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ABSTRACT. This article deals with the investigation of a Langevin type fractional differen-
tial equation involving finitely many nonlinearities and equipped with nonlocal nonlinear fractional
boundary conditions. The main results for the given problem are obtained by applying the modern

tools of the fixed point theory. Examples are presented for the illustration of the obtained results.
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1. INTRODUCTION

Consider a Langevin type fractional differential equation involving finitely many
nonlinearities and supplemented with nonlocal nonlinear fractional boundary condi-
tions given by

m

(1.1) CDQ(CDMFM)?J@):Zaifi(t,y(t)), O<a<l, 1<p<2,0<t<T

i=1

(1.2) y/(0) =0 “D°y(T), y(n) =0, y(0) + \y(T) =wy(y), 0< <1, 0<n<T,

where D" denote the Caputo fractional differential operators of order k € {a, p, 0},
fi :[0,1] x R — R are continuous functions, g : C([0,7],R) — R is a continuous
function and p, 0, \,w € R. It is imperative to note that the present configuration of
the problem enables one to consider a variety of nonlinearities and develop the theory

accordingly (for details, see the last section of the paper).
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The Langevin equation plays an active role in describing time evolution of the ve-
locity of the Brownian motion [1, 2], gait variability [3], financial aspects [4], anoma-
lous diffusion [5], diffusion with inertial effects [6], harmonization of a many-body
problem [7], etc. Several interesting theoretical results for fractional Langevin equa-
tion equipped with a variety of boundary conditions can be found in the related

literature, for instance, see [8]- [17].

The objective of this paper is to enrich the literature on the Langevin equation
by considering it with finitely many nonlinearities and nonlocal nonlinear boundary
conditions involving ordinary and fractional derivatives. We emphasize that the pro-
posed study is new and significant in the given configuration. First of all we convert
the given problem into a fixed point problem with the help of a lemma proved in
Section 3. We present our first main result dealing with the existence of a unique
solution for the given problem in Section 4. In Section 5, we present two existence
results for the problem at hand, which are proved under different criteria. Some
interesting facts about the work established in this paper are presented in the last

section.

2. PRELIMINARIES

Let us begin this section with some fundamental concepts of fractional calculus.

Definition 2.1. ([18, 19]). The Riemann-Liouville fractional integral I’u of order
v > 0 for a function u € Ly[a,b], —00 < a < b < +00, existing almost everywhere on
[a, b], is defined by

Iu(t) = ﬁ / (t— )" u (s)ds,

a

where I' denotes the Euler Gamma function.

Definition 2.2. [18, 19]. For u,u™ € L,[a,b], the Riemann-Liouville fractional
derivative DYu of order v € (m — 1,m],m € N, existing almost everywhere on [a, b],

is defined as
am 1 am /
Diu(t)=—1""u(t) = ——— t—s)m ds.
) = Gl = s g [ = T s

a

In terms of Riemann—Liouville fractional derivative, we can express the Caputo frac-

tional derivative “DSu as

D) = D 1) =) = (o) g — =l ) (o




A STUDY OF A LANGEVIN NONLOCAL BOUNDARY VALUE PROBLEM 3

Remark 2.3. [18]. The Caputo fractional derivative “DYu of order v € (m —
1,m],m € N for u € AC™]a, b] can also be defined as

t

CDPu(t) = Iyl (1) = ﬁ / (£ — 5)™ 17 4™ (5)ds.

a

Proposition 2.4. ([18]) For k > 0 and a > 0 with n — 1 < o < n, and u € Ly[a, bl

we have the following properties:

(i) I T5u(t) = IS TVu(t) = I3+ u(t);
I'(n+1)
F(v+n+1)

(i4i) “D [Iu (1)) = u(t):

(é4) 15 (t — a)" = (t—a)"™, n> -1

3
—

u® (a) (t —a)?

(iv) Iy [*Dyu ()] = u (t) — P!

, u e C"a,b.

3
I
o

In the sequel, we write I and “D? instead of I and “D¢ respectively.

