2: A set E(n,§) € C belongs to the cone Tk (¢ (2y¢) if and only
if for every € > 0 there exists h € (0,¢€) and gpen € Dy (0, €) with the property

3 +h (E(nv f) + q77§,h) S K(na 5)

Proof

From the proof of proposition 4.1 we see that E(n,£) € Tk(e)(xne) if and only
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if
for every € > 0 there exists h € (0,€) and p,e, € K(n,£) such that

1
E‘Inﬁ +hEN,&) — ppepl <€

Now, let us define

1
Gne,h = 5(Pn£,h — Tpe — hE(1,€)),

and we observe that, we have both |g,e | < € and

Tpe + MEM, &) + dnen) = Pren € K(n, ).

Definition 4.4: Let K € clos(A) and I C R, .

(i) Amap @ : I x K — clos(A) will be called Lipschitzian if for each 7,£ € IDQF,
there exists k. : I — (0,00) in Lj,.(I) such that

loc

for all x,y € K and almost all t €

(i) If ® is a sesqulinear form valued multifunction then the map ® : [ x K —
25¢sa(DEF) wi]] be said to be Lipschitzian (resp. continuous) if for arbitrary
n,& € D® F, the map (t,z) — ®(¢,z)(n,€) from I x K to 2 is Lipschitzian
(resp. continuous).

(iii) If @ : I x K — sesq(DRF) will be said to be Lipschitzian if for arbitrary
n,§ € D® F, the map

(@(t,2)(n,§) = 2(t,y)(n.§)] < kye(®)]lz =yl

Definition 4.5: A map P : [ x K — sesq(D&F) is said to be Lipschitzian and

quasi-compact if the following conditions are satisfied :

(Q1) there exists a continuous map P : I x K? — sesq(DQF) such that for each
(t,x) e I X K,

P(tafﬂ)(ﬁ,f) = P(ta%x)(??;f),

and for each ty € [to, T] and x¢ € K, there exists p > 0 such that D(zo, p)(n,&) N
K(n,§) is closed.

(Q2) each sequence {z,},, from D(xo,p) N K has at least one subsequence {z,, }
such that (P(t, zn,,y)(n,§)) is Cauchy for (¢,y) € [to, T] x (D(xq, p) N K).
That it is, for each € > 0, there exists k(¢) > 0 such that for each k, p > k(e)

we have

|P(t, 0y, ) (0, 6) = P(t, 2y, y) (0, )| < €
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loc

‘(I)(t,l', y)(777£) - (I)(t,l', w)(na€>’ < kﬁg”ﬂ - w”n£
for each t € [ty,T] and z,y,w € D(xg,p) N K .
Q) the map {& — P(t,2,9)(n.€) : (t.4) € [to,T] x D(zo,p) N K} is uniformly
equicontinuous on D(zg, p) N K i.e given € > 0, there exists d(e) > 0 such that
[P(t,z,y)(n, &) = P(t,Z,y)(n,§)| < e

for each t € [ty, T and x,Z,y € D(xg, p) N K (n,§) with ||z — Z|[,e < d(e).

(Q3) there exists K. : I — (0,00), in Lj,.(I) such that

5. MAIN RESULTS ON THE EXISTENCE OF VIABLE SOLUTIONS

This section concerns the establishment of the existence of viable solutions of
quantum stochastic differential equation in which the coefficients are Lipschitzian
and quasi compact. In so doing, a number of auxilliary results will be needed. The

following results will be used to establish the main results of this paper.

Theorem 5.1[Brezis - Browder ordering principle| [17]
Let S be a non empty set, < a preorder on § and let M : § — R U {+o0} be a

function. Suppose that :

(i) for any increasing sequence ((x)x in S, there exists some n € S such that (, <n
for all £ € N;

(ii) the function M is increasing.
Then for each ¢y, € S there exists an M-maximal element ( € S satisfying

G = ¢
Theorem 5.2. Suppose K C A, satisfying the following

(a) K € clos(A), K # 0.
(b) P(to,x0)(n,€) € Tic.e)(Tone) for each pair (tg, zo) € 1 x K.

Then, for each € € (0, 1), there exists a non decreasing function o : [ty, 7] — [to, T] and
two stochastic processes g : [to, T] = Aand ¢ : [to, T] = Alying in Ad(A)weeNLE, (A)
such that the corresponding sesquilinear form valued maps associated with any pair
of n,& € DRE) defined by g : [to, T| — sesq(DRE)?* where g(t)(n, &) = (n, g(t)E)

and ¢ : [to, T] — sesq(DRE)? where @(t)(n, &) = (n, p(t)E) satisfy the following for
every t € [to, T,

(i) t—e<oa(t) <t, |gpe(t)] <
(ii) @ne(a(t)) € D(xo, p)(n,&) N K (n, &) and @ue(T) € D(xo, p)(n,€) N K(n,§)
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(ili) ¢ satisfies

t

WW@QIW%®+/Pﬁﬂwﬁw@ﬂ@+/g®m®%

to to

for every t € [to, T.

