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1. Introduction

In 1971, Ciri¢ [2] introduced the notion of orbital continuity.

Definition 1.1. [2] If f is a self-mapping of a metric space (X,d) then the set
Oz, f) ={f"z:n=0,1,2,...} is called the orbit of f at x and f is called orbitally

continuous if u = lim;_,o f™x implies fu = lim;_,o, ff™x.

Every continuous self-mapping is orbitally continuous but not conversely. Pant

and Pant [7] introduced another weaker form of continuity.

Definition 1.2. [7] A self-mapping f of a metric space X is called a k-continuous,

k=1,2,3,...,if ffz, — ft whenever {x, },cn is a sequence in X such that f*~'z, —
t.
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It was shown in [7] that continuity of f* and k-continuity of f are independent
conditions when k > 1. It is easy to see that 1-continuity is equivalent to continuity.
Also, it can be proved that continuity implies k-continuity implies (k + 1)-continuity,
for k = 2,3,4,..., but converse is not true. A k-continuous mapping is obviously
orbitally continuous. Recently, Pant et al. [9] introduced a weaker form of the above

definitions.

Definition 1.3. [9] A self-mapping f of a metric space (X, d) will be called a weakly
orbitally continuous if the set {y € X : lim; f™y = u = lim,; ff™y = fu} is

nonempty whenever the set {z € X : lim; f™x = u} is nonempty.

Using the notion of a weak orbital continuity, Pant et al. [9] generalized Caristi
fixed point theorem [1] omitting the assumption that the function ¢ is a lower semi-

continuous.

Theorem 1.4. [9] Let f be a self-mapping of a complete metric space (X, d). Suppose
¢ X —[0,00) is a function such that for each x,y in X we have

d(z, fz) < ¢(x) — o(fx).

If f is a weakly orbitally continuous or f* is continuous or f is a k-continuous for
some k > 1, then f has a fized point.

Also, using the notion of a weak orbital continuity, Pant et al. [9] obtained a Meir-
Keeler type solution of the problem of continuity at the fixed point (see [5], [8]
and [11]). Actually, this notion is a necessary and sufficient condition for the ex-
istence of fixed points of Meir-Keeler type mappings. Furthermore, these results
characterize completeness of the metric spaces as well as Cantor’s intersection prop-
erty. In this sense, our main results extends to the framework of Menger PM spaces
results obtained in [9]. Also, the aim of this paper is to instigate the study of charac-
terizing complete Menger PM spaces by means of fixed point results. Recently, one

characterization in this sense is obtained in [10].

2. Preliminaries

The idea of probabilistic metric space (briefly PM space) was introduced by
Menger in [6] in 1942. The idea of Menger was to use distribution functions instead
of non-negative real numbers as values of the metric. Schweizer and Sklar [14, 15]
studied the properties of spaces introduced by Menger and and have developed their
theory in depth. The first result from the fixed point theory in probabilistic metric
spaces was obtain by Sehgal and Bharucha—Reid [16] as a generalization of the classical

Banach Contraction Mapping Principle.
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Let AT be the set of all distribution functions F' : R — [0, 1] such that F is a
nondecreasing, left-continuous mapping, which satisfies F'(0) = 0 and sup, g F'(z) =
1. The space AT is partially ordered by the usual point-wise ordering of functions,
ie., FF <G if and only if F(t) < G(t) for all ¢t € R. The maximal element for A in

this order is the distribution function given by

0, t<0,
eo(t) = {

1, t>0.

Definition 2.1. [15] A binary operation 7" : [0,1] x [0, 1] — [0, 1] is a continuous t-
norm if ([0, 1], 7(,-)) is a topological monoid with unit 1 such that 7'(a,b) < T'(c,d)
whenever a < ¢ and b < d, for all a,b,c,d € [0, 1].

Some examples of t-norm are minimum 7'(a,b) = min{a, b}, product T'(a,b) = a-b
and Lukasievicz t-norm L(a,b) = max{a + b — 1,0} and they satisfy min{a,b} >
a-b>L(a,b).

Definition 2.2. A Menger probabilistic metric space (briefly, Menger PM-space) is
a triple (X, F,T) where X is a nonempty set, 7" is a continuous t-norm, and F is a
mapping from X x X into DT such that, if F,, denotes the value of F at the pair
(x,y), the following conditions hold:

(PM1) F,,(t) = ¢eo(t) if and only if z = y;
(PM2) Fy(t) = Fy(t);
(PM3) F,.(t+5) > T(F,,(t),F,.(s)) for all z,y,2 € X and s,t > 0.