In the following section, we solve a linear variant (in terms of Langevin equation) of
the problem (1.1).

3. LINEAR LANGEVIN EQUATION CASE

Lemma 3.1. For a given x € C([0,1],R), the unique solution of the boundary value

problem
(3.1) DYDP 4+ uy(t) = x(t) 0<a<l, l<p<2
(3.2) ¥ (0) =0 “D°y(T), y(n) =0, y(0) + \y(T) =wg(y), 0<5 <1, 0<n<T,
s given by
y(t) = I7ON() = ply() + o (8) {177 (T) — ul Py (T) }

(O 17 x(n) — ul?y(n)}

(33) (1) A N(T) = ML y(T) = wg(y) },
where
@) = {mAi- AT)F(pt—pH) + (A5 — A ARt + (TAAs — ) b
1 tP
o(t) = Z{(_,axlzzxél)m + (AgAg)t + (A As — )\TAQ)},
1 tP
(34) ws(t) = K{(Al)m — (A2)t + (nAz — A1A3)}7
A = o9 A= oTr=9 L= n*

T(2—0) T(p—6+1) T(p+1)
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TP
3.5 Ay=14 X\ Ag= ——,
(3:5) AT
and it 1s assumed that
(36) A= T/\AQ - nA2A4 + A1A3A4 - A1A5 7é 0.

Proof. Applying I to both sides of (3.1) and using Proposition 2.4 (iv), we obtain
(3.7) (“DP + wy(t) + co = Ix(1),

where ¢y € R is an unknown constant. Now operating I” to both sides of (3.7) and
using Proposition 2.4 (i) and (iv), we obtain
(3.8) y(t) + 1 + cot + plPy(t) + _at? 7T x (1),
I'(p+1)
where ¢; and ¢ € R are unknown constants. From (3.8), we have

Cotp_l

(3.9) y'(t) + co+ pdNy(t) + = 17771 (1),
'p)
=0 cot?~?

1 Doyt ) (O F et —— Sl (3
(3.10) YO+ g + IO+ ()
Using (3.9) and (3.10) in the boundary condition ' (0) = ¢ D% (T), we find that

oT'—° oTP=°

A1 — 1 — =B
) (r<2—6> )Cﬁ(r(p—ﬁn)% i
where

By = —oul?y (T) + aI™2x (T).

Combining (3.8) with the conditions y () = 0 and y (0) + Ay (T') = wg (y) yields

n*

12 + + | =— =B
(3.12) c1+ necs ( 0 1)> Co 2,
(3.13) (T+ XN e+ ATeo + (—)\ ’ ) =B

. c c c ,

! 2 F(p—{— 1) 0 3
where

By = —pl?y (n) +I"x (), Bs = =A\ul’y (T) + MNP x (T) — wg (y) -
Using the notation (3.5) in (3.11), (3.12) and (3.13), we get the following system:

Ajcg 4+ Asey = By,
(3.14) c1 +ncy + Ascy = B,
A4Cl + )\TCQ + A5Co = B3.

Solving the system (3.14) for ¢y, ¢; and ¢y, we obtain

1
Co — Z{(T)\ — 77A4)B1 + A1A4BQ — AlBg},
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1
o = Z{(nA5 — TAA3) B, + (TAAy — A A5)By + (A As — T]A2)Bg},

1
N
where A is given by (3.6). Substituting the values of cg, ¢; and ¢y in (3.8) together
with the notation (3.4) and (3.5), we get the solution (3.3). The converse follows by

direct computation. This completes the proof. O

{(A3A4 — A5)By; — AyAuBs + AQB?)}a

C2

4. A UNIQUENESS RESULT

For computational convenience, we will use the following notations:

Trto Tp+a—67/ﬂ\1 ’U‘ np+a@ Te+a ’)\| f/ﬂ\g

4.1)Q; = + 7
(4.1)8 Flp+a+l) T(p+ta-06+1) T(p+a+l) T(p+a+l)
(4.2)0 70 @il lp T Il @ | ST

T(p+1)  T(p—0d+1) T(p+1) T(p+1)
where

= sup{lmi()] 1 € [0, 7]}, i =1,2,3

In the following theorem, we prove the existence and uniqueness of solutions for
the problem (1.1) - (1.2) with the help of Banach fixed point theorem.