Remark. A pair of the triple (o, g, ¢) with the associated complex valued functions
(0, gne, pne) satisfying (i), (ii), (iii) will be called an e- approximate solution to the
problem (3.3) on the interval [to, T]]

Proof of the Existence of Approximate Solutions :

Let (to,x0) € I x K then (to,zo,¢) € I x K(n,€). Let p > 0, then D(xg, p)(n,&) N
K(n,€) is closed in the set of complex numbers. There exists a constant M, > 0,
such that

[Pt x)(n,§)] < My, (5.2)
for every t € [ty, T| and x € D(z,p) N K and

< n,x§ >i1= xpe € D(x0,p)(1,€) N K(n,8)

where

(T — to)(Mye +1) < p (5.3)

Let to € I, xone € K(n,&) and let p > 0, M,¢ > 0 be as above. Let € € (0, 1).

We first establish the existence of an e- approximate solution on an interval [ty, c]

with ¢ € (ty, T]. Since for every

(to, Tome) € I x K(n,€), P(to,20)(n,€) € Tctne)(Zome),

from Proposition (2), it follows that there exists

c€ (to,T),c—ty <€, and gyen € C with | gpen| <€
such that

Tome + (¢ = to) P(to, x0)(n, &) + (¢ — to)qne.n € K (1, §).
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Let I. = [to,c| , we now define the function o : [tg,c] — [to,c|, and stochastic
processes g : [to, ] — A and ¢ : [tg, ] — A lying in Ad(A)ye. N L?

loc

(A) satisfying

(

O'(t) = to for ¢ € [thC]n

Gne(t) = e for t € [to, ],

\9077§<t) = To,n¢ + (t - tO)P(t()? xO)(nﬂ 5) + (t - tO)QW§7 for t € [t(]a C]’
The triple (o, gye, ¢ne) is an e— approximate solution to problem (3.3) on the interval
[to, c]. This shows that conditions (i), (ii) and (iv) are satisfied, we now show that

condition (iii) is also satisfied by uniqueness of solutions, using (5.2),(5.3) and (i).
From (i) o(t) = to and (n, X (t0)&) = (n, zo&), by equation (3.3)then

(n,(a(t))§) = (n, wo&)-
Therefore we have

w(a(t))(n,€) € D(xzome, p) N K(n,§) Vt € [to, cl.

Therefore,

p(c)(n,§) € K(n,§).

Moreover, by (5.2) and (5.3),we have

|p(c)(n, &) = o(n, &) < (c=to) |P(to, po) (n, )|+ (¢ —to) [gne| < (T'—to)(Mpe+1) < p.

For every t € [to, ¢|. Thus (iii) is also satisfied.

We now define the e— approximate solution on the whole interval I. We make use of

Brezis-Browder Theorem

Let S be the set of all € - approximate solutions to the problem (4.3) defined on
the interval [to, ¢] with ¢ € (to, T.

On S we define the relation “ <" by (01, g19¢, P1.9e) = (02, Gane, P2ne) if the do-
main of definition [tg, 1] of the first triple is included in the domain of definition
[to, ca] of the second triple, and the two e - approximate solutions coincide on the

common part of the domains. Then, “preceq”is a pre-order relation on S.
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Firstly, we show that each increasing sequence ((0p,, Gmne, Pm.ne))m is bounded from

above .

Let ((0m, Gmone, Pmme))m be an increasing sequence, and let
¢ = lim,,cm

where [to, ¢,,] denotes the domain of definition of (04, Gmne, Pmme). Then ¢* € (to, T7.

We will show that there exists at least one element, (o, Gre> go;;g) € S, defined on
[to, ¢*] and satisfying

(Tms Gmnes Pmme) =2 (07, 9:;5, 5’325)
for each m € N. In order to do this, we first prove that there exists

1 9 () 7 €).

For each m,n € N;m < n we have p,,(s) = ¢,(s) for all s € [tg,c,,]. Taking into

account (iii), (iv) and (5.2), we have
| om(em)(0,6) — @nlcn)(0,€) |
/ | P(0(5), 0n(0(s)) (1.) | ds + / | gu(s)(.€) | ds

< (Mn§+€>|cn_cm|

IN

for every m,n € N, which shows that there exists

Tim o (em) (11, €) € D(o, p)(1,6) N K (1, ).

