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ABSTRACT. We are concerned with the existence of a nontrivial weak solution to Schrodinger—
Kirchhoff type equations involving the fractional magnetic field without Ambrosetti and Rabinowitz
condition using mountain pass theorem under suitable assumptions of the external force. Also,
we present the existence of infinitely many large- or small- energy solutions to this problem. The
strategy of the proof for these results is to approach the problem by applying the variational methods,

namely, the fountain and the dual fountain theorem with Cerami condition.
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1. Introduction

The present paper is devoted to the existence of solutions for the following

Schrodinger—Kirchhoff type equation with the fractional magnetic field
(1.1) K<|z|§’A> (=A)%z + P(2)z = Mh(z,|2])z  in RY,

where

i(z—y)- A(ZEY 2
2 _ [2(z) — VAT (y)|
|Z s, A T \/]RN /RN ‘x_y‘N+25 dl’dy, s € <Oa1)7

and the fractional magnetic operator (—A)% is defined as

(e ar). A(ZEY
p(z) — @A p(y)
|x_y|N+2$

(—A)%p(r) =2 lim dy, x¢cRY,

=0 JRM\Be (x)
for all p € C°(RY,C). Here, B.(x) denotes a ball in RY centered at z € RY
and radius ¢ > 0. The functions K : Rf — R{ is a continuous function and A :
RY — RY is the magnetic potential. Also, the nonlinearity function h : RY x
R — R will be stated later (see Section 2). The operator (—A)% is a fractional
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Laplacian accompanied by the magnetic field, which is the nonlocal operator given
in [21] as a fractional extension of the magnetic pseudorelativistic operator. We refer
o [20] for more details for s = 1/2. In particular, in the viewpoint of quantum
mechanics, many people have studied on quantum phenomena from various angles
(see [1, 3,9, 12, 18, 32, 33]). On the other hand, when A = 0, the standard fractional
Laplacian (—A)® has been become a classical topic for a long time and it is applied in
various research areas: the social sciences, quantum or phase transition phenomena,
continuum mechanics, game theory and Lévy processes [5, 6, 17, 22, 35] and the

references therein.
Kirchhoff in [25] first provided a model given by the equation
L 2 2
0z 0°z
G (TR L PR
Por ~\n oL ), |ax| “)os

which extends the classical D’Alembert’s wave equation by considering the changes

32 (@

in the length of the strings during the vibrations. In this direction, the non-local

problem of Kirchhoff type equations have been investigated in [8, 10, 14, 15].

In the recent paper [36], the authors consider the following limiting problem,

which is a Bourgain-Brezis-Mironescu type result in the framework of magnetic Sobolev

spaces
|2(x) — A (y) 2 _ : 2
llEH (1—2s) / / |a:—y|N+25 dxdy = Cn Q|V2—ZA($)2| dx,
where Cy = § [ov_1 |w-e[?dHN " (w), and SV~ is the unit sphere of RV and e is any

unit vector of RY. In fact, based on various methods, many researchers have estab-
lished the existence of a solution to the following limiting equation (or Schrodinger

equation with electromagnetic potential)
(= iV +A(2))’2 + P(z)z = h(z,|2])z, in RN
(see [2, 34, 41, 42]).

Now in order to ensure the existence of solutions to the nonlinear elliptic equa-
tions, we remind the Ambrosetti and Rabinowitz condition ((AR)-condition) [4], that
is,

(AR) There exist M > 0 and ¢ > 2 such that
0<CH(z,7) < h(z,7)r?, for 2€Q, and 7> M,
where H(x,T) fo r,5)sds and € is a bounded domain in R,

It is commonly well known that (AR)-condition plays an important role in applying
the critical point theory. However, this condition is restrictive and eliminates many
nonlinearities. Thus many researchers have attempted to drop the (AR)-condition in
the elliptic problem of nonlocal type (see e.g. [16, 22, 23, 24, 28, 37, 39, 41]). In this
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regard, we are to show the existence of a nontrivial solution for problem (1.1) without
(AR)-condition using the mountain pass theorem with Cerami condition. Further-
more, we present the existence of infinitely many large- or small- energy solutions
weak solutions to our problem without (AR)-condition. Especially, following in [26,
Remark 1.8], there are many examples which are not fulfilled the (AR)-condition of
h in a elliptic problem. Thus, inspired by these examples, we investigate the exis-
tence and multiplicity of weak solutions to the fractional p-Laplacian equation (1.1)
with the external magnetic potential. The strategy of the proof for these results is
to approach the problem by applying the variational methods, namely, the fountain
theorem and the dual fountain theorem with Cerami condition. The key point in
the present paper is to provide the existence of multiple solutions to (1.1) under
suitable conditions on nonlinear growth A that does not satisfy (AR). However the
main difficulty for getting the multiplicity results under these assumptions on the
nonlinear term h is to make sure the Cerami compactness condition of the energy
functional corresponding to (1.1). It is worth pointing out that we overcome it from
the coercivity of the potential function P. Hence our proof of these compactness con-
dition of the Palais-Smale type slightly differs from those of previous related studies
(16, 22, 23, 24, 28, 37, 39, 41].

