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differential system on star graphs are proved. In addition, two examples under different background
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1. Introduction

Fractional calculus is the research of integrals and derivatives of any arbitrary real
or complex order. In recent years, fractional differential equations have been acquired
much attention due to its applications in a number of fields such as fluid flow, control
theory of dynamical systems, chemistry, biology, optics and signal processing [1-11].
For example, Mohammadi et al [8] proposed a fractional differential equations model

for hearing loss due to mumps virus:

CFDYS(t) = w? — §?S(t)L(t) —v?S(#),
CEDYL(t) = 0"S(HL(H) — (" + V) L(b),
CFDYR(t) = T'L(t) — /" R(t),

where S(0) = Sy, L(0) = Ly and R(0) = Ry, ¥ € (0,1), ¥ Dy is the Caputo-Fabrizio
fractional derivative operator, S(t), L(t), R(t) denote, respectively, susceptible people
(normal hearing), infected people (loss of hearing due to mumps virus) and recov-
ered people (recovered hearing), w denotes the recruitment rate of the population, §
shows the transmission rate of mumps virus, v indicates the natural death rate of the

population and the parameter 7 represents the recovery rate of infective individuals.

It is novel to study the existence of solutions to differential system on star graph-
s which are concerned with networks of points connected by straight lines. This
structure are common in all around us, such as water pipes, molecular structures in
medicine and biology and so on [12-18]. The model described by differential equa-
tions on star graphs has applications in chemical engineering, biology, physics and
other fields [19-23]. At present, a few researchers have studied the existence results

of solutions of differential equations on star graphs [24}28].

A graph [23] G = (V, E) consists of a finite set of nodes or vertices V(G) =
{vo,v1, ..., v} and a set of edges E(G) = {e; = 'ITUO),€2 = 17110), sl = QTUO} con-
necting these nodes, where vy is the joint point and e; is the length of [; the edge

connecting the nodes v; and vy, i.e. [; = |v;vp].

The origin of differential equations on star graphs is related to Lumer [24], who
pioneered the application of differential equations to graph theory in the 1980s by
exploring solutions of evolutionary equations on ramification spaces and under differ-
ent operator rules. Nicaise [25] studied the propagation of nerve impulses. In 1989,
Zavgorodnii and Pokornyi [28] considered linear differential equations on geometric
graphs where the solutions of the differential equations are coordinated internally. In
2008, Gordeziani et al [19] solved the differential equations on graphs by the double-

sweep method and proposed a numerical method.
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In order to better explore the application of differential equations on star graphs,
here we briefly review some related results in the existing literature [29-32]. In [30],
Zuazua and Han discussed the asymptotic behaviour of the transmission problem
on a star-shaped network consisting of elastic and thermoelastic rods and proved
the exponential, approximate polynomial decay rate of the thermoelastic network
system. Abdian and Behmaram et al [29] investigated signless Laplacian spectral
characterization of graphs with independent edges and isolated vertices and proved
that G U~vyK; UsK, is DQS under certain conditions to obtain some DQS graphs(a
graph is said to be D@S if there is no other non-isomorphic graph with the same
signless Laplacian spectrum) with independent edges and isolated vertices. In [31],
Pivovarchik analysed the direct and inverse Sturm-Liouville spectral of the problems
on a star-shaped graphs and show that the spectrum of the problem on the graph
uniquely determine the potentials on the edge. In addition, some scholars have studied
the direction of chemical graphs theory, for example, Turab et al [32] studied the
existence results of solutions for a class of nonlinear fractional boundary value problem

on ethane graph.

There are relatively few studies on fractional differential equations on star graphs,
the first appeared in 2004 when Graef et al [20] studied the fractional differential
system on star graphs, a graph consisting G = V' | J F, vy is the connecting node and
70 denotes the edge connecting v; and vy, I; = |U;05], i = 1,2 coordinate system with
v; as the origin on each edge 17175, i =1,2 and = € (0,l;). The authors researched

questions as follows:

—Dg+ui = wifi(yc,ul-),(] <x < l“Z = 1, 2,
u1(0) = u2(0), ur (lh) = uz(la),
D§+u1(h) + Dg+u2(l2) =0,

where Dy, Dng are the Riemann-Liouville fractional derivative operator, 1 < a <
2, 0< B <a we (0,1, i = 1,2 with w;(z) # 0 on [0,;] and §; € C([0,1] x
R,R), i = 1,2. By a transformation, equivalent fractional differential system defined
on [0,1] are obtained. The authors proved that the existence and uniqueness results

by using Banach contraction principle and Schauder fixed point theorem.

Next, in 2019, Mehandiratta et al [23] explored the fractional differential system
on star graphs with n + 1 nodes and n edges as follows.

4

CD&IU.Z‘(Q?) = fl'(ill',ui,c Dgﬁxul(x)),() <z < ll,Z =1,2,.., k,
w(0)=0,i=1,2, ...k
uz(lz) = uj(lj),i,j = ]., 2, ey ]{Z,’L 7éj

k
du=0i=12..Fk
=1
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where ¢ g ., CDQI are the Caputo fractional derivative operator, 1 < a <2,0< <
a—1,f;,i=1,2,..., k are continuous functions on [0, 1] x R x R. By a transformation,
the equivalent fractional differential system defined on [0, 1] is obtained. The author
studied a nonlinear Caputo fractional boundary value problem on star graphs and

established the existence and uniqueness results by fixed point theory.

Inspired by the above work and relevant literatures [20}[23,27], we will devote
to consider the Ulam’s stability and existence of solutions to the following fractional

differential system with p-Laplacian operator on star graphs

( ¢p (Dg+ul<x)) = fi(xvui( ) D0+uz( ))7 te [Oalz]v
u;(0) = u;(0) = 0,
(11) ul(li) = uj(lj), Z,] = 1,2, ...,k’,i #],
k
D0+uZ )=0,i=1,2 .k,
\ =1

where D, , D0+ are the Riemann-Liouville fractional derivative operator and ¢,(s)
is the p-Laplacian operator, ¢,(s) = |s|P~2s, %+ ;= L2<a<30<p<1,
1<p<2 G=VUE with V(G) = {vg, v1, ..., 05} and E(G) = {v;0,i = 1,2, ... k},
l; = \QT)UOL fi € C([0,1;] x R x R),7 = 1,2,...,k, where n = k represents the number
of edges of the star graphs with I; = |v;u5|. For a more intuitive understanding, we
establish a local coordinate system as shown on Figure[I]and Figure 2] where Figure
is the sketch of the star graphs and Figure [2|is the sketch of the directed star graphs.
More specifically, using v; as the origin and vy as the join point, t € [0,[;], establish

a coordinate system on each edge.

® Junction 0 Boundary ——— Edge
Vi
i Vi1
V: o— Vo —_
Vs
FIGURE 1. A sketch of the FIGURE 2. A sketch of the
star graphs directed star graphs

Ulam’s stability and existence results for the solutions to the fractional differential
system ((1.1)) are proved by using fixed point theorems. In addition, two examples
under different background graphs (star graphs and formaldehyde graphs) and the
approximation graphics for the solutions are provided to illustrate the application of

our main results. The interesting aspect of this paper is the use of iterative methods
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to give approximate graphs of solutions and connect fractional differential equations

with graph theory.