Remark 2.3. [16] Every metric space is a PM-space. Let (X, d) be a metric space
and T'(a,b) = min{a, b} is a continuous t-norm. Define F, ,(t) = ¢o(t — d(z, y)) for all
x,y € X and every ¢t > 0. The triple (X, F,T) is a PM-space induced by the metric
d.

Definition 2.4. Let (X, F,T) be a Menger PM-space.

(1) A sequence {z, }nen in X is said to be convergent to z in X if, for every € > 0
and A > 0 there exists positive integer N such that F}, ,(¢) > 1 — A whenever
n > N.

(2) A sequence {x, }nen in X is called Cauchy sequence if, for every e > 0 and A > 0
there exists positive integer N such that F, ., (¢) > 1— X whenever n,m > N.

(3) A Menger PM-space is said to be complete if every Cauchy sequence in X is

convergent to a point in X.

The (g, A)-topology (see [15]) in a Menger PM-space (X, F,T) is introduced by
the family of neighbourhoods N, of a point z € X given by

Ny ={Ni(e,\) | e>0,A€(0,1)},
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where

No(e,N) ={y € X | Fyle) >1— A}

The (e, A)-topology is a Hausdorff topology. In this topology the function f
is continuous in xy € X if and only if for every sequence x,, — x( it holds that
f(@n) = (o).

The following Lemma is proved by B. Schweizer and A. Sklar.

Lemma 2.5. [15] Let (X, F,T) be a Menger PM-space. Then the function F is a
lower semi-continuous for every fixed t > 0, i.e. for every fixed t > 0 and every two
convergent sequences {Tn}nen, {Untnen € X such that x, — x,y, — y, as n — oo it
follows that

liminf F, ,, (t) = F,,(t).

n—oo

Definition 2.6. Let (X, F,T) be a Menger PM-space and A C X. The closure of
the set A is the smallest closed set containing A, denoted by A.

Obviously, keeping in mind the Hausdorff topology, and the definition of converg-

ing sequences we note that the next remark holds.

Remark 2.7. z € A if and only if there exists a sequence {z,}nen in A such that

T, — T, as 1. — 00.

The concept of a probabilistic boundedness was introduced by Egbert [3]. A

version on this definition follows.

Definition 2.8. [3] Let (X, F,T) be a Menger PM-space and A C X. The proba-
bilistic diameter of set A is given by
t) = inf F, :

94(%) o swea 2(€)

The diameter of the set A is defined by
da =supdy(t).
>0

If there exists A € (0, 1) such that 4 = 1—\ the set A will be called a probabilistically
semi-bounded. If 4 = 1 the set A will be called a probabilistically bounded.

Lemma 2.9. Let (X, F,T) be a Menger PM-space. A set A C X is a probabilistically
bounded if and only if for every A € (0,1) there exists t > 0 such that F,,(t) > 1— A\
for all x,y € A.

Proof. The proof follows from the definitions of sup A and inf A of nonempty sets. [

Remark 2.10. It is not difficult to see that every metrically bounded set is also
probabilistically bounded if it is considered in the induced PM-space.



A CARISTI AND MEIR-KEELER TYPE CHARACTERIZATION OF COMPLETENESS... 185

Sherwood has proved the following theorem.

Theorem 2.11. [12] Let (X, F,T) be a Menger PM-space and {F,},en a nested
sequence of nonempty, closed subsets of X such that dp, — €¢, as n — oo. Then there

1s exactly one point xg € F,,, for every n € N.

It is easy to show that the following lemma holds.

Lemma 2.12. [12] Let (X, F,T) be a Menger PM-space. Let {F,}nen be a nested
sequence of nonempty, closed subsets of X. The sequence {F,}nen has probabilistic
diameter zero i.e. for every A € (0,1) and every t > 0 there exists ng € N such that
Foy(t) > 1 =X for all x,y € F,, if and only if 65, — €9, as n — oo.

3. Main results

The following theorem is proved by Pant et al. [10] (see Theorem 3.1, p. 4).