Theorem 4.1. Assume that:

(A1): fi - [0,T] xR — R, i = 1,...,m are continuous functions satisfying the
Lipschitz condition: |fi(t,z) — fi(t,y)| < Lilx —y|,vt € [0,T], =,y € R, L; > 0;

(Ag): There exists a positive number e such that |g(y1)—g(y2)| < elyr—vz|, y1,92 €
R.

Then the boundary value problem (1.1)-(1.2) has a unique solution on [0,T] if
(4.3) L + Qs + T3|wle < 1,

where €, i = 1,2 are defined in (4.1), (4.2) respectively and
(4.4) L=Y"lalL.
i=1

Proof. In relation to the problem (1.1)-(1.2), we introduce an operator N : C — C by

Lemma 3.1 as

(Ny) (1)
t(t_ S)erafl m . - t(t— s)pil e
[ Toa S etewtonds —u [ iy o
T — 3 p—6—1 T s pra—5—1 m
o (1) _”/o %y(s)ds—k/o (;F(pja_é) > ails. yls))ds
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(4.5} (1) [_M/O" %y (s) d5+/on%;aifi(s,y(s))ds]

T pta—1 m T _Sp—l
—I—)\wS(t)[/o T p—)l—oz Zalf,sy ds—u/o %y(s)ds]

—w3 () wg (y) ,

where C = C([0,T],R) denotes the Banach space of all continuous functions from
[0,7] into R endowed with norm [|y|| = sup,¢o 1 [y(t)| . Observe that the fixed points
of the operator N are solutions of the problem (1.1)-(1.2). Now we show that the
operator A has a unique fixed point by applying Banach fixed point theorem. We
verify the hypotheses of Banach fixed point theorem in two steps.

Step 1. Setting sup,cio 7 |fi (t,0)] = M;, i =1,2,...,m, we note that

< Lyl + M, M; >0

and thus

(4.6) [F(t,y())] < Y lail (Lillyll + M:) < Lr+ M,

i=1

where L is given by (4.4) and
M= M
i=1
Now we show that N'B, C B,, where B, = {y € C: |y|| < r} with

M, + @3|wl[g(0)]
1-— LQl — QQ — 7%\3|w|5

Now, using (4.6) in (4.5), we get

Iyl
t +a—1 m t -1
(t—s)rtot / (t — 5)°
< 1J1 d + TN d
< tSEé%]{/ o (Zw e ) st lul [ @)l
p 6—1
o e (¢ [m / T8l () ds

T(T )p—f—a 6—1 m
+/0 T(p+a-— <Z|alfz5y ) ]
<nfs>f’*1 U b
Homs (t)lllul/o G e (Dam (5.(s ) ]

T _ gpta-l [
+[Alles (1) | [/0 % (Z \az‘fz'(say(s))’> ds

i=1
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Hu\/ (s) |ds | + [oos (¢ )Hw\(!g(y)—g(O)H!9(0))}

Tet+a N Tr+a— éwl |U| 77p-|—<;vz/ﬂ\2 Tp+a|)\|&\3
I'lp+a+1) T'(p+a—-064+41) T(p+a+1l) T'(p+a+1l)

+r{ TP @ilo| |p TP~ | |pl@an” | @3l A||pu|T?
F'(p+1) T(p—6+1) T(p+1) I'(p+1)

< (Lr+ M)Qu + 70 + @30l (er + [g(0)]) <,

IN

(Er+]\7){

}+a3|wr<er+ 19(0))

which shows that N'B, C B,.