Furthermore, because all the functions in the set {o,, : m € N} are non de-
creasing, with values in [to, c*], and satisfy op,(cn) < o0,(c,) for every m,p € N,
there exists lim o0,,(c,) and belongs to [ty,c*]. We now define a triple function

me»0o0

(0-*79;;@30:;5) : [to,C*] — [t(],C*] x CxC by
om(t) for t € [ty, cm),m € N,

nlgréo Om(cm) fort = c*,
\

gm(t)(n,&) for t € [ty,cm],m € N, for any 1, & € DRF),

0 for t = ¢*,

(1) (1,€) for t € [ty, el m € N, for any , € DRE),

lim ¢, (cn)(n, &) for t =,
M= 00
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This shows that (o*, Gre> goj;g) is an e- approximate solution which is an upper
bound for ((0pm, gmne, Pmme))m- Applying (ii) of Brezis-Browder theorem(5.1), we
define the function
M : 8§ — RU {+oo}. Then, for each (; € S there exists an M- maximal element
¢ € S satisfying (o < ¢. This shows that

M((0, e, pne)) = ¢

, where [tg, c] is the domain of definition of (o, gy, ¢ye). This shows that M satisfies
the hypothesis of Brezis- Browder theorem (5.1).

Then S contains at least one M- maximal element (7, gy, @ne) defined on [ty, c].
If (G, 0ne, Pne) € S, defined on [ty, ¢, satisfies (7, Gye, Ppe) = (T, Gne, Pne), then we
necessarily have ¢ = ¢. We will show next that ¢ = T. we assume by contradiction
that ¢ < T'. Then, taking into account the fact that @,¢(¢) € D(xg, p)(n,&) N K (n,£),

we have

| _775(5) — Tone |
c

< [ POl 1ds+ [ g8 |ds
< (o= 1M +0)
< (E—to)(Mye +1) < (T —to)(Mye +1) < p

Then, as pye(c) € K(n,&) and P(¢,(c))(n,§) € Tr(p(©))(n,€), there exists
0(0,T —¢),0 < € and gy € C such that | g,¢ |< € and

One(C) +0P(C, 2(€))(n, &) + dqne € K(n,§)

From the inequality above we have

| @(€)(n,&) + 0P (¢, () (1, &) + Gne]l — ¢o(n,€) 1< p
We now define the functions
o [to,¢+ 0] — [to,c+ 0] and g : [tg, ¢+ 0] — C by
a(t) fort € [to,cl,
o(t) =

¢ for t € [¢,¢ + 0],

gne(t) for t € [to,c], and for any 1, € DRE),
gnﬁ(t) =
q for t € [¢,¢c + 4],
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S0 | gne(t) |< € for every t € [ty, ¢+ 0]. In addition, for every ¢ € [ty, c+0],0(t) € [to, ¢
and therefore ¢(o(t)) is well-defined and belongs to the set D(zq, p)(n,£) N K(n, ).
Accordingly, we can define @, : [to, ¢+ 0] — C by

t

(0, 0(1)€) = (1, 00€) + / P(o(s), $(0(s)))(n, €)ds + / 9(1,€)(s)ds

to to
for every ¢ € [to,c + d]. clearly, ¢, ¢ coincides with ¢, ¢ on [to, | since the domain
[to, €] is included in the domain of [¢, ¢+ d] and then it readily follows that ¢, ¢, o and
gn¢ satisfy all the conditions in (i) and (ii). In order to prove (iii) and (iv) we observe
that
One(t) for t € [to, c].
pne(t) €
pne(C) + (t =) P(e, ¢(2))(n, §) + (t —€)q fort € ¢, ¢+ ]

Then ¢, satisfies the equation in (iv). since

Pned(t) for t € [to, c].

(o (t)) € ne(c)  fort € [tg,c+ 6]

it follows that ¢,¢(o(t)) € D(zo, p)(n, &) N K (n,§). Furthermore, from the choice of 6
and ¢y,e, we have both

Pne(C+0) € ppe(€)(n,€) + 0P(c, @(e))(n, §) + 0q € K(n,&) and
‘ @(E—i_ 5)(7755) - 3:0(7775) ‘
| @(€)(n,&) + 0P(¢,9(¢))(n, &) + dq — wo(n, §) |

< p

IN

and consequently, ¢, satisfies (iii). Thus (o, gye, pne) € S.
Furthermore, since (7, gye, Pne) = (0, gue, pne) and ¢ < ¢+0, it follows that (&, Gye, Pne)
is not a M- maximal element. But this is absurd, we can eliminate this contradiction,

only if each maximal element in the set S is defined on [ty,T]. Hence ¢ =T
We now establish the main theorem of this paper.