This paper is organized as follows. In Section 2, we state some basic results
to deal with this type equation with the fractional magnetic field and review well
known facts for the fractional Sobolev space. And under certain assumptions on h,
we establish the existence of a weak solution of problem (1.1) using the mountain
pass theorem. And finally, we provide the existence of infinitely many large- or small-
energy solutions weak solutions by employing the fountain theorem and the dual

fountain theorem with Cerami condition.

2. Preliminaries and main results

We assume that P : RY — RT satisfies

(P) P € L,.(RY), essinf,cpny P(x) > 0 and lim,_,o P(x) = +o0.

loc

Let L%(RY) denote the Lebesgue space of real valued functions with P(z)|z|*> €

LY(RY), endowed with norm

212 = / P()|] de.
]RN

The fractional Sobolev space H5(RY) is then defined as for s € (0,1)

s N 2 N )|2
HHRY) = {zGL (R /RN/RN ]x—y]f\“r?s d:vdy<+oo}.
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The space H5(RY) is endowed with the norm

2
2 L 2 2 : ’
oBigiun = (1 + 1) with (2= [ [ BEZS0E gogy

For further details on the fractional Sobolev spaces we refer the reader to [27]

and the references therein. We recall the embedding theorem; see e.g. [22, 30].

Lemma 2.1. Let (P) hold and let 2% be the fractional critical Sobolev exponent, that

18

o . 2L if 2s < N,
oo, if 2s > N.

Then, the embedding H5(RY) — LY(RYN) is continuous for any v € [2, 2] and more-
over, the embedding H35(RY) — L7(RYN) is compact for any y € [2,27).

Let L4(RY C) be the Lebesgue space of functions z : RY — C with P(x)|z|? €
LY(RY), endowed with the (real) scalar product

(z,0)p2 = Eﬁ(/ P(:U)z@dx), Y z,v € L*(RY,C),
RN
where v denotes complex conjugation of v € C.

Also, due to [11], the magnetic Gagliardo seminorm is given by

(ile=0 A 5 ()2
y)l
|Z|sA _/RN /RN |x— Vs dzdy.

Define H% p(RY) as the closure of C°(RY, C) with respect to the norm

[20e.a = (2150 + 1212 0)-

A scalar product on H% p(RY) is given by

(2,0)54 = (2,0)13

_ pilz—y) A(EEY) . _ pilz—y)-A(EEY)
+£R(/ / ¢’ z(y)] - [v(x) —e v(y)]dxdy).
]RN ]RN

|z —y| N2

In fact, arguing as in [11, Proposition 2.1], we see that (H% p(RY), (:,-)) is a real
Hilbert space. Moreover, we can easily show that it is a reflexive and separable
Banach space as the similar arguments in [29, 30, Appendix]. The following Lemmas
2.2 and 2.3 are given in [39, Lemmas 3.4 and 3.5].

Lemma 2.2. If (P) holds and r € [2,2%], then the embedding
HZ,P(RNu C) — LTGRNa (C)

is continuous. Furthermore, for any compact subset T C RY and r € [1,2%), then the
embedding
Hf‘l,PGRN? (C) — H;’(F7 C) — LT(FJ (C)
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is continuous and the latter is compact, where H3% (I, C) is equipped with the following

! z(y)|?
qug,p: </ \dea:—k/F A |N+28 da:dy).

Lemma 2.3. Under the assumption (P), for all bounded sequence {z,} in 1 p(RY,C)

norm:

the sequence {|z,|} has a subsequence converging strongly to some z in L"(RYN) for
all r € 2,2%).

For our problem, we suppose that K : Rj — R satisfies the following conditions:

(K1) K € C(R{) satisfies inf,cg+ K(7) > a > 0, where a > 0 is a constant.

(K2) There is a positive constant 6 € [1, 325:) such that 0K(7) = 6 [ K(n)dn >

K(7)7 for any 7 > 0.

A typical example for K is given by K(7) = by + b17™ with m > 0,by > 0 and b; > 0.
Now we assume that for 1 < 20 < ¢ < 2%,

(H1) h: RN x Rt — R satisfies the Carathéodory condition.
(H2) h € C(RY x RT R), and there exist constants c¢;, c; > 0 such that

|h(z,7)| < c1 + o2, forall (z,7) € RY x RY, ¢ € (20,27).

(H3) h(z,7) = o(7) as 7 — 0 for x € RY uniformly.