Theorem 3.1. [10] Let (X,F,T) be a complete Menger PM-space, and let f be
self-mapping of X such that Fy, p,(t) > min {F, ;,(t), Fy 1, (1)} and
given € € (0,1) there exists 6 € (0,¢€| such that

3.1
( ) e—0< min{ijfx(t),ijfy(t)} <€ = fo7fy(t) > €,

hold for all x,y € X, and everyt > 0. Then there exists a point z in X such that the
sequence of iterates { f"x}nen s a Cauchy sequence for every x in X, and lim f"r =

n—00
zZ.

The contractive condition employed in the previous theorem ensures the conver-

gence of sequence of iterates but does not ensure the existence of a fixed point.

Now, we will prove Meir-Keeler type fixed point theorem using the notion of weak
orbital continuity. Actually, we will prove that if all assertions of Theorem 3.1 hold
and additionally f is a weakly orbitally continuous mapping, then it is a necessary

and sufficient condition for the existence of fixed points of Meir-Keeler type mappings.

Theorem 3.2. Let (X, F,T) be a complete Menger PM-space a and let f be a self-
mapping of X which satisfies the conditions of the previous theorem. Then f possesses
a fixed point if and only if f is a weakly orbitally continuous mapping. Moreover, the
fixed point is unique and f is continuous at the fized point, say z, if and only if
ilir.i inf { Fy, .(t)} =1, for every t > 0.

Proof. From Theorem 3.1 we have that there exists a point z in X such that the

sequence of iterates { f"x},en is a Cauchy sequence and lim f"x = z, for every z in
n—o0

X.

If we assume that f is weakly orbitally continuous mapping, then since f"xy — 2

for every xy we obtain that f"y, — 2z and "y, — fz for some 3y in X. From
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previous, we have z = fz since "y, — 2. Hence z is a fixed point of f. Uniqueness

of the fixed point follows easily.

Conversely, if we assume that the mapping f possesses a fixed point, say z, then
{f"z = z}nen is a constant sequence such that lim f"z = z and lim f""'z =2 = fz.
n—oo n—oo

Hence, f is a weakly orbitally continuous mapping. It is also easy to verify that f is

continuous at z if and only if lim inf Fy, f,(t) = 1.
Tr—z

This completes the proof. O

Remark 3.3. From Theorem 3.2 we have that a mappings f is continuous at z if
and only if lim inf Fy, s,(f) = 1 or equivalently lim min { Fy, ,(t), Fy..(t)} = 1, for
T—z T—rz

every t > (. This can alternatively be stated as

f is discontinuous at z if and only if 9161_1})12 inf Fp, ¢,(t) < L.

Pant et al. [9] generalized Caristi fixed point theorem (see Theorem 1.4 from
Introduction) omitting the assumption that the function ¢ is a lower semi-continuous.
In next theorem we extends this theorem to the framework of Menger PM spaces.
Among the first extensions of Caristi fixed point theorems to the framework of Menger
PM spaces were obtained by Hadzi¢ and Ovcin [4] (Theorem 9, p. 207) and Shisheng

et al. [13] (Theorem 3, p. 221). The next theorem generalizes mentioned results.

Theorem 3.4. Let (X, F,T) be a complete Menger PM-space. Let f be a weakly
orbitally continuous or f* is continuous or f is k-continuous mapping, for some
k > 1, satisfying

for every x € X and t > 0, where ¢ : X + [0,00). Then f has a fized point.

Proof. Let o € X. Define a sequence {x,}nen by 1 = fxg, o = fr1, ..., T, =
fon_1, e x, = ffxo,n € N. If there exists some point z;, i € N such that ¢(x;) —
¢(fz;) <0 applying condition (3.2) we obtain that x; = fx;, i.e. x; is a fixed point
of f. Hence, we will assume that

d(x;) — d(fr;) = d(x;) — d(wig1) > 0,

holds for every ¢ € N, i.e. x; # z;41, for every i € N. It is obvious that {¢(z,)}nen is

a strictly decreasing sequence.

Now we will prove that from

F:po,wl (t) 2 €0 (t - ((]5(13()) - ¢($1)))
and

Foy 2y (1) > 0 (t - (¢($1) - ¢($2)))
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it follows

(33) on,m (t) Z €o (t - (gb(l'()) - ¢(x2)))
for every t > 0.

