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ABSTRACT. In this work, we investigate the existence of random integral solutions for convex
and non-convex evolution differential inclusions with periodic conditions. Also, we give the random
version of Bader’s fixed point theorem. The existence results are established by means of random

fixed point theory. Finally, an example is given to illustrate the result..
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1. INTRODUCTION

The study of periodic problems has received great attention from many authors.
For evolution equations, we refer to the works by Pruss[26], Vrabie[32], Becker|[7] and
the references therein. In addition, for evolution inclusions, we cite the works by
Hu and Papageorgiou [16], Kandilakis and Papageorgiou [20], Lakshmikantham and
Papageorgiou [23], and we also mention recent articles by Bader and Papageorgiou
[4], and Hu and Papageorgiou [19].

The topic of random differential equations and inclusions is a great field. This
theory is used in many different applications such as statistics, control theory, bi-
ological sciences, etc. For more information on such applications, see the books of
Bharucha-Reid [8] and Skorohod [30]. Due to different applications, various studies
of differential equations with random coefficients have been considered recently; see
for instance [5, 14, 15, 24, 28, 29] and their references.

Received November 1, 2022 1056-2176 $15.00 @Dynamic Publishers, Inc.
www.dynamicpublishers.org; www.dynamicpublishers.com;
https://doi.org/10.46719/dsa202231.04.04.



266 O. K. BELLAOU!, A. BALIKI?, J. HENDERSON?, AND A. OUAHAB?

In view of this we study the existence of random integral solutions for the following

problem

(1.1) { —'(w,t) € Aw)z(w,t) + Fw,t,z),t € [0,b],

r(w,0) = z(w,b), we,

where for every w € Q, A(w) is an m—accretive operator in a reflexive Banach space
X, F:Qx[0,b] x X — 2% is a multivalued map (perturbation), and = : Q —
D(A(w)) C X is random variable.

We first collect some background material and basic results from multivalued
analysis and random variable calculus in Section 2. The existence of random integral
solutions of (1.1) is investigated in Section 3. The extremal solution is considered in
Section 4. Finally, in Section 5, an example is described to illustrate the applicability

of our results.

2. PRELIMINARIES

Let (E,|-|) be a Banach space. Denote by P(E) = {Y C E: Y # 0},
Pa(E) = {Y € P(E): Y closed}, P,(E) = {Y € P(E): Y bounded}, P.,(E) =
{Y € P(E): Y convex}, P.,(E) ={Y € P(E): Y compact}, and Pyi,(E) ={Y €
P(E): Y weakly compact}.

Let X be a real reflexive, separable Banach space with norm || - ||, X* be the dual
space of X, with norm || - [|s, (X, X*) be the weak topology on X, and denote by
X, the space X endowed with the topology o(X, X*) : The duality pairing between
X and X* will be denoted by (-,-). The duality mapping J(x) : X — 2% is defined
by

J(z) = {:c* € X*:2%(x) = ||z|]* = H:c*Hz} Ve e X,

and the upper semi-inner product on X is defined by

(y,x)5 = sup{z*(y) : 2" € J(2)}.
The duality mapping J is single-valued and uniformly continuous on bounded subsets
of X, if X* is uniformly convex.

Let A: X — 2% be a multivalued operator on X. The domain and, respectively,
the range of A are given by

D(A):={ze X :Ax #0}, R(A):= U Ax.
)

xeD(A

The operator A is called m-accretive if the following conditions are satisfied:

e A is a monotone operator,

(y —y, 2’ —x), >0,Ve,a’ € D(A),Vy € Az,Vy' € A/,
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R(I +XA) = X,VA >0,
where [ is the identity map on X.

If A is m-accretive, then —A generates a semigroup of contractions {S(¢) : ¢ > 0}
on D(A), according to a celebrated conclusion by Crandall and Liggett [11]. The
semigroup {S(t) : ¢ > 0} is said to be a compact semigroup, if S(¢) maps bounded

subsets of D(A) into precompact subsets of D(A), for each ¢ > 0.

Throughout this paper we will be using the following notations: C([0,b], X) is

the Banach space of all continuous functions « : [0, b] x X with norm
[ulloe = sup [lu(?)]],
teJ

and for 1 < p < oo, LP([0,b], X) is the Banach space of measurable functions w :
[0,b] x X such that ||ul|, is Lebesgue integrable, endowed with the norm

= ([ e "

We consider the following weak norm in the space L'([0,0], X), given by

il =sup {| [ atrar

The norm || - ||, is weaker than the usual norm || - ||; and for a broad class of
subsets of L'([0,0], X), the topology defined by the weak norm coincides with the
usual weak topology (see Proposition 4.14 in [17]). The space L'([0,b], X), equipped
with the weak norm, will be denoted by L. ([0,b],X) . This notation is to be
distinguished from L*([0,b], X),,, which designates the space L'([0,b], X) with the
a(L([0,0], X), L>(]0,b], X*)) topology.