Firstly, we extend the results of Graef et al [20] to the k& + 1 points and k edges.
Secondly, the nonlinear term of fractional differential system not only depends on
the unknown function but also on its fractional derivative term, which makes the
study in this paper more general and difficulty. Nextly, we establish the modelling of
differential equations on each edge of a star graphs which can be applied to different
fields such as physics, chemical engineering etc. For example, in organic chemistry,
each solution function u; on any edge can represent quantities of bond energy, bond
strength, the bond polarity, etc. This will potentially have applications in chemical
reaction theory. As far as we know, there is hardly any people consider the numerical
simulations and existence of the solution to the fractional differential system with

p-Laplacian on star graphs.

The outline of the paper is as follows, in Section 2, some basic definitions and
related lemmas are given. The existence of uniqueness of solutions to the system of
fractional differential system under some assumptions are proved in Section 3.
In Section 4 suitable conditions are constructed so that Ulam’s stability is satisfied
in system . Some examples and perform numerical simulations on the examples

are given in the last section.

2. Preliminaries

Here we will show the basic definitions and lemmas for the fractional integrals

and fractional derivatives which will be used in this paper later.

Definition 2.1. [3] The Riemann-Liouville fractional integral of order o« > 0 of a
function f : (0, +00) — R is given by

1 ' a—1
m/o (t—s)*" f(s)ds,

provided that the right side is pointwise defined on (0, +00).

I(?—f-f(t) =

Definition 2.2. [3] The Riemann-Liouville fractional derivative of order a > 0 of a
function f : (0, +00) — R is given by

1 d\" [
D H=——[= t— n—oa—1 d
00 = e () [ €= oo
provided that the right side is pointwise defined on (0, 400), where n = [a] + 1.

Lemma 2.3. [§/ Ifa >0, 8 >0, u € L[0,1], Then
() DL I8 ult) = 57 u(t), o> 6
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(ii) DgIgsu(t) = u(t);

(iii) 1§ Dgru(t) = u(t) + Zcﬂfa_i, n—1l<a<mn CeR,i=12..,n n=
i=0

[a] +1;

(iv) Dg,tf = F(Fgﬁi)a)tﬁ*a, B>a—-1, 8>—1, t>0.

Lemma 2.4. [13] Forp>2, |z |, |y|< M, we have
| dp(2) = Gp(y) IS (P = DM [z —y .

Lemma 2.5. (Scheafer’s fized point theorem ) [20] Let X be a Banach space and let
T : X — X be a completely continuous operator (i.e., an operator that restricted to

any bounded set in X is compact). Then either

(i) The set {x € X : x = puT'x for some p € (0,1)} is unbounded, or
(ii) F has at least one fixed point in X.

Next, we will introduce an important Lemma, which helps to transform system
(1.1) into a fractional boundary value system defined on [0,1].

Lemma 2.6. /23] Let u be a function defined on [0,] and o > 0. Assume that Dy, u
exists on (0,1]. Let v € [0,1], t = § € [0,1] and v(t) = u(lt). Then

Dgru(z) = 17%(Dgs ) (0)(1).

By using Lemma [2.6] the fractional differential system (L.1]) is equivalent to

;

D vlt) = 120y (fit, (D). 177 DL wi()). t € [0,1],
0,(0) = v/(0) = 0,
(2.1) v;(1) = ’Uj(l), i,j=1,2,... k, i+ ],

\ =1

where w;(l;t) = v;(t), f:(l;it,x,y) = fi(t,x,y), i =1,2, ..., k.

Lemma 2.7. Let h; € C|[0,1], i = 1,2,...,k, then the solution of the fractional

differential system

(2.2) vi(1) = v;(1), i, j=1,2, ...k, i # ],
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has the unique solution

uilt) :ﬁ/o(t— )i ds—l—Zﬁjf )/ (1= )21y (s)

Jaﬁz
k pa—1 1 5
— L _ a—pB-1g
ds ZKJF(&)/O (1—2s) h;(s)ds.
7=1

Proof. By using Lemma [2.3] we get

vi(t) = I¢hi(t) 4+ e 4 (Do 4 (Bpet

1 t
) / (t =) hi(s)ds + 120 4+ P e
@) Jo

noting that v;(0) = vi(0) =0, i = 1,2, ..., k, it follows that
01(1) = 01(2) = 0.
Since v;(1) = v;(1), 4, j =1,2,...,k, © # j, we obtain
I8 hi(t) 1=y 46 = I8 hi(t) ey +¢i), 0.5 = 1,2, 0k, i # 5,

e = I8 hi(t) lema — 5 hy(1) s+,

B S =S (B s ) e )
J?él ]751

= a— « INa a—B—

D0+U]() = Io+6hj()+D0+ §)t 1_[0+Bh(> (3) ( ) ; B-1

“ T(a—p) ’

. r
Zl BDO+UJ Zl A ( ﬂh ) |t 1 +C§3)ﬁ) =0,

and
2

k
_ [N« N _
(2.4) le 505-3) Zl B%Iw hy(t) lim= Zl ﬁ +1; 661(3).
j=1 j=1
j#i
According to and ( . there is
i I'a—p)
D v Zl I () |- 1—Zz Iy (0 e
j=1

J?él j;éz

+Zl Bel®) 4170

J#Z
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thus

k Z—B 1

¥ = 1 — ) hi(s)ds
SR zm)/“ ()

j:l ] 1 J
J#
Z 1
- 1—5)* hy(s)ds
3 / ( i
Py 1lj I(a)
J#Z

— 1 — 5)* P h(s)ds
Z “wr o =

Let ¢; = ﬁ, hence
1 t
i t = =< t— ailhi d
(1) r<a>/0< 5)°hu(s)ds

+Z@ o / — 52 (hy(s) — hals))ds
J#Z
ZEJ ;a / — 5)* 7 h;(s)ds.

3. Main Results

Let X ={v:v € C([0,1]), Dg+v € C([0,1])}, then (X, || - || x) is a Banach space
endowed with norm
lollx = llvll + |1 Dyl
where

ol = maws [o(®)], 1050l = max 505, 0(0)]

Take (X¥ = X x X x ... x X, || - || x#), and equipped with the norm

(01, Vg, ooy )| 0 = ZHvsz, (U1, 09, ..ovp) € XF vy e X, i=1,2, .. k.

According to the basic theory of functional analysis, we obtain that X* is a

Banach space.

Define an operator 7' : X* — X* as follows:

T(v1,v9, ..., vp)(t) = (Th(v1, V9, ooy V) (E), ..., T (1, V2, ..., vk (1))



STABILITY AND EXISTENCE OF SOLUTIONS FOR FRACTIONAL DIFFERENTIAL SYSTEM41

T;(v1, Vs, ..., v) (1) :rl(;;) /Ot(t_s)a_l% (f,-(s,vz( )75 DP (s ))> s
+Zk: i /01(1 — )", <fj(8,%( ), 1; 7D}, vy (s ))) ds
J#l

k

J#i

: M ot

—Z /01(1 s)* 7P ebq(fj(s v;(s), 177D} vy (s )))ds.

Assume that the following conditions hold:

(H1) f;:[0,1] x RxR =R, i=1,2,..., k are continuous functions;
(H2) There exist nonnegative functions on b;(t) € C[0,1], i = 1,2, ..., k, such that, for
all t € [0,1], (u1,v1), (ug,v2) € R

| fi(t,ur,v1) — fi(t, ug, v2) [< bi(E)(| ur —up |+ |01 — 02 |),
where a;(t) = sup | b;i(t) |, i=1,2,..,k;
0<
(H3) There exist L; > 0 such that

| filt,u,v) |< Li, t €10,1], (u,v) €R, i =1,2,...,k;

(H4) sup | fi(¢,0,0) |= A < o0, i=1,2,..., k.