(H4) lim, o HS;T) = 0 uniformly for almost all z € RY, where the number 6 was
given in (K2), and H(x,7) = [ h(z,n)ndn for all z € RN
(H5) There are v > 26 and C > 0 such that

h(z,7)7* —vH(x,7) > —B(x) forall z€RY and 7>C,

where 8 € L'(RY) N L>(RY) with 8(z) > 0
(H6) There exist ¢g > 0, ro > 0, and k > 2—]\2 such that

|H(z,7)|" < com®H(z,T)
for all (z,7) € RN xR* and 7 > ro, where H(x,7) = (55)h(x, 7)7*—H(x,7) > 0.

The Euler functional corresponding to the problem (1.1) is 7y : H% p(RY,C) — R
defined as

() = 5(K(=EL) + ) =) [ (2] do.

The functional 7, is Fréchet differentiable on H? A, 2l R ,C), and its derivative is

(F(2),v)
a(y)] - [o(x) — Ay

—e” y) AT . i(z—y)- ()]
dzd
( / /RN |z — y|N+2s xray
+/ P(x)z@dx—)\/ h(x,|z\)zz7da:>
RN RN
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for any z,v € HZ7P(RN ,C). Hereafter, (-,-) denotes the duality pairing between
(H5 p(RY,C)) and H3 p(RY,C). Following in [39], we observe that the critical
points of 7, are exactly the weak solutions of (1.1) and the functional 7, is weakly

lower semi-continuous in H$ p(RY, C).

The following result is to show that the energy functional 7, satisfies the geo-

metric conditions.

Lemma 2.4. Let s € (0,1) and N > 2s. Assume that (P), (K1), (K2) and (H1)-

(H4) hold. Then the geometric conditions in the mountain pass theorem hold, i.e.,

(1) 2z =0 is a strict local minimum for J.
(2) T is unbounded from below on H% p(RY,C).

Proof. Due to (H2) and (H3), for any £ > 0, we can choose a positive constant denoted
C'(e) such that

(2.1) \h(x,7)T| <eT+ C(e)r?t, forall (z,7) € RY x RY.

Assume that |z]s; 4 < 1. Owing to (K1), (K2) and (2.1), one has

() = 5= + o) = A [ A el

min{1,af~"} A€ ( )
e B R T .
min{1,a6"'} )\C'C( )
> WLy 2, - 29y,

for some constant C'. Choose € > 0 so small that 0 < AeC' < %‘M. Then

min{1,af'}

Te) > T e,

CA, C 25 4

Since ¢ > 2, there are R > 0 small sufficiently and 6 > 0 such that Jy(z) > § > 0

when |z||s,4 = R. Therefore z = 0 is a strict local minimum for 7).

Next we prove the condition (2). By the condition (H4), for any C' > 0, we can

choose a constant 6 > 0 such that
(2.2) H(z,7)>Cr%

for 7 > § and for almost all z € RY. Under the assumption (K2), we note that for
all £ >0,

(2.3) K(§) < K1) +¢").
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Relations (2.2) and (2.3) with Lemma 2.3 imply that for v € H% p(RY,C)

1
Filto) = SUC(tE ) + 1ol ) = [ (e fto)da
1 ~
< 5 (R)A+ 0% + ol ) =30 [ -l da
tv|>
1 -
< 5 CROPWEL + 1ol ) = N7C [ ol o
tu|>

1 ~
= (5 RO+ lelir) =20 [ ol )
tv|>

for t > 0. If C is large sufficiently, then we deduce that Jy(tv) — —oo as t — 0.

Hence the functional 7, is unbounded from below. The proof is completed. O

First of all, we introduce the Cerami condition, which was initially provided by
Cerami [7].
Definition 2.5. Let the functional ® be C! and ¢ € R. If any sequence {z,} satisfying
®(z,) > c and (14 |z.])| P9 (2.)] — O

possesses a convergent subsequence, then we say that ¢ fulfils Cerami condition ((C').-

condition in short) at the level c.

Definition 2.6. A function z € #5 p(R",C) is called a weak solution of (1.1) if z

satisfies

_ ila—y) A(ERY) . _ ile—y)A(TY)
K2, / / e 2(y)] - [o(x) —e so(y)]dxdy
RN

‘.1' _ y‘NJrZs

—|—/ P(x)ngdx) = 9%()\/ h(z, |z|)zg5dx>
RN Q
for all ¢ € 3 p(RY,C).
The following lemmas are essential in establishing the existence of a nontrivial

weak solution for the given problem.

Lemma 2.7. Let s € (0,1) and N > 2s. Assume that (P), (K1), (K2), (H1)-(H3)
and (H5) hold. Then the functional Jy satisfies the (C).-condition for any A > 0.