Step 2. N is a contraction. For x,y € C and V¢ € [0, T], we have

[WNz) = Nyl
e (8
< tS[%,I’?F]{/O (p—i—a (Z|az fi(s,2(s)) — fi(s, y(s ))H) ds

+ul %u(s)—y(s)ms

p—o6—1
ol [ e -y ol

T(T 8)+a61 m
+/0 T'(p+a—20) (Zazfz“’ — fi(s,y(s ))”)ds]

1

+Hms (t)lllul / "%ws) — () lds

+/o( T oy | 2 alfils.a() fz(Sy())H>ds]

=1

/0 . ,o):: (Z'az fils,x(s)) = fils,y(s ))H) ds

+ul [ %|x<s> oy (s) |ds

+ o] e (1)]

+Alles (1) |

+ |@3 (1) ||w]|g(z) — g (v) |}

i T T+ Jo| 0O T+ |\| &
< Lz =yl +
T(p+ta+l) T(pta-6+1) T(pta+tl) T(p+atl)
- (AT ST i ST
F'(p+1) T(p—6+1) T(p+1) T(p+1)
+@slwlel|z -y

< (201 + 0+ Silwle) llo — gl

Since L, + Qg + @zlwle < 1, therefore N is a contraction. Thus the operator N/

has a unique fixed point by Banach fixed point theorem, and hence there exists a
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unique solution for the boundary value problem (1.1)-(1.2) on [0,7]. This completes
the proof. O

Example 4.2. Consider the following Langevin boundary value problem:
1
"D (D + £ )y(t) = S aifilt y(), t € 0.7],
1 3
Y (0) = 1Dy (2), y(2) =0, y(0) + Ly(2) = 9() = raltpm + &

Here « = 1/3,p=2,p=1/45,w =1,m =3,T =2,e =1/4,6 = 1, A =1/5,0 =
1/8,n =2 and

(4.7)

1 ly el 1 . t?
t,y) = + —, t, = tan + —,

1 1 1

It is easy to find that | f; (¢,x) — fi (t,y)| < Li |z —y|,i = 1,2,3, with L; = 1/30, Ly =
1/25,L3 = 1/10 and a; = 1/2,as = 1/4,a3 = 1/6 using togather(4.4) with m = 3
Furthermore, we find L = 0.043333, |A| = TAAy; — nA Ay + AjA3A, — A1 A5 =~
0.13298075, @1 = maxejo.r] |w1(t)| = 6.6843801, @y = maxycjo,r] |w2(t)| =~ 1.4000082,
%5 = maxcpr |@s(t)] ~ 1.0000057 and Q; = 4.099085,Q, = 0.0997534. Clearly
L+ + w3|wle &~ 0.527380475305 < 1. Thus all the assumptions of Theorem 4.1
are satisfied. Therefore the problem (4.7) has a unique solution on ¢ € [0, T].

5. EXISTENCE RESULTS

In this section we establish existence results for the boundary value problem (1.1)-
(1.2) by using Krasnoselskii fixed point theorem [20] and Leray-Schauder nonlinear
alternative [21]. We start by proving an existence result via Krasnoselskii fixed point

theorem.

Theorem 5.1. Assume that g : C([0,T],R) — R is a continuous function satisfying

assumption (Ag). In addition we suppose that:

(A3) The functions f; : [0, T] xR = R, i =1,2,...,m are continuous and satisfy the

conditions
|fi(t,v)| < @i(t), for all (t,y) € [0,T] x R.

Then the boundary value problem (1.1)-(1.2) has at least one solution on [0,T], pro-
vided that

(5.1) Qs + w3jwle < 1.

Proof. We decompose the operator N : C — C as

(5.2) (Ny)(t) = Ny)(t) + Nay)(t), t € [0,T],
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where
(My) (t)
t _SlH-Oé—l m T pta—6—1 m
— /0<tF(p)+a)Zaifi(s,y(s))ds+mm(t)/0 (T = la— Zazfzsy
=1
n — s pt+a—1 m
e /0 % S aifils,y(s))ds
=1
T —3 +a—1 m
A 1) %;aifxs,y(s))ds,
and
(N2y) (t)
t AY ! T T — p—0—1
= o [ Sy pom ) [ Oy
n YS! T AV 2!
() [ Sy s - o) [ IS ds
—w3 (t)wg (y)