0<t<1

In the following, the main results on the existence of solutions to the fractional

differential system which we studied are listed.

Theorem 3.1. Assume that (H2) and (H3) hold, then the fractional differential sys-
tem (2.1) has a unique solution on X* provided that

2 1 2 1
N = (q_l)KF(aH)*(a—@)r(a)* r(a—6+1)+aF(a—ﬁ))
x(l‘?‘+l?“_ﬁ)L‘?_2+zk:( S : b
PO 2\ far D T o AT | alta—p)
J#

1 a a—p\ rq—2
) s

where
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Proof. For any v = (v1, v, ..., 03) (1), u = (u1,us, ..., ux)(t) € X*, t €[0,1], we

have

Tio() ~ To(t)

= i e

64 (fils,ui(s), 7D ui(s) )

k _
[ogte-t
JJ a—1
E 1—
+j:1 F(a) /0 ( S)
J#i

04 (fisu5(), 1 Dus(5)))

N -
D e AR

7=1
J#i

~0y (£i(s.ui(s), 1" Dfui(s)) )

k
lag ta— 1 1
o Z / . S)a—ﬁ—l
F 0

7=1

&y (£:(5.0:(5). ;" Df.ui(9)))

ds

Oq <fj(5 v;(8), l D0+U]( )))

ds

04 (£is,vi(s), 177 DG, vi(5)))

ds

?q <fj($,"U]( ) Ly BD0+UJ( )))

—¢q (fj(s, u;(s), lj'_BDg+uj(3))> ds.

It follows from Lemma 2.4 that

0y (s, 0(5), 7D wi(s))) = 8y (Fls, wi(s). 17 Dfu(s))) \

< (g = DL fils,vils), 17 Dgsvils)) = fills, ui(s), 77 Dgy ui(s))

< (g =L ai(t) (Ivi(S) ()| + |I77 Dgyvis) = 17Dy suils)

< ( 1)Lq ? ()(HUZ_U’LH +1; BHD + U — Dg+ui||>‘

)

Using 0 <t<land 0<¥¢; <1forj=1,2, ..k, we can write

Tio(t) ~ Ta(t)

I
<———(q— DL a;(t)]Jvi — u,
<T@~ DE a0

«

l;
+m(q VLI P a,(0)||DYvi — D)
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o
l]

k
: s
+ ; m(q — DL "a;(t) vy — uyl]
i
k

[0}

30 a0 DG 0105 — D]

“~T(a+1)
i
k
o
—* (g—-1 Lq72 (t ;= g
F 2 @ DE a0~
i
k
lo s ; )
s m(q—l)Lg L " ai(t) || Dysvi — Digyug|
i
k
1o
— (¢ 1)L a;()|v; — u;
+;(@—5)F(a)(q )Li " a; () — uy
k
e Y ) B
+jzl(aTj)F@(q_ 1)[’? l; a;(t)||Dysv; — Dyl
B i
W(Q — 1)L 2a; (1) (||vi — wil| + || Dy vi — D)
ko ja a—pf
&+ ¢ -
* ;ﬁ(q — 1)L %a;(t)(lv; — wyl| + |1 D v; — D)
i
k a a—p
1+ » ] ;
+3 fa a~ VE as0l ~ w4 1080 = Dl

= 2 ! a4 1By — DV 20, () (| — u;
_(F(a+1)+(a—5)f‘(a))(lz+l’ )(g — VL 2a;(t) (J|vs — wi

+|Dyvi — Dyoug]) + (F(a1+ 5 s ;)F(a)) > U+

=1
G

x (¢ = LI ?a;(0)(llo; = uyll + 1 Dgsv; — Dgug)).

Hence

| Too(t) — Tiu(t) |

2 1 « a—p _ (-172&' Vi — Ui
< (et * T ) €+ 6= Do)l

+ || Dgvi — Dyua) + (F(a1+ R ﬁl)F(a)> U+

j=1
i
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(3.1) x (¢ = VL] *a;(t)(|lv; — uyll + |1 Dg'v; — Dgysl)-

From Lemma [2.3, we have

D€+Tiv(t)
= Nof"a_ 3 / (1 - 510, (fils vi(s), 7 DGvi(s)) ) ds
+zlrf(j_;) a9, (55,009,175 s
= °

k [og goB-1 1 _ ;
_; F(JOJ—B) /0 (1—2s) 1¢q (fi(3>vz( ), L D0+Ul( ))) ds
J#i

k lozg ta— B6—1

Tl

/ (1—s)*F"1g, (fj(s,vj(s), lj_BDngvj(s))) ds,

which reduces to

D4 Tio(t) - Do)

lia ! — s a—pF—1
= T-5) /0 =s)

~0y (£i(s.0i(), 17" D ui(s)) )

1 Zk: l?ﬁjta_ﬂ_l /1(1 )ail
— S

= I'(a=8) Jo

J#

64 (fi(s,u3(5). ;" D us(5)))

k
S
+ ) / (1_8)(1—1
; I'(a—=8) Jo
JF

@4 (£i(5,0i(3), ;" DG vi(s)) )

ds

A GICIOR S EIE))

ds

¢ (Fils,0(5), ;" DG, wi(9)))

~y (15, ui(), 17" Dius(s)) ) |ds

k lqgjta—ﬁ—l 1 ap1
tX Tash) /0 (=)

j=1

0y (1305, 05(),15 7 DG vs(5)))

64 (fi(s,u5(5). ;" DG us(5)) ) | ds
1etep

T(a—pB+1)

IN

(g = DL ai(t) (llos = wll + 17105, v = D uil])
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k
lo . /3 5
+;m(q— L8 a5(1) (llog = wsll + 81D,y = D)

J#i
k o
+Zm(q— DL ai(t )(IIvZ—uZII + 1P| DB v — D€+uill)
j=1
J#
k ja
+Zm(q—1ﬂ?’2 ()(Ilvj —wjl| + 17| DY vy — D€+ujH)
J=1
[ L -
= m(q—l)L? 2a;(t)([[v: = wil| + | DGy v; — Dy us])
la+la 7 o ;
+§: 55(0= DL a0y = ]+ 105,05 = Do)
J?é%
1o+ 1070 -
+Z m(q — D)L a;(8)(||vs — wil| + || Dy vi — Do)
i#i
A - ;
3 g~ D w0y —wl+ 155 - D)
j=1
Tla—B+1)  al(a-p)) " " i ait) (v — s
SPERS N, B (R RN S | o P
o+ Vi o+ Wi al'(la—p) T(a—p+1) — J J
J#i
x(q = 1) L§%a;(t)(lv; — uyll + 1Dgyv; — Dssl)-
Hence

H DéngEU(t) - DéngT%U(t) H

2 1 a a—F . inCL‘ Vi — U
< (Fmssm * ama ) €+ B0~ Do)l ]

5 1 1 e als
+|DJ v — D)) + (af(a—ﬁ) T Te—As 1)) > +1577)

j=1
i

(3.2) x(q — 1) LT %a;(t)(|lv; — us]| + || Dy v; — D))
It foollow from (3.1)) and ( . ) that

| Too() — Tu(t) || + | DI Tiwo(t) — DY Tou(t) |
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( 2. 1 N 2 L1 )
Pla+1) * (a=pfl(a) Tla=pF+1)  aol(a—p)
X (I 4+ 177%) (g = LT ay(t)(loi — wil) + | Dgevi = D)

+ ( L, ! P ! )
Ia+1) (=Pl () al'la—p) TD(a—p+1)

(15 +1577) @ = DL a; () (Il — wll + DGy — D).