When t < ¢(xg) — ¢(2), it is obvious that (3.3) is satisfied, for every ¢ > 0.
On the other hand, if t > ¢(xy) — ¢(x2), then exist t1,t2 > 0 such that ¢; + to = ¢,
t1 > ¢(xo) — ¢(x1) and to > ¢(x1) — ¢(22). Let us assume that condition (3.3) is not
true. Then, there exists t* > 0, such that t* > ¢(z) — ¢(x2), for which it is satisfied

Fugan (1) < 0 (t = (6(20) — H(22)))
le.
(3.4) Frpay(t) < 1.
Also, for such ¢* > 0 then exist ¢,t5 > 0, such that t] + t5 = t*, t7 > ¢(zo) — é(x1)
and t5 > ¢(z1) — ¢(xg). Now, using condition (PM3) from Definition 2.2 we obtain
Fros (t) 2 T (Fro0, (1), Fry s (13)) =
=T (20 (] = (¢(x0) = 9(21))) 0 (8 = (6(21) = 6(2)))) =
—T(1,1) = 1.
This is contradiction with (3.4). Hence, condition (3.3) holds for every ¢t > 0. In

general, we have

(35) F:L‘o,:tn (t) Z €0 (t - (QS('CEO) - ¢(£En))) )

for every n € N.

Since, {¢(zn) }nen C [0, +00) is a strictly decreasing sequence, there exists s > 0,
such that lim ¢(z,) = s. Hence, for any given €, A > 0 such that ¢ > A, there exists
n—oo

an ng € N such that for every n > ny we have

(3.6) s < o(xy) < s+ A

From (3.6) we get that ¢(z,) — ¢(x,,) < A holds, for every m € N such that

no < n < m. Now, having in mind inequality (3.5) we obtain

Frpwn(€) > €0 (e = (0(zn) — d(z1))) >0 — A) = 1.

This implies that {z, },en is a Cauchy sequence. Since X is a complete, there exists

a point z in X such that lim z, = lim fPz, = z, for every p > 1. Suppose that f
n—oo n—oo

is a weakly orbitally continuous mapping. Since {f™zo}nen converges for every z in

X, weak orbital continuity implies that there exists yo € X such that f"yq — u, and

f"*lyy — fu for some v in X. This implies u = fu, that is u is a fixed point of f.

If f is k-continuous or f* is continuous for some k& > 1, then f is a weakly orbitally

continuous. This completes the proof. O
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Remark 3.5. The condition (3.2) is equivalent to the following condition
(Va € [0,1]) sup {t: Fyr.(t) <1—a} < ¢(z) — o(f2).

Example 3.6. In accordance with Remark 2.3 we have that the triple (X, F, Tpin)
is a complete Menger PM-space, for X C R. Hence, let X = [1, 3] equipped with the
Euclidean metric. Define f : X — X by

2 1 <x <2,
fr= 1, if2<x<3,
3, if x=3.

It is easy to see that mapping f is a weakly orbitally continuous. Let us define

¢: X —[0,00) by
w42, if w<2,
o(x) = .
r+2, if x>2.

Now, we will observe next three cases:

1. if z € [1,2) then we have

Fx,fz(t) = £&p (t —

for every t > 0;
2. if z € [2,3) then we have

Frpe(t) =gt — |z —1]),
and

eo (t = (p(x) — ¢(fx))) =0 (t — (x + 1)),

for every t > 0;

3. if x = 3 then we have
Fyp3(t) = €0 (1),
and
go (t— (6(3) — ¢(£3))) =20 (1),

for every t > 0.
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For all three cases condition (3.2) is satisfied, for every x € [1,3] and ¢t > 0. Hence,
all the conditions of Theorem 3.4 are satisfied and mapping f possess a fixed point

T = 3.

Remark 3.7. Mapping ¢ from previous example is not lower semi-continuous because
il{g inf ¢p(x) =0 < ¢(2) and we can’t apply mentioned theorems (Theorem 9 from [4]
and Theorem 3 from [13]) for obtaining a fixed point in this example. On the other
hand, if a mapping f satisfies the conditions of any of these two theorems then it has a
fixed point and it can be proven that mapping f is a weakly orbitally continuous (see
Remark 2.12 in [9]). Therefore, Theorem 3.4 contains these theorems as a particular

case. This also holds for Theorem 1.4.

Next Theorem is a corollary of Theorem 3.4.