Let A is m-accretive on X. For f € L'([0,b],X) we consider the evolution

10 < sgtgb},vue L'([0,0], X).

equation,

(2.1) —/(t) = Au(t) + f(t), te0,b).

Definition 2.1. A continuous function w : [0,b] — D(A) is called an integral solution
of (2.1) if for all x € D(A), y € Az and all 0 < s <t <D,

(2.2) lu(t) = =[* < Ju(s) — 2|* + 2/ (=f(1) =y ulr) — x)4dr.

It is well-known that for each ug € D(A) and f € L'(]0,b],X) the equation (2.2)

admits a unique integral solution satisfying the initial condition u(0) = uy.

Let (2,3, 1) is a complete, o—finite measure space, £([0,b]) is the Lebesgue
o—field of [0,0], and B(X) the Borel o—algebra on X. Then (2 x [0,b] x X, % x
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L([0,b]) x B(X)) and (£2x [0, b], ¥ x L([0,b])) are, respectively, the product c—algebra
on Q x [0,b] x X and Q x [0,0].
The multifunction ¢ : @ = Py(X) is called measurable if it satisfies any of the
following equivalent conditions :
o Grop={(w,z) e x X :2€pw}elxBX).
e The function w — d(z, p(w)) = inf{||z — z|| : 2 € p(w)} is measurable.

The set of all measurable selections of ¢ that belong to the Bochner-Lebesgue space
LP(2, X), we denote by S?,

S={y e LP(Q,X) :(w) € p(w), a.e. on Q}.

According to the Kuratowski-Ryll Nardzewski Theorem (see, e.g. [17], p.154) one has
that for a measurable multifunction ¢ : Q@ — P;(X), the function w — inf{||z| : z €
¢(w)} belongs to L1 (Q2) = LP(2, RT), if and only if the set S? is nonempty.

A subset A of LP(]0,b],X) is decomposable if for all u,v € A and N C X
measurable, the function w,, + Uxoupn € A, where x stands for the characteristic

function. Clearly SP is decomposable.

Let now Y be a Hausdorff topological space and let ¢ : Y — 2%, For A € 2%, we

set
¢ (A) ={y €Y 1 p(y) N A0},
o (A) :={yeY :¢(y) C A}.

Definition 2.2. The multifunction ¢ is said to be

(A) Upper semi-continuous on X (u.s.c., for short) if the set ¢ (A) is open in Y for
any open subset of A of X.(Equivalently, is u.s.c. if ¢71(C) is closed in Y for
each closed subset C of 7).

(B) Lower semicontinuous on X (l.s.c., for short) if ¢*(C) is closed in Y for each
closed subset C' of X.

Proposition 2.1. If ¢ : Y — P(X) is upper semicontinuous, then ¢ is closed (its
graph Gro is closed in Y x X )

Proposition 2.2. if ¢ : Y — P;(X) is closed and locally compact (is, for every y € Y,
there exists a U € N(y) such that ¢(U) € Py(X), then ¢ is upper semicontinuous

Consider the Hausdorff pseudo-metric distance
Hy(A,B) : P(X) x P(X) - RT Uoo

defined by
H,(A, B) = max{supd(a, B),supd(A,b)}

acA beB

where d(A,b) = inf,c 4 d(a,b) and d(a, B) = infycp d(a, b).
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A multifunction ¢ : Y — Pp(X) is called Hausdorft continuous if ¢ : ¥ —
(Py(X), Hq) is a continuous map, that is, for every yo € Y and any € > 0 there exists
a neighborhood Uy of yo such that for any y € Uy, we get Hq(od(y), d(v0)) < €.

By a space we always mean a separable Banach space.

Definition 2.3. Let X,Y be two real separable Banach spaces, a multivalued map
F:Qx X — Y is called a random operator if w — F(w,x) is measurable for every
r e X.

Definition 2.4. A random fixed point of F' is a measurable function z : 2 — X such
that
2(w) € F(w,z(w)) forall w e .

Definition 2.5. An random multivalued operator F': Q x X — P(X) is called has a
decomposition if there exists, closed convex subset Y of separable Banach space, an
random operator ® : Qx X — P, ,(Y), forallw € Q, ®(w, -) is upper semicontinuous

and continuous map f : Y — X such that
Flw,z) =(fo®)(w,z) (w,z)eQxX.

The multifunction F' is called compact if for every w € €2, the multivlued operator

F(w,-) is compact.

Theorem 2.6. Let X be a separable Banach space and F : Q x B(0,r) — X be a

compact random operator and that has decomposition. Suppose
a) The random multivalued operator F' has a measurable graph.

b) There exists r > 0 such there is not x € X such that
g ANw)F(w,z), [z@)l =7, Aw) € (0,1).
Then F' has at least one random fized point.

Proof. From [3, Theorem 7], there exists z(w) € B(0,r) such that z(w) € F(w,z).