'Mw

Jj=1
J#i

We also get

| Tio(t) — Tiu(t) [|x

- ! 2 1 a a—fBY\ rq—2
- KWH)+<a—ﬁ>F(a>+F<a—ﬁ+1> Ur@—ﬁ))“i”i "

1 1 1 a a—@3 q—2
*Z( MarD) @ pr@ OzF(a—B)+F(a—B+1))<lj+lj 1

J#%
k k
X (Z ai(t)> q—1) Z lv; = ull + ||D()+U] DngUjH)
i=1 j=1
k
N; ( %‘(@) v —ullxe.
i=1
Hence
k k k
| Tv = Tu ||xr=>_ | o — Tiu || x< (ZM) D ailt) | v—uxs .
J=1 j=1 i=1
k k
According to (Z NZ-> <Z ai) < 1, we obtain that T is contraction operator. It
= i=1

follows from the Banach contraction principle that system ({2.1]) has a unique solution

on [0,1], so the original system (1.1)) has a unique solution.

Lemma 3.2. Assume that (H1)-(H4) hold, then T : X* — X* is completely contin-

uous.

Proof. In view of continuity of the functions f;, ¢ = 1,2...k, we see that the
operator 7' : X¥ — X% is continuous. Let € be any bounded subset of X, for
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v = (v1,v2,....,v,) €, t€[0,1], one can get

(o)
< i [0 o (25000 Do) [
+ji1 Z?ﬁ?:)_l /01(1 —5)" oy (f](s v;(s),1 5D0+Ug( ))) ds
J#
+g%/01(1_5)a1 0y (s, 0u(9), 177 Djvi(s))) |ds
J#i
+Z%/“‘) 7 o (5,150 57 D)) s
< s [0 o (o107 D)) = 0 (0.0 s

b [t oo (6s.0.00)|

i laﬁ - / - sms, (35,055, 1,7 D55 () ) = 6 (fi(5,0,0)) | s
J#%
+§;% /01(1 —8)* Mo, (£(5,0,0)) |ds
J#
+i% /01(1 — )"0y (ﬁ-(s,vi(s),z;ﬁpgwi(s))) ds — ¢, (fi(s,0,0)) |ds
G
+Z% [ =9 s, 0.00 Jas
J#i
+Z% /01“ =5y (£i(s,03(5). D vs(s)) ) = 64 (£5(,0,0)) |ds

ds

k_jappa—1 1
+Z jF](tOZ) /0 (1_3)a_5_1 bq (fj(S,0,0))

g0 )
F<a+1><q—1>L3 ot >(u ol 7 D))

IN

lata lag ta 1
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lag O 1 -
Zp ~ DL ()(llv]||+zﬁ\|D UJH)
J#z
k

l?ﬁjta—l g—2 5

+;m(q—1)% ait)( v || +1° || Dy |
J#
k
lag o 1 -

"2 s T —DL?2<>(nwn+zﬁup il

- M ta L

oeg a—1
2: Sl §jl ! 100
=1

[0}

li q—2
< F—(E;—ﬂ(q—lm ()(H%H+Z6HmeH)
a0 |+§j 6,0
J#Z
k a
3 - D <>(Hwn+z6HD o)
%
ey q—DLTQ()<HwH+l5HmeH)
J#%
+§3__Jz——{q—ULf2()(HUH+ZBHD ol
2 (o= py@ Y J j
k o i 1
DI W el
JFi
1o+ 1070 2
< - ()(WwH+HD+wH)
a0 |+§j 160
1751
d za R

RN <>(ku+HD ol

e+ 157 -
+Zﬁ;;w—mﬁ-OQMMWQMH)
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N o,
+;W(Q—1)Lj ()<||v]||+||D v]||)
k N . .
+;P(ali+ 1)|¢q(’\)|+;ml¢q(k)l
J#
_ 2 1 e .
B <F(a+ 1) * (a—ﬁ)l“(a)> (¢ = DL as() (I + 1) vl x
! : q— 2 a a—
(o * e );q‘” (O + 5oyl
i
21 oo k o
(e 2Ty T s )L
J#i
Hence
I T;0 ()]
: ! DL 20, () (1% + 19| v
= <F(a+l) " (a—ﬁ)%)) (¢ = DL a®) @ + 5 vl x
1 - q— 2 a a—
+(r<a+1> e )Z a = LT (00 + 1) oyl
J#i
21 Lo k a
+<F(Oé—i—1) ;F(a+1)+;<@ B)L( ))|¢q( )
J#i
and
DiTit)

A
< Taog )¢

1B pk L A (AL )

j=1
i

ds

&y (£i(s,vi(s), 177D, vi(5)))

ds

ds

: lﬂjta_ﬁ_l ! 1 a—pB-1 d
3 ey 0 ’

l?ta_ﬁ q—2 B
@ 0z a0 (ol +7 ) D )

0y (£3(504(5), 1" Dvs(5)))

IN
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latoc B

la
+W|¢q |+Z F )|¢q( )‘
J#z
k Je
+ 3 e 020 o 1+57 1 D)

[&
v _1L{1*2, ; B ;
+j_1ar(a_m<q )L <>(||v||+z | DE.w, ||)
J#i

+ ar T %0 \+ZF 19|
J#z

+Z -1 .<><||U] I+ 1 Do 1)

zg + 1077 I

S Ta—prp" DL (1) || vi 1 +m|¢q(x)|
Qi i -
2 ooy I ey llx+Z 5l
i #l
L L 2
+2 ol g @ VH a0 e ||X+Z 77194)
?2 J#Z
+i la+zaﬂ (= DL 0,0 || v, | +Z |¢()‘
6+1 q J IR 64_1 q
- 2 1 _ q=2 « a—f )
- <F<a—ﬁ+1> i aF(Oz-B)) (0= DL ai()E + 57 uillx
L 1 - q—2 « a—p
: (a%—ﬁ) ’ r<a—@+1>) ;@‘ DL a0 + 1570l x
J#
1 b 1o o k o
S J
+<F(a—6+1)+;ar(a—5) +;r /BH))I%(A)I,
J#i
thus

- 1 — D)L 2a; () (I + 187 ||v;
(F(a—ﬁ+1)+ar(a—ﬁ))(q DL ai(t)(E + 57l
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1 1 k B q_2a' o a—p3 v
+ (aF(a —B) + Do — B+ 1)) Z(q 1)Lj J(t)(lj + 1 )vsllx

j=1
J#i
k a Je k [&
[
O N AT ED e Ll
J#
We obtain
Tovllx
— [Tl + 1DE. Tl
q—2 o a—0 2 1 2
< 0= DI+l (1 + e T

+ ;) + ( ! + ! + ! + ! )

al'(a — ) MNa+1) (a—pF)'(a) al'(a—p) T(a—p+1)

k ) s 210 k lo‘
Zq—qu . (la—|—l )HU]HX—F(W—FZW

; J#z

i Io k Io o
Z:: (oz—ﬂ+1 Z:: ozF(oc—ﬁ)

G

k io
+Z m) |9g(N)]-

Jj=

Therefore

T3]

k
= Z I Tiv]lx

(a—1) ZLq a0+ ) x (r<a2+ 5 AT

IN

+ E T ) + ( L, ! T
MNa—p+1) al'(a—p) FNa+1)  (a—p)l'(a) aol'(a—p)

k

1 q-2 o a—p ) : le'a
+ m) (¢—1) ZLJ a; (@) (15 + 157 lvillx + ; (F(a )

7j=1
J#i
n i l;?‘ n i ljo.‘ N lf‘ + Z la
~T(a+1l) Z(a—pl(a) Tla-p+1 al(a — B)
i J#Z
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so, it follows that 7" is uniformly bounded.