Theorem 5.3
Let K ¢ A K # 0 and K(n,&) = {(n,z€) : x € K,n,¢ € DQE)}
Assume that the following conditions hold:

(i) The map (t,z) — P(t,x)(n, &) associated with the right hand-side of (3.3) is
Lipschitzian and quasi-compact.

(ii) There exists M,e > 0 such that |P(t,z)(n,§)| < M,e for every t € [ty,T] and
z € D(xo,p) N K
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(ifi) (7" —to)(Myg +1) < p

Then K (n,&) is viable with respect to P if and only if for every (to,z¢) € I X K we
have P(to, 20)(1,£) € Tk (n.e)(Tone)

Proof

Suppose K is viable with respect to P, then there exists a solution ¢ that satisfy
equation (3.3).

Let (to, ) € I x K, then (to, zo,e) € I X K(n,§) .

We prove that

lim %d(azo,,ﬁ + hP(to, x0)(n,£); K(n,€)) =0

and a stochastic process ¢ € K with (1, ¢(t9)§) € K(n,§) satisfying equation (3.3).
Let

Pne(to +h) = (n, p(to + h)E)

and

Pne(to) = (0, 0(to)§)
then

One(to +h) —@ne(to) = (n,0(to +h)E) — (0, 0(to)§)
= (n,[pto +h) — »(t0)]§)

d<x077I§ + hP(t(b Io)(% 6)7 K(n: 5))
< zome + hP(to, 20)(1,§) — (0, ¢(t0)§)]

= i 1 e + BP(to, 70)(1,€) — {1 ¢t0 + H)E)
(n, (p(to + h) = ¢(to))&) ‘

= lim ‘P(to,so(to))(mi) -

h
— P(to, @(to))(ﬁ, 5) . }133{1) <777 (90(t0 + l;l) — ¢(t0))§> ‘
— |Plas().9 - om0

= 0

This shows that the stochastic process ¢ is a solution to equation (3.3) and belongs
to K.

Suppose P(to,x0)(n,&) € Ti(ye) then we prove that P is viable to K

This concerns the existence and convergence of approximate solutions.
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Theorem 5.2 above has established the existence of approximate solution.

Next, we prove the convergence of a suitably chosen sequence of approximate

solutions.

Let {€,}nen be a sequence in (0,1) decreasing to 0 and let (04, gn.ye, Prme)nen be
a sequence of ¢, - approximate solutions of (3.3) defined on [to, T .

We will show first that (¢, ,e(0n))nen has at least one Cauchy subsequence.

For n,m € N and s € [to, T, let

Prm(8)(1,§) = P(s, pn(on(5)), #m(om(s)))(1,€),

then we have

|on (00 (t))(1,€) = @mlom(t))(1, )]
on(t) am(t)
/ Pron(5)(1,€)ds — / P (3)(n, €)ds

to to

on(t) om(t)
s [ @Ol [ (o). 6)lds

to to

< / " () (.6 ds — / O Inn)0. 6l

n(t) om(t
on(t

T )
[ 0. = P Eds [ aa(s) €l

to to

am(t)
n / 90 (5) (1, £)ds|

to
From (7) and (é¢) in Theorem (5.1) we have both
t—o(t) < e, and |gpen(s)| < €.

Also, from definition (Q3), we have

[P (8)(0, €) = P (8)(10, €)| < iy ellon(0a(8)) = @un(m(t))llne

for each n, m € N, from the inequality above and (5.2) we obtain

[ (0n(t)(1,€) — Pmlom(t))(n, )]

V

—~
ot
o

N—

< (T~ to+ M)(en + ) + K7 / 10n(00(5)) — @m0 (5) lpeds

" / P ()1, €) — P (5) (1, ) d

to y,
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Using the above inequality and Gronwall’s Lemma we have

|00 (0 () (1, €) = em(om(t) (0, )| < [(T'—to + M)(en + €m)

! P,
T / P (3)(1,€) = Prm(5) (1, €)|dis | €™ (T—t0)

to

We complete the proof with the following compactness lemma

Lemma 5.4. By the hypothesis of Theorem 5.3, for each subsequence of approx-
imate solutions of equation (3.3), (0, gn.ye, Pnne)n, there exists one subsequence of
(@nne)n, denoted again by (¢.ne)n, such that for each € > 0 there exists

k(e) € N such that, for each k,p € N, k,p > k(e) we have

/ P (s, 0r(0r(5)),5(5)) (0, &) = P(s,0p(ap(s)), y(s))(n, )| ds < e

to
uniformly for all maps y : [to, 7] — Dye(xo, p) N K.
This makes the map
s — |P(s, on(0n(3)),y(s))(n,&)| integrable for n € N.