Proof. For ¢ € R, let {z,} be a (C)c-sequence in H% p(RY,C), that is,
@4 Sl e and IFC U+l 50 as 0o oo,
which means

(2.5) ¢=Jx(z) +o(1) and  (T}(zn), 2n) = o(1),

where o(1) = 0 as n — co. If {z,} is bounded in #% p(RY,C), it follows from the

analogous argument as in the proof of Lemma 4.2 in [39] that sequence {z,} converges
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strongly to z in H3; »(RY C). Hence, it suffices to ensure that the sequence {z,} is
bounded in H% p(RY,C). Notice that P(z) — +oc as |z| — oo, then

1 1
(_——)/ P(x) |z dw—cl/ (c1 |zal” + 2|2l *) da

1,1 1
>-(—_ = 2
= 2(29 y>”2””27P Co,

where C, Cy are positive constants and ¢y, ¢ are given in (H2). Indeed we know that

1 1 2 2 q
(% _ ;> /RN P(x) |z,|" dx — Cl/ (c1 |zn|” + 2 |2n|") do

|zn|<C

1,1 1 , 171 1 )
> (= —=) [ P@)lz)d —<———>/ P(z) |2[* d
—2<2e ,,) /RN (@)l dr+ 3055 =5 o (@) on]” do
_Cl/ (c1 |zl + €2 ]20]") dx—(h/ (c1 |z + €2 |20|") d
2n|<1 1<|zn|<C

11 1 s 171 1 )
A et D) [ e
>3(5-7) /RN )zl dr 4555 = /l%gl (@) Jzal” d

—Cl(Cl+C2)/ |Zn|2 dl’—él,
|2n|<1

where C} > 0 is a constant. Since [{z € RY : |z,| > 1}| < oo, we know that there are
a bounded set B and a set M of measure zero such that {x € RY : |2,| > 1} = BUM
where | - | is the Lebesgue measure in RY. Without loss of generality, suppose that
there exists B, C RY such that {z € RY : |z,| > 1} C B,. Since P(x) — 400 as

|z| = oo, there is 7y > 0 such that |z| > 7 > 7 implies P(z) > 2Cs(c; + 2) 2%

Hence one has

1 1 2 2 q
(35=7) [ P@al &= [ (@l +alald

|zn|<C
1/1 1 1/1 1
>5(5-3) [ P@ sl a5 (5-3) | P(a) |2 do
2\20 v/ Jzgn 2\20 v {lzn<1}NBg,
1,1 1 2 2
+ _<_ - _> P(z)|z,|” dx — Co(c1 + o) |2n|” da
2\20 v/ J{z <108, {|zn|<1}NBg,

—02(01—1-02)/ |zn|2 dz — Cy

{lzn|<1}NBx,

111 , 11 1 )
(=-=)[ P (5 - - P
(2 7) /RN @l do+ 5 (55 7) /{|zn|s1}nB:0 (@) |zl da

5(c1 +62)/ |Zn|2 dz — Cy
{znl< 1308,

1,1 1 ,
> (= _
= 2(20 y) /RN P} |zal” dv = Co,

v

Q
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as claimed. This together with (K1)-(K2), (H2)-(H3) and (H5) yields
1
c+12>T(z) - > (T (2n), 2n)

1 1 1 1
> Kl )~ K (L llat (5= 3) [ P@)lal da
p v p RN

14

1
o (—h<x,|zn|>|zn|2—H<x,|zn|>) ds
RV \V
1 1 1 1
> (= — - : : v R 2
> (29 V) K(zal2 )02+ (55 V)/RNP(xHZH dz

1
+/\/ (—h(m,|2n|)|zn|2—H(.%',|Zn|)) de'—Cg/ (cl|zn|2+62lzn|q)d$
jznl>C \V [znl<C

1,1 1 A
st 1 . 2 A _
> 2<20 1/) mln{l,a}HanS,A » /RN B(x) dxr — Co

1,1 1\ . A
> (= ) min(t iz - M6l o

Therefore, the sequence {z,} is bounded in #% »(R",C). This completes the proof.
[

Lemma 2.8. Let s € (0,1) and N > 2s. Assume that (P), (K1), (K2), (H1)-(H4)
and (H6) hold. Then the functional Jy satisfies the (C).-condition for any X > 0.

Proof. For ¢ € R, let {z,} be a (C)c-sequence in H% p(RY,C) satisfying (2.4) and
(2.5). As in Lemma 2.7, it suffices to ensure that the sequence {z,} is bounded
in # p(RY,C). We argue by contradiction. Assume that the sequence {z,} is

unbounded in 7% »(RY,C). So then we may assume that
|lznls.a — 00, as n — oo.

Due to the condition (2.5), we have that

(2.6) = Tx(z) +o(1) = %(K(‘Zn‘i,fl) +znl2.p) — A/ H{(, [zn]) dz + o(1).