Now it will prove that T is equi-continuous. For v = (vy,vs,...,v) € Q, t1, ts €
0, 1] with t; < 5, we have

IN

k a—1 _ jo-—1 1
DN /(1—s> oy (115,091, "Dy |
j=1 0
i
k . po—1 _ga=1 pl " 5
Dty [ =9 o (s, 0917 Do) s
J#i
ey E I [ oo (566,00 15 Do) s
2 i T @) ; a\Js j o+Yi
o ja k a—1 __ ja—1
< L) f + ) T
o
k a—1 a—1 a—1 __ ja-—1
+Zl?¢q(L)t2 1 +Zla¢q t2 5);(04)
j=1
J#
o 1ty —ty o 1 1 o o
= lz qbq(Lz)F(Q +11) +l@ ¢Q(Lz> ((O‘_/B)F(&) + F(Oz—f— 1)) (t ' —1 1)
i a 1 1 a—1 a—1
+32 5000 (i * )
J#

and

‘D@Tw(m) — D To(t)

l? i — g)e -1 — 35 a—p—1
s

+ﬁ | (= 59 o (Bt (o)1 D)

tgﬂl_taﬂl )
s / 1 s)™
Z —5 Y

J#%

ds

IN

@0 (£i(s.0(5). 1" DY ui(9)))

ds

ds

0y (£3(5,v4(5), 1, " Dvs(5)))
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ta =1 ta B—1
+) 182 / (1—s)*! ds
0

04 (£i(s,0i(), 7 DY vi(s)))

- B)
375

N toc B— 1_t0¢ £—1 g
+Zz T [ = ooy (o). i) s
N ta 8 ta B k . ta—,@—l . t?_ﬁ_l
< Bl m =5 +Zl¢q N
J#z
k tgﬁaq _t?—ﬁ 1 ta f—1 _ta B-1
+;li¢qm al(a — B) +Zl¢q Fla— B +1)
i
. g e 0Bl a—p_1 1 1
BT R (ara=m* Famrem)
«a a—p—1 a—p—1 1 1
*Zl% 6 =6 (= e )
J#z
Hence,
| Tiv(ta) — [Tiv(th) ] x
. tg — to 1 1 o
< todbig ot (s * ) 7 )
e ) (e + ) 7 6 e
pu PP A Na+1)  (a—pB)(a)) 7 ! PPV - B+ 1)
i
a N(pa—B-1 _ ja—p-1 1 1
ot =6 (e = =)
«a a—p—1 a—p—1 1 1
*Zl% 6 6 (G e )
J#z
In view of
[Tiv(t2) — Tiv(t)[|x — 0(t2 — t1),
there is

HT’U(tg) — T’U(tl)HXk — O(tg — tl),

which implies that 7" of X is equicontinuous. It follows from the Arezela-Ascoli

theorem that T': X¥ — X* is completely continuous.

Theorem 3.3. Suppose that (H1)-(H4) hold, then fractional differential system ([2.1))

has at least one solution on [0, 1].
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Proof. Define
Q = {(v1,v2, ..., %) € XF: (v1,09, ..., 0) = pT(v1, 02, ...,0), 0 < pp < 1}.
Let (v1,vg,...,v;) € @, then
(v1,v9, ..oy vg) = uT' (v, Vo, ..., UE),
and for each t € [0, 1], we have
vi(t) = pT;(v1,v9, .., vx), i = 1,2, ..., k.

It follow from (H3) that

)
< o (o + o ;)F(a))@—lm2a4t><lf+l$ﬂ>uvz-|rx
+ (1 >Jiq_l O + 5l
7
+(F(j;+1)+z J +Z it 1),
which implies that "
7))
< ol (st * g ) @ Dl + £ ol

1 1 k B -2, a 4 12 By
* (F(a+ IR —ﬁ)F(a)) > (@=L a0 + 1)l

7
210 e 19
(s 2Tt " 2 fas ) %)
J#i

In a similar way, we get

Dy, Too(t)]

2 1 — q72a» « (.176 V;
< ol (s * ama =g ) 0 DE a0 + £ ol

1 k .
+(af(a—6)+ (a_5+1)zq_1 )(l lj vl x
yor
1 i s k o
(T ST A T T )W)

J#i
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and

|Dy, Tiv(t)|

2 1 — (.1_2a» a a—p Vs
< ol (s * ama =g ) - DE a0 + £ ol

-

! 1 -2 a a—pf )
" (af(a - B) - Mo — B+ 1)) ] 1<q = DL a; ()15 + 1777 lvillx

Sl

a

+< (a_aﬂﬂ i 1 +gF i ))|¢q(x)|).

= B+1
i

(R
RN

For all in all, we have

lvill + 1| Dy will
2 1
= M((q = DL a0 + 877 il x (F(a +1) + (o= pB)'(«)
2 L - —2 a a—f
Tla-p+1) alfa- 5)) +la- 1>;L? a;(1)(I3 +1277)
J#

e L
¥\ Ta+1) " (a—p)(a)  aol(a—p) T(a—B+1)

: 2 o
7
b [ jo k a
J i s
Ve R RO M) LOCY)
J#i
Let
Pi
— _ q—2 o a—pf . 2 1 2
TR WM“(N ) oAt TTa-51
1 _ q— 2 ) « a—p 1 1
Tar(a B) (¢—1 ZL )15+ 157 vl x (F(a+1) + AT
J#z
1 1 2[10‘ K O‘ k a
*arm—ﬁ)+r<a—ﬁ+1>>+<r<a+1>+j21 a+1 +J21 B
ji

j S o S
*ﬂE?EIﬁ+§§ama_@*ymm_ﬂ)+§;ua_5+D)WA»L
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Then, we obtain that

k k
lollx = 3 luillx < s (Z R) <.
i=1 i=1

This show that the set () is bounded. Hence, by Lemma [2.5] the operator T has at
least one fixed point, which shows that the fractional differential system (2.1)) has at
least one solution on [0,1] and so fractional differential system (1.1)) has at least one

solution.

4. Ulam-Hyers Stability
Let ¢; < 0. Consider the following inequality
(4.1) | Disvi(t) = 17 g (filt, va(t), 177Dy vs(t)| < &, t € 0,1,

Remark 4.1. Let function v = (vy, vy, ...,v;) € X* be the solution of system (4.1)),
If there are functions ; : [0, 1] — Rt dependent on v; respectively, then

(i) |i(t)] <&, t€[0,1],i=1,2,...,k;

(i) Dvi(t) = 180y (filt, vi(), 17 DS vi (1)) + @i(t), t €[0,1],0 = 1,2, ..., k.

Definition 4.2. [18] The fractional differential system is called Ulam-Hyers
stable, if there is a constant cy, f, _r, > 0 such that for each ¢ = (g1, €2,...,6,) > 0
and for each solution v = (vy,v,...,v,) € X of the inequality , there exists a
solution ¥ = (vy, Vg, ..., V) € X of with

v =[x < ¢p fopss t€10,1].