Q30 il + @s|wllg(0)]
1— QQ — @,|W|€ '
(i) For y1,y» € B, we will prove that Ny, + Nays € B.. Indeed, we have

Consider a closed ball B, = {y € C : ||y|| < z}, with z >

[Niy1 + Naya||

< tes[%}aﬂ{/t G pf: 1Zm:!azfz (s,51(s \d8+!u!/ Iyz s)| ds
+lol 1 1) [m / T(TF‘(j)_p;)lm s+ [ pj; . lfjm@fz (5.0 (s |ds]
s (t)lllul J = R (U 1ii|azfz e rds]
+\Auw3<t>r[ [ O St moas i [ >\ds]

+lews () [|wllg (y2) I}

Trta ‘Swl o NPT, TPT |\ o3
< E i + ol + Al
p+a+1) 'p+a—-64+1) TI'(p+a+1) T'(p+a+l)
Wl TP @io||pl TP° | |pl@an” ?%EIMIMITP} _
+ + wo3|wl(e +1g(0
|y2||{r<p+1> P+ s+ SR L+ il el + 9(0)
<

St { e e | TN
“1r(p+a+1) T(p+a—-6+1) T(p+a+l) T(p+a+l)

Wl Tr @ o] || TP || @an? @!AHM!T”} N
Tz T + + + 3|w|(ez 4+ |g(0
{F(p+1) T(p—0+1) T+l T+ @s|wl(e2 +19(0)])
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> lgilln + @slwllg(0)] + 222 + Fslwlez < .

i=1
Hence My, + Nays € B,.
(ii) NV; is compact and continuous. Continuity of N follows from that of F. Also M
is uniformly bounded on B,, as

Tpta— 5731 ‘U| np—i—oc@ Tp+a|)\‘7/ﬂ\3
N < + + +
Wl < ZII@H{ +a+1) T(pta—6+1) T(p+ta+l) T(p+a+l)
= ZH@HQL
=1

We will show the compactness of the operator M. Let 0 < ¢; <ty < T. Then we
have

|(NM1y)(t2) — (N1y) ()]

t1 (t2 _ S>p+a71 _ (tl _ S)erafl m
< i d
</ e oo
(tQ—S p+a 1 m
+ a; fi(s )|ds
/tl T'(p+a) ¢Z| fils:u(3)]
S) pta—5—1 m
t (t1) d
Hollen () e (1) [ G 5 2 il ol
p—i—a 1 m
e 1) = ()| [ P ey el uoas
S)p—i-a 1 m
+|A|ws (t2) — @3 (t1) |/ M;Wﬁ(&y(smds
> ey Il + +
< 17<t” =t 20t —t P*Q)
= T(p+a+1) [+ 2(t2 = 1)
Tp+o<—6
+ ty) — @y (t
o] (t2) — @1 ( 1)‘P(p+a—5+1)
oo Tota

+lw2 (t2) — @2 (t1) | + [l (t2) — w3 (t1) |

F'p+a+1) I'(p+a+1)

which tends to zero independently of y as t; — t5. Thus N is equicontinuous on B,.

By Arzeld-Ascoli theorem, the operator N; is compact ob B,.
(iii) N2 is a contraction. Let 1,92 € B, and t € [0,7T]. Then we have

H(N2yz -/\/’23/1
(t — -1
< sup {M/ s ———y2(s) — 1 (s) |ds
te0,T

p 6—1
ol (8| / TS s (s) — 4 () ds
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1

Hillw ()] [T ) = s (9 s
il 0] [ 51 6) = o) s

+lws (1) [|lwlg (y2) — g (1) |}

lz — ]| { || T7 @ o] |p| TP~ |ul@an? @\AHMTP}
T(p+1)  T(p—6+1) T(p+1) T(p+1)
+@|wlellz -y

— (2 + Filwle) 2 -yl

which in view of (5.1), implies that N5 is a contraction. Thus, all the conditions of

IN

Krasnoselskii’s fixed point theorem are satisfied and consequently the boundary value
problem (1.1)-(1.2) has at least one solution [0, 7]. The proof is finished. O

Example 5.2. Using the data for the boundary value problem (4.7), we find that
Qs + w3|wle ~ 0.349754825 < 1. The other conditions of Theorem 5.1 can easily
be verified. Therefore there exists at least one solutions for the problem (4.7) as an

application of Theorem 5.1.