RN

Since |z,]s.4 — 00 as n — 0o, we assert by (2.6) that

1 c o(l)
[ el o 2 S0P+ ) - 5+ 5
L ind1 oo ¢ . o)
(2.7) = N min{1, a6 1}”ZHH§,A - + ~ — 00 as n — 00.

Define a sequence {w,} by w, = 2,/[2u]s.4. Then it is immediate that {w,} C
H5 p(RY,C) and |wy|s.4 = 1. Hence, up to a subsequence, still denoted by {w,}, we

obtain w, — w in H5 p(RY,C) as n — oo, we have

(2.8) wn(2) = w(z) for ae. € RY and  |w,| — |w| in L"(RY)
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asn — oo for 2 <r < 2. Set ¥ = {z € RY : w(z) # 0}. By the convergence (2.8),
we know that

|20 (2)| = |wn ()] |2n]s.a — 00 as n— o

for all x € ¥. Then it follows from (K2) and (H4) that for all x € X,

o H@la) L H )
=00 K([2n[? 4) + [2nl5 p — n=roe (L)L + [20]3%) + 205 p
H
. (@, |z
=00 2KC(1) | 20| 24 + 205
> lim
o0 (2K0(1) + 1) | 2n]2%
H
g AGLED
oo (2K0(1) + 1) |20
(2.9) = 00,

where the inequality IC( ) < K(1 )(1 +n?) is used for all n € R{ (see (K1)) because
if 0 <n <1, then K(n) = [ K(s)ds < K(1), and if > 1, then K(n) < K(1)n’.
Thus we obtain that |Z| = 0. Indeed, assume that |X| # 0. Taking account into
(H4) we can choose 79 > 1 such that H(z,7) > 7% for all z € RY and 7y < 7. By
means of (H1) and (H2), we derive that there is K > 0 such that |H(z,7)| < K for
all (z,7) € RY x (0,79]. Hence there is a Ky € R such that H(z,7) > K, for all
(z,7) € RN x RT, and thus
H{(z, |20]) — Ko

K(|Zn|§,,4) + ”Zn”%,P

for all z € RY and for all n € N. In accordance with relations (2.7), (2.9), (2.10) and

the Fatou lemma, we infer that

1 Jon H(z, |2,|) dz

=1 f R

A 17?_1}&1 A Jen H ‘zn‘)dx+c—0(1)
2H

> liminf/ 2(3:, ) 7 dx

n—oo  JpN K(|Zn|S,A) + ”Zn”Q,P

> lim inf 2H (z, |z,]) g I 2K,
> limin x — lim sup
n—oo  JRN K(\Zn\iA) + Hzn|!§,p n—oo JRN ’C(|Zn|3,,4) + ”anS,P

K,
Zliminf/ (@, 20]) — Ko)
n—00 |Zn|5,A) + ”Zn”zP

2(H
K(
_/hmmf 2<< (2, |2n]) = Ko) dx

n=oo K(|2nl3 ) + 12nl3 p

2H n 2K,
/hmmf (2, |2nl) 5 dx—/limsup 5 0 5— dx
s nos K(|2nl3a) + [2al3p 5 noo Kll2nla) + 2nl3 p

(2.10) >0,

dx

dx

= 00,



ON FRACTIONAL MAGNETIC OPERATORS 247

which is a contradiction. This means w(x) = 0 for almost all z € RY.

Note that for a sufficiently large n,

1
c+1> jA<Zn) by <a7,\(2n> Zn>

1
= 5B + 1) = A [ Bz

1
— s (K (lal? Dzl g + Il ) + o / o, 2al) 2l

(2.11) >N [ H(z, z,)d.
RN

Let us define 3,,(a,b) := {z € RY : a < |z,| < b} for 0 < a < b. By the convergence
(2.8), we know that

(2.12) lwa] =0 in L"(RY) and w,(z) =0 forae zcRY

for 2 < r < 2%. Hence from the relation (2.6) we get

L. [H (, |20])]
(2.13) 0<—< hmsup/ dzx.
2A n—oo JRN IC(‘Z@,A) + Hznl\ép

On the other hand, from (H2), we know that
(2.14) [H(a, J2D] < S 1af + 21"

Then, from the conditions (K1)—(K2), (2.12) and (2.14), we have

H n
[ (CAEY I,
a0y Kzal ) + I3

PRI PRT
</ IR T
$n(0,r0) IC(|ZTL|8,A) + ||Zn||2,P

ooy 1 / 272 |
- min{l,a@‘l}"zn”gﬂ min{1,af0=1}q /s, 0,r0) " "
“Zn”%ﬁ(RN) 1
q—2 2 d
= min{L, a0} [zaP, | min{L,af1}q " /RN lwon]” dx

|wn 7 (RN) 1
2.15 < 2 [ 1,24 50
(2.15) ~ min{1,a6-'} * min{l,a@*l}qro /RN jon” dz ’

as n — 00, where we use the inequality
K(|zals 4) + 2155 > min{1, a0~} 2,3 4

by the definition of the Kirchhoff function K and norm | - |s.4. Set &' = k/(k — 1).
Since k > I, we see that 2 < 2x’ < 2. Hence, it follows from (H5), (2.11) and (2.12)
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that