Definition 4.3. [18] The fractional differential system ([2.1]) is called generalized
Ulam-Hyers stable, if there exists function ¢4, f, . 1. € C(R+,R+) with ¢f, ¢, 1. (0) =
0 such that for each ¢ = (ey, €9, ...,£,) > 0 and for each solution v = (v, vg, ..., ;) €
X of the inequality (4.1)), there exists a solution v = (1, s, ..., U) € X of with

[0 = llx < Vg popal€), T €0, 1].

Lemma 4.4. Suppose v = (v1, s, ...,0;) € X* is the solution of inequality .
Then, the following inequality holds:

\vi(t)—wl()!_FaJrl +Z 2a_a+1)

J=1
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3a— 3 200 — 3
|D0+U2() D0+wz( )|§oz T(a—B+1) Z+Zara_/8+ )E

where
= W/o(t 8)* ha ds+Z£]F( )/ (1— )" hy(s)ds
J#z
B FLopemlopl - L k ‘to‘_l 1 i
2ty (e = 3t 0 o
J#i
Déiug(t)
= 1 a—B-1 S it p-1 _ et
F(a—ﬁ)/o(t s)T d+Z /1 )*hy(s)d
J#l
a— 1 k a— 1
_Z e / (1= )" h(s ds_z L / (1 —5)* 7 hy(s)ds,
3751 i=1
and here

hi(s) = 18¢q(fi(t,v:(1), ;P DR vi(t))),i = 1,2, ..., k.

Proof. From Remark 1, we have

( Dgivi(t) = 7 ¢q(filt, vi(t), 17 6D0+Uz( )+ @it), t€10,1]
v;i(0) = v;(0) =0,
(4.2) vi(1) = v;(1), i, = k, i # 7,
k
Y LPDg (1) =0, i=1,2,..k
\ =1

By Lemma the solution of (4.2)) can be given in the following form

+Z€j%al)/o (1= )" (hy(s) + ¢5(5)) ds
y=

_ i@ﬁ 1(1 —8)*7 1 (hi(s) + @i(s)) ds
, I'(a) Jo
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toc—l

_N\"y N1 1 () & (o)) ds
>ty | (1= ) + (e s

and

o :; t—so‘_ﬁ_l (s i(s))ds
DE wi(t) F(a—ﬁ)/o(t ) (hi(s) + pi(s)) d

b ppepmt -
j=1 Mo —B) A (1) ULJ(S) + 90](5» ds
J#i
k gjta—ﬁ—l 1 ot
> gy |, (97 ) s
J#i
k Ejtafﬁfl 1 gt
o Z T(a - f) /o (1—3s) (hj(s) +j(s))ds

Then, we deduce that

&; S ey L s . ligj
wilt) —wil = Foo t Z Tla+1) Zl Ma+1) 2 (o = B)T(e)

IN

€ 200 — 8
Ma+1) ; (a—pA)l(a+1)"

and

D3.ult) - Do)

k k

g lig;j lig; ﬁaj
(a—ﬁ+1)+zaf(a—ﬁ)+JZQFa— — I'(a—-p+1)
i i

IN

3a— 3 200 — 8
aT(a—B+1) ’+Zara—ﬁ+ n

Theorem 4.5. Assume that Theorem- hold, then the fractional differential system
(2.1) is Ulam-Hyers stable if the eigenvalues of matrix A are in the open unit disc,

that is, |A\| < 1, for A € C with det(A\] — A) = 0, where

A—

g+ (g - DL ar (s + 157" g — 1)L 2ay -+ (e +1777) (g -
wF+ 1) g - DL e mlg +1577) (g — DL %ay - (g +17) (g -
(8 + 157 (g — DL ar (s + 1577 (g — D)LY 2as - (g +177")(q

1)LZ_2ak
1)sz2ak

— 1)LZ_2ak
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Proof. Let v = (v1,v9,...,0:) € X* be the solution of the inequality given by
|Dgvi(t) — 18 g(fi(t,vi(), 1 DY vi(1))] < ey t € [0,1],i = 1,2,..., k,

and U = (Uy, Do, ..., V) € X* be the solution of the following system

;

DE.w(t) = 126, (fi(t 5:(t), 1, D mu(#)), ¢ € [0,1],
5,(0) = 84(0) = 0,
(4.3) ( ) ( ) 1,]=1,2,..,k, 1 #j,

k
Y LDy w(1) =0, i=1,2,..,k

\ =1

By Lemma the solution of (4.3)) can be given in the following form

) =i [ (6= 0y (G601 D)) s
+Z%/<1—> 0y (5. 0,(9). ;" DLy (5))) ds
JF#i

_;%/{)1@ _5)a71¢q (fi(37UZ( )l BD0+U2( ))) ds
J#i

N

1
_Z (o /0 1— )" Loy (f](s vi(s), 1} D0+UJ< ))) ds.
For convenience, here we make
9i(s) = 0 (il vi(s), 177 DG vi(s)) ) = &y (fils, 0i(s), 17" DY wi(s))
Now, by Lemma , for t € [0, 1], we can get

[0i(t) = v:(2)]

< oilt) — wit)] + Jwi(t) — v:(1)]
€ L 20— oot
= F(a+1) + ]21 (o — BT (e + 1)€j + T(a) /0 (t—5)""|gi(s)|ds
lag ta 1 lozg ta 1
Z F /0 1 — s)afllg] ’ds + Z / _ S)a—l
J#%
- M T o
<o)+ 324 [
k
<

20 — f8 2 1
a+1 +JZ a+1)j+(F(a+1)+(a—ﬁ)F(a))

1

(17 +177)(q — 1)L?_2 i) (lo: = Bl + | Dgsvs — Dy i)
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k

! L @ a—p - q'—Qa'
+(N&+D+(a—mm®)§3@+% )(qg — 1)L "a;(t)

=1
i

X ([Jv; — vl + ||D[)+UJ Dgﬂjj”)v

and

\Dwm> D25, (t)

3o — 200 —
= a (Oz—ﬁ—l—l €Z+Zaf’a—ﬁ+ )
lia ! a—pB—-1
+m/ﬂ (t—s) |gi(s)|ds
k _A_
190;t0-F=1 1 ot
+Z:;F(a——ﬁ)/0 (1 —5)*""[g;(s)|ds
i
: lf?gjtaiﬁil ! a—1
+§;?@¢?;A<ww> 19:(5)|ds
i
L leggeitt
77 _ \a—B-1y,.
+§;?@jgyl<1s> 9:(5)/ds

3o —f3 20— 8
al'(a—p+1) Z+ZaF&—ﬂ+ )g

IN

2 1
+<Na—6+n+aﬂa—m)
% (1% +127%)(q — 1)L 2ay(8) (v; — ]| + | DEvi — D)

1 1 e as 2
’*me—ﬁf*ma—ﬁ+n>§3”+@ Na =1k

i=1
J#i

xaj(t)(|lv; — 4] + ”D +U5 — Dng@jH)-

Hence, we have

|lvi — il x

= o = ol + 1 Dg\v; — Dy, i

3a — 20 3a— f3 20 — 3 200 — 3
Qa—mma+m+' Tla—B+1) >&+§:( T(a+1)  al(a—p5+1)

1 >€j
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3a— 20 3a— f3 o asp o -
" ((a — ) (a+1) * ol (o — B+ 1)) (I + 17 7) g — 1)L ai(t) |l — 4| x