Now, we show the existence result for the boundary value problem (1.1)-(1.2) by

applying Leray-Schauder nonlinear alternative.

Theorem 5.3. Suppose that f; : [0, T|xR - R i=1,2,...,mandg: C([0,T],R) —
R are continuous functions. Assume that hypothesis (As) and the condition (5.1) hold.

In addition we suppose that the following conditions are satisfied:

(Ay) there exist functions p; € C([0,T],R) and nondecreasing functions ®; : Rt —
R, :=1,2,...,m such that

it y)| < pi(0)@i(lyl), V(t,y) € [0, T] x R;
(As) There exists a constant M > 0 such that
(1 Q- @w\e)M

it lail [pi || (M) + @swl|g(0)]
where ®(M) = max{® (M), Do(M),..., P, (M)}.

(5.3) > 1.

Then the boundary value problem (1.1)-(1.2) has at least one solution on [0,T].

Proof. We first show that the operator N’ : C — C defined by (4.5) maps bounded
sets into bounded sets in C. For § > 0 let By = {y € C : |ly|| < 0} be a bounded set
C. Then for y € By we have

[Nyl = sup [(Ny)(t)|

t€[0,T
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t p+a 1 m
< sup / p—i—a Z’azfz s,y(s ‘dS+M/ (s)lds

t€[0,T
T(T_S)p(Sl (T s)p—‘roc&l m .
+me@nbmA e [T gy%ﬁ@w@mw]
T =) e [T OSSN
sz@lbﬂA ol s+ [T Zyzﬁ(w(ﬂd]

T (T p+a 1 m T (T . S)p_l
+[Alles (1) | [/0 ,o—i—a Z\azfz s,y(s))lds + |M|/O WW(S) ‘dS]
+lws (t) [[wllg (y) — g(0)] + |9(0))}

m Trto Trta—b o] nPtazs, TP |\ 753
> lailllpall @Iyl + - + +
; F'lp+a+1l) T(p+a—-0+1) T(p+a+l) T(p+a+1)

IN

BT Filolld T |l S AT |
- - - - + @3 |wl(ellyl + |g(0
ol { ey + A o B S 4 Sl el + o)

m

< Y lailllpal @yl + lyllQ2 + @3 lwl(Ellyll + 19(0)))-
i=1

Consequently

INYI <) Jailllps|2(0)920 + 092 + T3]w| (0 + |g(0)]),

i=1
which implies that the operator N is bounded in C.

Now, we show that A/ maps bounded sets into equicontinuous sets. Let t;,t, €
[0,T with 0 < t; < t5 and y € By. Then we have

((Ny)(t2) = (Ny)(t)]

/O 1 (t2 _ S)p+ar_<p:_(;i1> — S)P"‘O‘_ Z |Clifi(37 y(s))|d3

=1
tg — S p+o¢ 1 &
+ / aufi(s,y(s))\ds
th p + Oé ZZ

p+a51m

Hollm ()~ ()] | EoL 5 s u(s)ds

IN

—i—alm
t (t1) ifi )|d
) = (0] [ U D s ol

p+a1 m

Aws (t (1) ifi )|d
s () 1) [ S T X eyt

"t =) = (=) s
/ o e e w]

4+
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T _ gt
Hulloflw (t2) — = (1) |/o %