H n H(z, |z,
Satroco) K(|2nl5 4) + |2al5 p Sn(ro,c0) Min{1, a1} [z,

1 1
1 H " K K ’{/ K/
< 1 / (L'*;‘W) i / o da
min{1,af0='} | Js,(r0.00) |2 S (ro,00)
& N . ¥
< — nl)d W d
_mm{l,ag_l}{/En(mm)%<x,|z ) } {/ ] }
1 1 o
c§ c+1\* o/ "
2.16) < 0 W7 d — 0, — 00.
010 = it () { o ) 0w
In combination with (2.15) and (2.16), we get
| H (2, |2n])]
dx
ey K(l2nl2 ) + 123 p
H(z, |z H(z, |z
-/ Dy, f He 5l
£a(0r0) K2nl5 4) + [20]3 p Stro00) KllZnl5 4) + 12nl2 p
as n — oo, which contradicts (2.13). The proof is completed. O

Using Lemma 2.7, we prove the existence of a nontrivial weak solution to our

problem.

Theorem 2.9. Under the same assumptions of Lemma 2.7, then the problem (1.1)

has a nontrivial weak solution for all X > 0.

Proof. Note that J,(0) = 0. By Lemma 2.4, the mountain pass geometric condi-
tions are satisfied. From Lemma 2.7, J, fulfils the (C').-condition for any A > 0.

Subsequently, problem (1.1) admits a nontrivial weak solution for all A > 0. O

With the help of Lemma 2.8, we obtain the following assertion.

Theorem 2.10. Under the same assumptions of Lemma 2.8, then the problem (1.1)

has a nontrivial weak solution for all A > 0.

Proof. The proof is completely the same as that of Theorem 2.9. m

At last, we are ready to prove our multiplicity results. By using the fountain
theorem in [38, Theorem 3.6], we demonstrate infinitely many weak solutions for
problem (1.1). Let E be a reflexive and separable Banach space, then it is known
(see [13]) that there exist {e,} C E and {f} C E* such that

E:span{@n;n:LQ,...}’ E*:span{f;;:nzl,Q,---},
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and

i} 1 if i=y
<fz'7€j>: . . .
0 if ¢ #j.

Let us denote &, = span{e,}, Vi = @2:1 Eny and Z, = @, &,. In order to obtain

our first multiplicity result, we use the following Fountain theorem.

Lemma 2.11. ([31, 38]) Let E be a real Banach space, T € C'(E,R) satisfies the
(C)-condition for any ¢ > 0 and T is even. If for each sufficiently large k € N, there
exist o, > o1 > 0 such that the following conditions hold:

(1) Bp:=inf{Z(z): z € Z4,|2|g =0k} = 00 as k— oo;
(2) ap:=max{Z(z):z € Y, |z|lg = ox} <0.

Then the functional Z has an unbounded sequence of critical values, i.e., there exists

a sequence {z,} C E such that T'(z,) = 0 and Z(z,) — +00 as n — +00.

Theorem 2.12. Let s € (0,1) and N > 2s. Assume that (P), (K1), (K2) and (H1)-
(H5) hold. Then for any A > 0, problem (1.1) possesses an unbounded sequence of
nontrivial weak solutions {z,} in H5 p(RY,C) such that J\(z,) = 00 as n — oo,

Proof. The proof follows the lines of that of Lemma 3.2 in [40]. To apply Lemma
2.11, let us denote E := % p(RY,C) and Z := J,. Plainly, 7, is an even functional
and ensures the (C').-condition by Lemma 2.7. It suffices to show that there exist

ok > oy > 0 with the conditions (1) and (2) in Lemma 2.11. Let us denote

Sk = sup |~ HLQ(RN)-
I2]s,a=1,2€ 2}
Then, it is easy to verify that ¢, — 0 as k — oo. For any z € Zj, assume that
|z]ls,.4 > 1. Choose € > 0 so small that 0 < AeCjp < %‘w—l} where C;,,; 1s an
imbedding constant of 7% p(RY,C) < L*(R"). Then it follows from (2.1) that

i) = 500=E0 + o) = A [ A e

min{1, af~*
217) > mnlla? ) HHAA/ffu|

min{1,af '} e AC(€)
DL Dol - ey — 25
> min{lélae_l}

e L e O B o I

v

BT

224 = AC ()i lI=]% 4
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1
Choose o), = [ﬁa(;)_l}gg} *7% . Since 2 < g and ¢, — 0 as k — 00, we infer o5 — 00

as k — oo. Hence, if z € Z; and |z|s 4 = ok, then we deduce that

1,a0™!
%U%%O@ as k — oo,

In(z) >

which implies (1).
Now we prove condition (2). To do this, we claim that J\(z) — —o0 as |z]s.4 —

oo for all z € Vi.. Let us assume that this is false for some k. Then we can choose a
sequence {z,} in 5 p(RY,C) such that

lznlsa — 00 asn — oo and  Ji(z,) > —K.