204—5 200 — 8 a—p 2 -
+Z( (a+1) + al (Oz—ﬁ—i—l))(l l )(q_l)Lj a’](t)HU] ]HX
J#z

k
= mei+ Y mg +nlE + 57 (g — DL ai(t) o — villx

7j=1
JF#i

k

+ 1§+ 1577) (g = DLI 2a;(1) |y — yllx,
=1
7
where
3a— 20 3a— f3 200 — f3 200 — 8

N G BT (at]) alla—B+1) 2T a—BTa+1) alla—B+1)

Then we have

(lor = vallx; lJoa = Ballx, ooy Jo — Okl|x)"
< Bler,ea,ner)’ + A(lJor — 01l x, Jva — Dollx, o) [Jow — Tellx)7,
where
Y1 Y2 ot 2
Y2 o 2
Bk = . ,
Y2 Y2 0N
Then, we can get
(lor = Ballx vz = Ballxs ooy lok = Bellx)™ < (1 = A) 1 B(ey, €3, e8) "
Let
diy  dio dig

diy dra 0 dig
Obviously, d;; > 0. Set € = maz{ey, eo, ... ek} then wo can get
(4.4) v — 3] x < ZZ%
=1 =1
Thus, we have derived that system ([2.1)) is Ulam-Hyers stable.
Remark 4.6. Making ¢y, 1, . 7 (¢) in (4.4). We have v, ¢, £ (0) = 0. Then , by

Definition we deduce that the fractional differential system (2.1 is generalized
Ulam-Hyers stable.
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5. Numerical Simulation

In this section, the two examples are provided to show the flexibility of these cri-
teria, in addition, the approximate graphs of solutions are presented by using iterative

methods and numerical simulation.

Example 5.1. We investigate the existence and Ulam’s stability of solutions to the

differential equations on each edge of the star graphs as follows

;

1+1D2, i ()|

g . . D, w1 (2) :
¢3| Dysui(z) | =14 gy | sin(w(2)) + ——— ], 0 <2 <3,

1—|—|D07+u2($)\
5.1) D2
(5. 20D, @) <r<

o

Y

1
5 . D2 T
63 (DoauQ(x)) =t (sm|u2<x>| + M) +1,0<z <},

D2+u3(:p)) =1+ 0.02z|arcsin(uz(z))| + T ;
100+100| D2, us ()|

u1(0) = 1, (0) = u2(0) = u5(0) = u3(0) = u3(0) = 0,
w(3) = u(5) = us(2),

| D) + Dhws(}) + Dhas(3) =0

Corresponding to the system (|1.1)), we obtain

5 1 3 1 1 3
y & 9 ; /6 92 D 92 y U1 3 3 02 4 3 U3 4
We establish coordinate systems with vy, v, and v3 as coordinate origin respec-

tively on the star graphs with 3 edges (Figure ), where u; is the solution of the system

(5.1) on o705, t € [0,11]; ug is the solution of the system ({5.1]) on a0h, t € [0, 15]; and

uz is the solution of the system (5.1)) on o503, t € [0,3]. Here,

1
L = |€1| = |171—U_>0| =5
3
N 1
ly = ‘62‘ = ’7)2’00‘ = Za
and 5
ls = |es| = |vgv0| = T

V3 @

€3
Vo @
€1 ez
Vi Va2 @ @
FIGURE 3. A sketch of the FIGURE 4. A sketch of the

star graphs. directed star graphs .
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In the following, we will prove that system ({5.1) has a unique solution on each
edge and is Ulam stable.
It follows from Lemma [2.6] that we can get

(

1
5 5 . ()7 3D2, (1)
D2y (t) = ()3 14+ = [ sin(v1(2)) + =2 ot ,
oeilt) = (3703 ey | sin(vi(f) 1+(5)~H D2, w1 (1)

5 1y— 4 %
2 _ (12 1 : (1) 2|Dg v2(D)]
Dgiva(t) = (3)2¢3 3(13+2)° (sm\v2(t)| * 1+(i)*%|D§+vz(t)l i

5.2 5 D-bing,v
B2 Dhua(t) = (81365 (14 0.02aresin(uy(t))] + 22D 21wl
100+100x ($) 7 2[DZ v3(1)]

where t € [0, 1], and

Filt,vi(b), l1D0+U1(t)) =1+ ﬁ sin(vi(t)) + 115()%_:2(23:2?(’25” )
h@mﬂ)mew@»:3miQP me@ﬂ+1féjiigilﬂ +1,

2t x (3)” |D0+v3( )|

f3(t, v3(t), 13D0+03(t)) =1+ 0.02t|arcsin(vs(t))| + .
100 + 100 x (3)~ 2|D0+v3( )|

For ¢t € [0,1] and u,v,uy,v; € R, it is clear that

1
filt,u,v) — f(t,u,v) < mﬂ —up| + v =),
1
fz(t,Uﬂ]) - f(t,u2,v1) < m (’U - Uzl + ’U —Uz‘)7
and
2t
f3(t,u,v) — f(t, usg, v3) < W(!U—U?)HW—U?’D
So we have . . )
t
b)) = —— by(t) =~ by(t) = ——.
1(t) (2t + 8)*’ 2(t) 3(t3 +2)5 3(t) 100
Hence
by ()] = — bo(t)] = — bs()] = =
a; = sup = ——~,02 = Sup = ——,a3 = Sup = A
Yoy 4096”7 o) 96" Lo 50

Ly = 1.005, Ly = 1.0208, L3 = 2,
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Ny =7.7570, Ny = 7.6294, N3 = 10.8388,

and
(N7 + Ny + N3)(ay + ag + a3) = 0.8041 < 1.

Therefore, It follows from Theorem that system (5.2)) has a unique solution on
[0, 1] and so system (5.1)) has a unique solution.

v = 2.3779, ~5 = L.5770.

2.0451e — 04 0.0031 0.1324
A= 11.3563¢ — 04 0.0047 0.1324
1.3563e — 04 0.0031 0.1997

Let
0 =det(A\ — A) = (A —0.2019)(A — 0.0001) (A — 0.0026),

so we have
A1 =0.2019 < 1, Ay =0.0001 < 1, A3 = 0.0026.

It follows from Theorem that system (5.2)) is Ulam-Hyers stable, and by
Remark [4.6] it will be generalized Ulam-Hyers stable.
Finally, the simulate iterative process curve and approximate solution to the frac-

tional differential system ([5.2]) are given by using the iterative method and numerical
simulation. Let u;(t) = ;" Dg:rvi(t)), where v; 0 = u;9 = 0, the iteration sequence is

as follows,
Ul,n+1(t)

G P U SRS S (o RO
s o1+ g (M(tm1+<§>—%\D§+m,n<t>|>)d
Ltz ! . |
+ = (1—5)2¢s( wg—sm (sin|van(t)]

EREORFIORING l (s
+ (411) 2|?(?+7112n(t)| +1)ds+ %tﬁ
L (5 A 105 v (0) (Bt @t )re

oo 1, 1
2t X (3)72[Dgvsn(t)] )ds
100 + 100 x (2)72| D2, v3n(t)]

1
X / (1-— S)%ng (1 + 0.02t|arcsin(vs ,(t))] +
0

) Hhpia / - 9ten(1+ g (sinlonn(0)
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1\-1 3
@D (1)

1+ (%)‘5|D§+v1,n(t)|>)ds ! <(

L+ (3) 21D§+v1m<t>‘))d8
%t% 1 5 ! s1n(v1
(3)2|Dgrv1.a(t)] 143
+1+(%) ?IDéwl,i(m))ds_ t