Proof. Let € > 0,d(¢) > 0 be given by definition (iii) above and let S be a countable
dense subset in [tg, T'] with t5, T € S .

Using definition (i) above we find a subsequence of (¢, 4¢(07))n, denoted for simplicity
again by (¢ny¢(0))n, such that, for each 6 € S, (P(s, (on(0n(6))(n, ), Yne)n is Cauchy,
for each s € [tg, T] and uniformly with respect to y,e € D(zo, p)(n,&) N K(n,§).

Let At tg =t <ty < .. < tme = T be a partition of [ty,T], with t; € S for
i=1,2,..m(e) — 1 and

t 1 —t <&
HLT =M+ 1)

where §(€) is given by definition (Q4). So, for the very same € > 0, there exists

k(e) € N such that, for each n,m € N,n,m > k(e), each j = 1,2,...m(e) and each
(s,y) € D(zo,p)(n,&) N K(n,§), we have

P (s, on(on(t;)), ) (0, €) = P(s, em(om(t;)), y) (0, &) < €

Now, taking a greater k() if necessary, we may assume that for each n € N,n >

k(€), we have
o < d(e)
" A4(M 1)
from (i) and (i7) in Theorem (5.2) and equation (5.2), we have for each n € N,n >
k(e),
n(00(5))(1,§) — @nlon(ti))(,§)] < (M + 1)|on(s) — on(t:)]
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< (M +1)(lo(s) = s[ + [s = tif + [t — o (t:)]) < d(e)

for each i = 1...m(e) — 1 and each s € [t;, t;11]. Accordingly, for each k,p € N, k,p >
k(m,e) = k(e) and each y : [to,T] —> D(xo,p)(n,§) N K(n,&) making the map
s — P(s, on(0n()),y(s)(n,§)) integrable for each n € N, we have

/ P (s, rlor(s)), y(s)) = P(s, pp(0p(5)), y(s)) (0, §)lds

IA
i
M‘":

/ P(s, or(0n(5)), 5(5) (1, €) — P(s. pulon(t:)),y(s)) (. €)|ds

m(e)

*‘2:[1|@@¢A%U)(Mn©) P(s, 000y (1)) 01,€), vne(5)))lds
M- it
2 UG aon),u()01,€) = Pls onl(0p(t), y() 01, lds

S (T — to)E + (T - to)E + (T - to)E = 3<T - to)E

the result above holds true uniformly for each map y : [to,T] — D(z0,p)(n,£) N
K(n,&) with s — P(s, pn(0n(5))(0,€), yne(s)) integrable for each p € N and this
complete the proof of the Lemma 5.4.

We now complete the proof of Theorem 5.3 by using Lemma 5.4 and Gronwall’s

inequality

Using Lemma 5.4, we assume that for each € > 0 there exists ng(e) € N such that for

each n,m € N,n,m > ngy(e), we have

/Kmd@ﬂmMWWQWSe

to

Moreover, since lim,,_,,, € = 0, for the same € > 0, there exists n;(¢) such that, for

each n,m € N,n,m > ny(e), we have
(T —to+ M)(en +em) <€
So, if n,m € N,n,m > n(e) = mazx{ng(e),ni(€)}, then from (4.12) we conclude

(En(0n () (1,€) = Punlom(t)(1,6)] < 2ec =10

which means that (¢, ,¢(0,(.)))s is a sequence with respect to the seminorm. There-

fore there exists

|o(t)(n, )1 = lim [on(0n(t)) (11, €]
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uniformly for ¢ € [ty, T'] which, in view of (7) in Theorem (5.1) and from the continuity

of P, there exist successively

Tim oo (s)(n, )] = [i0(s) (0, €
and
Tim [P(s, 0(00(8)) 1, )] = P(s. 0(5)(n, )|
for s € [to, T]. So, using the limit n — oo in (iv) of Theorem (5.2) to obtain

(one ()] € lzone| + / IP(s,0(3)) (1, €)|ds

and () € D(zo, p)(n,&) N K(n,§) for each s € [tg, T]. Thus g, is a solution of
(4.3) on [to, T'] satistying

e (to)| = [Tomel

and this completes the proof.
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