Let wy, = 2,,/||2n|s,4. Then it is obvious that |w,|s.4 = 1. Since dim ), < oo, there is
w € Vi \ {0} such that up to a subsequence,

|lwn —w|s.a =0 and w,(z) = w(x)

for almost all z € RY as n — oo. Thus we have by (2.17) that

1 K 1 Ta(zn)
2 K(lzalia) +lzalie =2 K(l2ala) + 2al3p

H
[ s,
ry K(|2nl5 1) + [20]5.p
H(z,|zn|)
(2.18) >\ / .
(wn(@)20p 2K(1) + 1) |20 24

If we follow the analogous argument as in the proof of Lemma 2.8, we derive by (2.10),
(2.18), (H4) and Fatou’s lemma that

— > lim mf/ dx

. / Ko
— lim sup
noo Jwn(@zoy (2KK(1) + 1) |2a]2%

. |2,]) — Ko
= lim mf/
n=oo i, oy (2KK(1) + 1) 2. ]2,

H(z,
(
2/ lim inf A, |z]) - 39 dx
{wn (z)#0} TP <2K(1) )”zn‘s,A

H n
:/ lim inf (. |2nl) s d

/ li Ko d
— im sup x
(wn(@)20} n—oo (2KK(1) + 1) |2a]2%

1 H n
> —/ lim inf L;DWHFQ dr = 00

dz
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where K was given in the proof of Lemma 2.8. This is impossible. Thus, J,\(z) —
—00 as |z]sa4 — oo for all z € V. Choose g > o5, > 0 large sufficiently and let
|zlls,.4 = ok, we finally obtain

ap = max{J\(z) : 2 € Vi, |2]s,.a = 0x} <O.
This completes the proof. O

Theorem 2.13. Let s € (0,1) and N > 2s. Assume that (P), (K1), (K2), (H1)-(H4)
and (H6) hold. Then for any A > 0, problem (1.1) possesses an unbounded sequence

of nontrivial weak solutions {z,} in H% p(RY,C) such that J\(z,) = o0 as n — oo.

Proof. By a similar fashion as in Theorem 2.12, instead of Lemma 2.7, by Lemma
2.8, the conclusion holds. O

Definition 2.14. Let E be a real separable and reflexive Banach space. We say that
7 satisfies the (C')#-condition (with respect to )),) if any sequence {z,}nen C E for
which z, € V,, for any n € N|

I(zn) = ¢ and  [(Z]y,) (zn)

(1 4+ |zallg) — 0 as n — oo,
contains a subsequence converging to a critical point of Z.

Lemma 2.15. (Dual Fountain Theorem [19, Theorem 3.11]) Assume that E is a real
Banach space, T € C1(E,R) is an even functional. If there is kg > 0 so that, for each
k > ko, there are o, > o, > 0 such that

Al) inf{Z(z) :z € 2, |z|g = or} > 0.

A2) B :=max{Z(z): 2 € W, |2|lg = ox} < 0.

A3) v :=inf{Z(2) : z € Z,|2|g < ok} — 0 as k — oc.
A4) T satisfies the (C)%-condition for every ¢ € [dy,,0).

(
(
(
(

Then Z has a sequence of negative critical values ¢, < 0 satisfying ¢, — 0 as n — 0.

Lemma 2.16. Under the same assumptions of Lemma 2.7 (resp. Lemma 2.8), the
functional Jy satisfies the (C')%-condition.

Proof. The proof is carried out by the analogous argument as in [40]. O]

With the help of Lemmas 2.15 and 2.16 we are ready to demonstrate the following

assertion.

Theorem 2.17. Under the same assumptions of Theorem 2.12, the problem (1.1) has
a sequence of nontrivial weak solutions {z,} in H3 p(RY,C) such that J\(z,) = 0
as n — oo for any A > 0.
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Proof. Invoking Lemma 2.16, we get that 7, is even and satisfies the (C')-condition
for all ¢ € R. Now it remains to show that conditions (A1), (A2) and (A3) of Lemma
2.15 are satisfied.