Hills () — =2 (1) | [ ' %w (s) |ds

)~

Hul s 1) - (0] [ %

2 izt ailllpe [P0 (1 pra _ pra o
F(pta+) (157 = 7] + 2(t2 = t2)*)

|y (s) [ds

ly (s) |ds + |3 (t2) — @3 (t1) [|wllg (v) |

IN

Tp+a—6

Flp+a—0+1)
770+oc Trta

W+—M + ’)\’Wg (tg) — Ws (t1> |m

0 s
X it {(|t§ — 17| 4 2(ty — tl)p> +lollw (t2) — @ () |5

+lol|w (t2) — @1 (t) |

+]wa (t2) — @2 (t1) |

I'(p+1) (p—0+1)
+|wg (t2) — @2 (t1) |F(pn—jrl) + [M|ws (t2) — @3 (t1) |%}
+ms (t2) — @3 (t1) [|lwl(e0 + [g(0)]).

Notice that the right hand side of the above inequality tends to zero as t; — t,
independent of y € By. This shows that N is equicontinuous. By Arzeld-Ascoli

theorem, the operator N/ : C — C is completely continuous.

Finally, we show that the set of all solutions to equations y = (Ny for 0 < ( < 1
is bounded. For t € [0, T] we have, by using the computations in the first step above,

ly(@)] = ICNy) ()|

m Trto Tp—l—a—d{ﬂ\l |0| np—i—a@ Trt+a ’)\| =3
> lailllpsli@(llyll) + - + +
— 'lp+a+1) T'(p+a—-04+41) T(p+a+l) T'(p+a+l)

IN

il { TP @io| [p TP~ | |pl@an” | @3 A||pulT?
F'(p+1) T(p—6+1) TI(p+1) I'(p+1)

} + @3 lwl(elyll + 19(0)])

< > laillpill®(lly 1) + 1l + @3lwlEllyll + [9(0)]),
=1

which yields

Iyl < > laalllpall @yl + 1yl + @alwl(<llyll + 19(0)]),
i=1
or
(1= 2 - Filwle) Iyl

it lail D[ @ (lly )4 + @slwl|g(0)
By (5.3), we can find a positive real number M such that ||y|| # M. Consider the
set U = {y € C : |ly|| < M}. Observe that the operator N' : U — C is continuous
and completely continuous.Thus, from the choice of U, there is no y € 0U such that

|§1.
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y = (Ny for some 0 < (, 1. Therefore, by Leray-Schauder nonlinear alternative, the
operator N has a fixed point y € U, which implies that the boundary value problem
(1.1)-(1.2) has at least one solution [0, 7). The proof of the theorem is completed. [J

Example 5.4. Using the data for the boundary value problem (4.7), we find that
Ip1]] = (9 + 10e?)/270, ||p2|] = (27 + 25)/100, ||ps]| = 13/180,®(M) = 1. Then, by
the condition (5.3), we find that M > 0.4743405. Obviously all the assumptions of
Theorem 5.3 are satisfied. Hence the conclusion of Theorem 5.3 applies to the problem
(4.7).

6. CONCLUSIONS

In this paper, we have obtained the criteria ensuring the existence and uniqueness
of solutions for a Langevin type fractional boundary value problem involving finitely
many nonlinearities and nonlocal nonlinear fractional boundary conditions. The main
results rely on the tools (Banach contraction mapping principle, Krasnoselskii’s fixed
point theorem and Leray-Schauder nonlinear alternative) of the fixed point theory.
As a special case, our results correspond to the problem with the boundary conditions
of the form: y'(0) = 0,y(n) = 0,y(0) + A\y(T') = wg(y) by taking o to be zero in the
results of this paper. Here it is worth-mentioning that the consideration of Langevin

equation (1.1) in the present setting provides a leverage to take into account different

m t m t
types of of nonlinearities, such as Zai/ ki(t,s)y(s)ds or Z ai/ gi(s,y(s))ds or
i=1 0 i=1 0

Z a;I?g;(t,y(t)) or Z a; fi(t,y(t)) + Z a;l9g;(t,y(t)), ¢; > 0, or some of the func-
i=1 i=1 j=1
tions may be non-Lipschitz type. In summary, our results are new in the given setting

and contribute significantly to the present literature on the Langevin equation.
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