Theorem 3.8. Let f be a contractive type self-mapping of a complete Menger PM
space (X, F,T). Suppose ¢ : X — [0,00) is a function such that

Froa(t) > 0 (t = (6(z) = ¢(fx)))

holds for every x € X and t > 0. If f is a weakly orbitally continuous or f* is
continuous or [ is k-continuous mapping, for some k > 1, then f has a unique fized

point.

We now show that Theorem 3.2 as well as Theorem 3.4 characterizes probabilistic

metric completeness.

Theorem 3.9. Let (X, F,T) be a Menger PM-space. If every k-continuous or weakly
orbitally continuous self-mappings of X satisfying the condition (3.1) of Theorem 3.2
or condition (3.2) of Theorem 3.4 has a fized point, then X is complete.

Proof. Let us assume that every k-continuous self-mapping of X satisfying condition
(3.1) of Theorem 3.2 or condition (3.2) of Theorem 3.4 possesses a fixed point. We
will prove that X is a complete Menger PM-space. If we suppose opposite, i.e that X
is not complete, then there exists a Cauchy sequence in X, say {a, }nen, consisting of
distinct points which does not converge. Let x € X be given. Then, since x is not a
limit point of the Cauchy sequence {a, }nen, there exists a least positive integer N(z)
such that r # ay(,) and

1
(3.7) Faan(® > 5 (14 Fraye, ()

is satisfied, for every m > N(z) and ¢t > 0. Let us define a mapping f : X — X by
f(l’) = CLN(I).
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Then, f(z) # x for every x in X. Using (3.7) for all z,y in X and every t > 0,

we get
1 1
(3'8) Ff%fy(t) = FaN(z)7aN(y) (t) > 5 <1 + Fr,azv(z) (t)> 5(1 + I fﬂ?( ))
if N(z) < N(y), or
1 1
fo»fy(t) :FaN(z)vaN(y)(t> 5 <1+FyUN(y)( )) 5(1+Fyfy< ))

if N(z) > N(y). This implies that

1
Fragy(t) > Gmin {14 Fopa(t), 14 Fypy(8) > min { Fopa(t), By (1)}

holds for all z,y in X and every ¢t > 0. In other words, we can choose 0 < d(€) <
min{e, 1 — e}, for given € € (0, 1) such that

e— 6 <min{F, 5, (1), Fy,(t)} < €= Fropy(t) > €,
is satisfied for all z,y in X and every ¢ > 0. Hence, it is clear that the mapping f
satisfies condition (3.1) of Theorem 3.2.
On the other hand, taking y = fz in (3.8) we get N(f

1
Fra.pa(t) = Fay @y an s (t) > 9 (1 + Frane (t)> -

for every ¢ > 0. From the previous inequality we have that

1
(3.9) sup {t : Fpy 2,(t) <1 —a} < 5 Sup {t: F () <1-a},
holds for every a € [0,1]. Now, let us define a function ¢ : X +— [0,00) by ¢(z) =
2sup {t : Fy 1,(t) < 1— g}, for arbitrary fixed ag € [0, 1]. Then using (3.9) we get
that
(3.10)
o(z) — o(fxr) = 2sup {t D Fy () <1— ao} — 2sup {t Frp 2. (t) <1— ao}
> 2sup {t D Fy () <1 — Oéo} —sup{t CF () <1 — ao}
_Sup{t Fxfx <1 O-/O}
for arbitrary fixed o € [0, 1]. From (3.10) and Remark 3.5 it is clear that f satisfies
condition (3.2) of Theorem 3.4.

x) > N(x) and
S0+ Fagel),

Since the range of f is contained in the non-convergent Cauchy sequence {a, }nen,
there exists no sequence {x,}nen in X for which {fx,},en converges for which the
condition fx, — t = f?z, — ft is violated. Therefore, f is a 2-continuous mapping.
In a similar manner can be proved that f is a weakly orbitally continuous. Thus, f is
a 2-continuous as well as weak orbitally continuous self-mapping of X which satisfy
the condition (3.1) of Theorem 3.2 and condition (3.2) of Theorem 3.4, but does not
possess a fixed point. This contradicts the hypothesis of the theorem. Hence X is
complete. This completes the proof. O
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Definition 3.10. A Menger PM-space (X, F,T) is said to satisfy Cantor’s intersec-
tion property if every nested sequence {F}, },en of nonempty, closed subsets of X such

that 0z, — €p, as n — oo has a nonempty intersection.