(A1): Let us denote

1) = sup |2l c2@ny,  Oop = sup | 2] Loy
Izls,4a=1,2€2 Izls,4=1,2€2

Then, it is immediate to verify that 6;;, — 0 and 65, — 0 as k — oco. Set ¥, =
max{6; s, 021} Then it follows that

Tn(z) = 2120 + 1212p) — A / H(z, |2|)dx

2
min{1, a6~} Acy ACa
> L g~ 2oy — 22 el
min{1,af '} )\01 Ao
S YR PR AR LU WL
min{1,af~'} 1 G
> B b - a (2 42) Rlal

for sufficiently large k and |z||s.4 > 1. Choose

1
4\ Cq Co 2 2—2q
==+ =)0 .
Pr [min{l,aé’—l} (2 + q) k}

Let z € 2, with ||z]s.4 = or > 1 for k large enough. Then, there exists ky € N such
that

min{1, ad~! c c
) 2 BT g (242 g,
2 ’ 2 q :
1,a0~!
min{ Z,La } 25
for all £ € N with k£ > kg, because
min{1,af~'} ,
I<:—>Igo 4 Ok = 0
Therefore,
inf{J\(z) : z € 24, |z]|s.a = 0k} > 0.
(A2): Observe that | - [r2@ny, | - [r20@yy and | - |54 are equivalent on Y. Then

there exist positive constants ¢; ; and ¢, ;, such that
|2l z2@ny < cuplzls.a and [2]s.a < okl 2] 2o @

for any z € Vi From (H2)—(H4), for any M > 0 there is positive constant C7(M)
such that

H(z,7) > M§226;€T29 Cr(M)T?
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for almost all (z,7) € RY x R*. Since K(n) < K(1)(1 +n°) for all n € Ry, it follows
that

1
i) = 50 + 120 — [ | Halel)da
1
< 5 (RO + 220 + el ) - M [ o+ Coa) [ oo
RN RN
1
s§(<wn 1) = M [P o) [P

<3 ~(2K(1) + 1) |22 = MUz + Cr (M) 213

for any z € Yy with |z[s4 > 1. Let h(7) = 5 (2K(1) + 1) 7% — M7% + Cr(M)<} 72
If M is large enough, then lim, ., h(7) = —o0, and thus there is 79 € (1, 00) such
that h(7) < 0 for all 7 € [ry,00). Hence Jx(z) < 0 for all z € YV, with |z]s.4 = to.
Choosing o5, = t, for all £k € N, one has

Br = max{J\(2) : 2 € Vg, |2|s,a = o1} < 0.
If necessary, we can change kq to a large value, so that g > o > 0 for all k > k.

(A3): Because Yy N Z # ¢ and 0 < 0y, < g, we have vy, < i, < 0 for all k > k.
For any z € Z; with |z]|;4 =1 and 0 < 7 < g, one has

min{1,af '} ey ACa
In(rz) > #HT’Z”S, - _HTZ“L2 (RN) — 7 HTZHLq (RN)
)\Cl )\CQ
> =2 el — 21 el
)\Cl )\CQ
>~ o0 — — o}

for large enough k. Hence, it follows from the definition of g, that

A A
et} — 2ol

Vi = — 2

1

- )\Cl 4\ Cq Co 1-q 41:2qq
T2 [min{l,a@l} (2 + q)} U

A 4\ ﬁ (2—q)q
el N fa a)]TE e
¢ |min{l,a0-'} \ 2 ¢

Because 2 < ¢ and ¥ — 0 as k — oo, we derive that limy_,, 7% = 0.

Hence all conditions of Lemma 2.15 are required. Consequently, we assert that
problem (1.1) has a sequence of nontrivial weak solutions {z,} in H% p(R",C) such
that J\(z,) — 0 as n — oo for any A > 0. O

Theorem 2.18. Under the same assumptions of Theorem 2.13, the problem (1.1) has
a sequence of nontrivial weak solutions {z,} in H3 p(RY,C) such that J\(z,) = 0
as n — oo for any A > 0.
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Proof. The proof is carried out by a similar fashion as in Theorem 2.17. m

3. Conclusion

In this paper, we take into account the variational methods to get the existence
of nontrivial solutions to nonlocal Schrodinger—Kirchhoff equations with the external
magnetic field. In particular we obtain these results under the various conditions on A
when the nonlinear growth h does not satisfy the condition of Ambrosetti-Rabinowitz
type. We point out that with an analogous analysis our main assertions still hold when
(—A)%z in (1.1) is changed into any non-local integro-differential operator £, defined

as follows:

Lyz(z) = Q/RN(z(x) —E(z,9)2(y))¢(x — y)dy for all z € RV,

where E(z,y) = @ ¥4%%) and ¢ : RV \ {0} — (0,+00) is a kernel function
satisfying properties that

(K1) m¢ € LYRY), where m(z) = min{|z|?, 1};
(K2) there exists 1 > 0 such that ¢(z) > plz|~N*29) for all z € RV \ {0};
(K3) ¢(x) = ¢(—=z) for all x € RV \ {0}.
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