. | (3) D¢ van(t)
X¢3(W (Smw’”(t) Dk (t)) ' 1)d8
4 Tran
160° /1(1 — 8)¢3 <1 + 0.02t|arcsin(vs ,(t))]
<(§>—é ()7 <%>‘5)F<§> i
2t % (3) 3| D& vsa(t)]

T ds.
100 + 100 x (%>_§|D02+U37n(t)|>

U1 i1 (1)

1
2t % 3 _% l)5 U3, t
X P3 (1 + 0.02t|arcsin(vs ,(t))| + <4> | ?+ 3i ()] )ds
100 + 100 x (2)72|DZ, vs,,(t)]
_ (1) 2(3)%t

<<é>% O <%>5)r<z> J e <1 ey (””‘@1»"“))
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X /01(1 — 5)2¢ (1 + @Tlg)zl <3in(vl,n(t)) + . f();figj:f?@))ds

(s &)i B )re) 0= (1 g (st
(3405010 . :
R0 2'D5+“li<t>|>>d8_ ((%)é +<i>t+ (%)5)F(2>/° Y

.
(41D} () #1)ds
1+ (1)72[DZ, vy, (1)

9 1
B 16 / (1—5)ps3 (1 + 0.02t|arcsin(vs ,(t))|
0

2 % (3) "4 DG vsat)] >d>
100 + 100 x (2)~3[ D2, v3.0(2)|

The iterative sequence of vy 41 and vz 41 is similar to vy ,,41, and the iterative
sequence of us 11 and usz,41 is similar to uy,4+1. After several iterations, the ap-
proximate solution of fractional differential system can be obtained by using
the numerical simulation. The absolute errors for the iterative approach to system
are shown in Table , which demonstrates the applicability of the iterative ap-
proach, where Ey = |v; 11 — v;x|. Figure [5|is the approximate graph of the solution
of 110 after 10 iterations. Figure |§| is the approximate graph of the solution of V0%
after 10 iterations. Figure|7|is the approximate graph of the solution of U304 after 10

iterations.

TABLE 1. The absolute errors in Example

k E(k) for vy E(k) for vy E(k) for vs

0 1.7208439898e-03 8.3918382213e-04 1.7451763972¢-04
1 2.3766095090e-07 2.1145425774e-06 1.3741570428e-05
2 6.1177701793e-11 3.1584249972e-11 1.7010818504e-08
3
4

7.0013439490e-15 2.2973983826e-13 2.1037602216e-11
7.0013422247e-17 1.0928757899¢-16 2.6700863742¢-14




STABILITY AND EXISTENCE OF SOLUTIONS FOR FRACTIONAL DIFFERENTIAL SYSTEMG67

210

ooz

FIGURE 5. Approximate so- FIGURE 6. Approximate so-

lution of vy lution of vy

0011 310

0021

0031

y

0041
0051

0061 ~__

007 I I I I I I I I I |

FIGURE 7. Approximate solution of vs

Example 5.2. The star graphs we studied in system can be extended to other
types of graphs. For example, chordal bipartite graphs , ethane graphs, etc. provide
theoretical basis for computer network, biology, chemical engineering and other fields.
Here we only deal with boundary value problem of fractional differential system on
formaldehyde graphs (Figure E[) as follows

(

7 1
s (Dé’;ul(a:)) 1+ 5030 +3) <sin(u1(a:)) + |D§+u1(x)\) ,0<zx <1,
1
01 ( Diia(e) ) = 1+ grbgsla(@)] + fsin (Dgw(2)) 0 <o <2
5.3 x
(5:3) Pa 0+u3 z) :1—|—m]u3(37)’+12}3;1+ )‘Do+u3< z)[,0 <z <3,
u1(0) = u3(0), u2(0) = u5(0), u5(0) = u5(0),
w(l) = w@) = u),
\ D3+u1(1) +D +u2(2) = D§+u3(1) =0,
From the system (1.1]), we have
7 1
k=3, a=-,==1=11=2/l3=1p=-.
y & 376 37 1 5 02 » U3 P 3

The molecular structure of formaldehyde graphs is composed of one carbon atom,

two hydrogen atoms and one oxygen atom. We regard the carbon atom as the vertex
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of the graph and the chemical bond between atoms as the edge of the graph, see
the Figure [9] The coordinate system is established with the origin of coordinates
vy, V9, and vz respectively, where u; is the solutions of the system (5.3 on 171—170), t e
0, 11]; us is the solution of the system ({5.3]) on m, t € [0, ls]; and ug is the solution
of the system (5.3)) on o309, t € [0, lg].Here

L = |€1| = |1_)1—U_>0| = 17
Iy = |es| = |vavp| = 2,

and

I3 = [es]| = |1_)3—U_>0| =1

In the following, we will prove that system ([5.3) has a solutions on each edge of
the formaldehyde graphs.

® . ©

FIGURE 8. A sketch of FIGURE 9. A sketch of

the graphs representation of the graphs representation of

Formaldehyde (C'H,0) C H,O with labeled vertices
by vy or v;

By Lemma [2.6], we can get
( 1
D2on(t) = ¢4 ( — (sin(vl (£)) + | D3, vy (t)])) ,

Dy a(t) = 236 (1+ gdapleat®)] + ysim (273105200 ) )
(5.4) Dyevalt) = 61 (1+ ol (®)] + e 1D vs(0)])
01(0) = v}(0) = v2(0) = 15(0) = v3(0) = v} (0),

U1£1) =wuy(l) = 'U31(1>, 1

D3+U1(1) + 27%D§+vz(1) + Do§+v3(1) =0,

\

where t € [0, 1]. Clearly, if fi, fo and f3 are continuous function then there exist
L;>0,1=1,2,3

such that
fi < L.
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It follows from Theorem that fractional differential system ([5.4)) has at least one
solution on the interval [0, 1] and fractional differential system (/5.3)) also has at least

one solution.

Referring to the iterative sequence of Example , we can also obtain the
iterative process and approximate solution of the fractional differential system ([5.4]).
The absolute errors for the iterative approach to system (|5.4) are shown in Table ,
which demonstrates the applicability of the iterative approach, where Ej, = |v; g41 —
v; k|- The iterative process of the solution of the fractional differential system
on 0704 is shown on Figure . Figure (11} is the approximate graph of the solution
after 10 iterations on v705. The process of 12 and Figure [14] are similar to that of
Figure [10} Figure [13] and Figure [I5| are also similar to picture

TABLE 2. The absolute errors in Example [5.2

E(k) for vy E(k) for vy E(k) for vs

© 0 ~J O T = W N = O F

9.3283339675¢-02
4.4097046511e-01
7.4871879811e-02
5.1435673237e-02
2.4592020315e-02
7.5386799387e-03
1.2261031457e-03
6.6044736960e-04
3.8898730337¢e-04
1.3469130928e-04

2.3550104749¢-01
6.3499709317e-01
2.4142506783e-01
8.3425148505e-02
2.9729890329e-02
1.0477975759e-02
3.7064401143e-03
1.3093656601e-03
4.6276925173e-04
1.6353024857e-04

3.9340242269¢-01
6.7401336342e-01
2.3935139057e-01
6.0165876256e-02
1.5064530257e-02
3.7487899110e-03
9.3480617003e-04
2.3309516122¢-04
5.8117726304e-05
1.4490467280e-05

FIGURE
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