Having in mind Theorem 2.11 it follows that intersection from previous definition
consists of exactly one point. Recently, Tafti and Azhini [17] proved that (X, F,T)
is a complete probabilistic metric space if and only if Cantor’s intersection property
holds in X.

Now, we will show that Theorems 3.2 and 3.4 characterize Cantor’s intersection

property.

Theorem 3.11. Let (X, F,T) be a Menger PM-space and let f be a self-mapping of
X satisfying condition (3.1) of Theorem 3.2 or condition (3.2) of Theorem 3.4. If X
satisfies Cantor’s intersection property and f* is continuous or f is k-continuous, for
some k > 1, or [ is a weakly orbitally continuous, then f has a fived point and f is

continuous at z if and only if lim min { F, 1,(t), F. ;.(t)} = 1, for every t > 0.
Tr—z

Proof. Let xy be arbitrary point in X. Define a sequence {z, },en in X recursively
by z, = fr,—1, n € N. Then from Theorem 3.1 it follows that {z, },en is a Cauchy

sequence. Let us consider nested sequence of nonempty closed sets defined by
Gn = {Tn,Tny1,...} and F,=G,, ne€N.

It is obvious that 6p, — €9, as n — oo. Since Cantor’s intersection property holds
in X, in accordance with Theorem 2.11 there is exactly one point z € F,,, for every
n € N, which is obviously the limit of the Cauchy sequence {z, },en. Now, following
the proof of Theorem 3.2 or Theorem 3.4 it is easy to prove that z is the fixed point
of f and f is continuous at z if and only if lim min{F}, ;.(¢), F, r.(t)} = 1, for every
t > 0. This completes the proof. o O]

Theorem 3.12. Let (X, F,T) be a Menger PM-space. If every k-continuous or weak-
ly orbitally continuous self-mappings of X satisfying the condition (3.1) of Theorem
3.2 or condition (3.2) of Theorem 3.4 has a fized point, then X satisfies Cantor’s

ntersection property.

Proof. Let us assume that every k-continuous or weakly orbitally continuous self-
mapping of X satisfying condition (3.1) or condition (3.2) possesses a fixed point.
We assert that X satisfies Definition 3.10. For, if not, then there exists a nested
sequence {F), },en of nonempty, closed subsets of X such that 0p, — €9, as n — oo
which has empty intersection. Construct a sequence {x, },en in X such that x; € Fj,
for every i € N. Since g, — &9, as n — o0, for every A € (0,1), and every ¢t > 0
there exists a positive integer ng such that F,, . (t) > 1 — A, for every n,m > ny.

Therefore {z,}nen is a Cauchy sequence, but non-convergent Cauchy sequence since



192 RAJANDRA P. PANT®, RALE M. NIKOLIC"S, ABHIJIT PANT®, AND MAHESH C. JOSHI®

the sequence {F),},en has empty intersection. As done in the proof of Theorem 3.9
we can now define a k-continuous as well as weakly orbitally continuous self-mapping
of X satisfying (3.1) and (3.2) which does not possess a fixed point. This contradicts

our hypothesis. Therefore, Cantor’s intersection theorem holds in X. O

Remark 3.13. Theorems 3.11 and 3.12 show that fixed point property for k-continuous
or weakly orbitally continuous self-mappings of a Menger PM-space (X, F,T) satis-
tying (3.1) and (3.2) characterize Cantor’s intersection property.

If we combine Theorem 3.9 and Theorem 3.12 then we get the following theorem.

Theorem 3.14. Let (X, F,T) be a Menger PM-space. The following assertions are

equivalent:

(a) X is complete;

(b) X satisfies Cantor’s intersection property;

(c) every k-continuous or weakly orbitally continuous self-mapping f of X satisfying
the conditions Fpy g, (t) > min { F, 1,(t), Fy ,(t)} and

given € € (0,1) there exists 6 € (0,¢€| such that
€e— 06 <min{F, 1, (1), Fypy(t)} <€ = Fppy(t) >

has a fized point;
(d) every k-continuous or weakly orbitally continuous self-mapping f of X such that

there exists a function ¢ : X — [0,00) satisfying the condition

Fofa(t) > 0 (t — (8(x) — ¢(fx))) .
for every x € X andt > 0, has a fixed point.
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