Then for each w € €2 we have
{x € B(0,r) 7 € F(w,2)} # 0.
We define G : Q — P(B(0,7)) by
G(w) = {(z,2) € B(0,r) x B(0,7) : x € F(w,z)}.
Then
GrG = (AxA)NGrF

where

A ={(z,x) € B(0,r) x B(0,r) :x € B(0,r)}.
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Since A is closed and by a), we deduce that GrG € & B(B(0,r)). Applying the
selection Von-Neumann-Aumann’s theorem type [27], we get x : Q@ — B(0,7) is a

measurable function such that
r(w) € G(w), w e
Then clearly
r(w) € Flw,z(w)), w € Q.
0

Theorem 2.7. Let (2, X, i) be a complete measurable space, X be a separable Banach
space and F : Q x X — P(X) be a random multivalued map with decomposion D(F')
and F has a measurable graph. If F' is compact and the set for each w € €0,

Alw) ={zx € X : z(w) € \F(w, z(w)) for some A(w) € (0,1)}
is bounded. Then F has a random fized point.

Proof. Let r > 0 such that for all x € A(w) we have ||z|| < r. We consider
n F(W,I), if HmH < Ty
F(w, M.(x)) if||z] >,

where

r\T) = .
rese if ||zf] >

(]l
It is clear that
(FoM)(w,z), (wz)eQxX,
where M, : Q x X — Q x X is a measurable function defined by

~

M, (w,z) = (w, M,.(2)), (w,z)€ Qx X.
Let Ix be the identity map, hence we deduce
GrE = (M, x Ix)""(GrF).

Since F' has a measurable graph, it remains to check that F has a measurable graph;
then from Theorem 2.6 there exists a random variable x : Q — B(0,r) such that
z(w) € F(w,z(w)), weQ,

and hence from the definition of F, we get

r(w) € Fw,z(w)), w €.
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3. CONVEX AND NON-CONVEX CASES

In this section, we denote by X a real separable Banach space with a uniformly

convex dual X*.

Definition 3.1. By an random integral solution of (1.1) we mean a continuous func-
tion z : 2 x[0,b] — D(A(w)) for every w € Q with the property that z(0,w) = z(w, b)
and there exists f(w,-) € L'([0,b], X) such that f(w,t) € F(w,t,z(w,t)), a.e. on T,
and for every w € Q, x(w, -) is an integral solution (in the sense of Definition 2.1) of

equation (2.1) .
Theorem 3.2. Assume the following conditions hold:

(H1) The operator A(w) is an m-accretive operator in X for every w € Q), in addition
0 € A(w)0, such that —A(w) generates a semigroup {S(w,t),t > 0} which is
compact on D(A(w)).

(Ha) F:Qx[0,b] x X = Pure(X) satisfies:

(a) (w,t,r) = F(w,t,x) is measurable,

(b) for every (w,t) € Qx[0,b], the graph of v — F(w,t,x) is sequentially closed
m X X Xy,

(¢) for each p > 0 there exists a function a,(w,-) € L1 ([0,b]) for any w € Q and

a(+,-) is jointly measurable such that
|F(w,t,z)| == sup{|jw| : w € F(w,t,2)} < a,(w,t),

for every (w,t,z) € Q x [0,b] x X with ||z|| < p,
(d) there exists r > 0 such that (v,Jz) > 0 for all v € F(w,t,x), for any
(w,t,x) € A x Jx XX ||z|]| =7.

Then the problem (1.1) admits at least one random integral solution.

Proof. For all w € Q, and g € L'([0,b], X). The following problem has a unique

integral solution

(3.1)

{ —2'(w,t) € A(w)z(w,t) +g(t), te]0,b],
z(w,0) = zo(w)

defined as follows
t
x(w,t) = S(w, t)xo(w) + / S(w,t — s)g(s)ds.
0

According to the Crandall-Liggett formula we have

n—oo

S(w, )z = lim (1 + %A(w)) L
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From [21, Proposition 4.1], we know that w — (I +tA(w)/n) "z is measurable which
implies that w — S(w,t)r is measurable. Using the continuity properties of the

semigroup S(w,t) and our hypotheses we get that the mapping
w— S(w,t)zo(w)

is measurable. By Fubini’s theorem

w —>/0 S(w,t —s)g(s)ds

is measurable. It then follows that w — z(w,t) is measurable.

For g € L'([0,b], X), zo(w) = x(w,0) € D(A(w)), we denote by x(g,zo(w)) the
unique random integral solution of (3.1). Let x := x(g, zo(w)) and 7 := (g, To(w)) be
two integral solutions of (3.1) corresponding, respectively, to (g, zo(w)), (g, To(w)) €
L*([0,0], X) x D(A(w)). Applying [10, Proposition 2|, if A(w) — al is m-accretive for
some « > 0, then for all ¢ € [0,b] we have

(32)  flo(w,t) = F(w, Ol < e zo(w) — Zo(w)]| +/0 e lg(s) — g(s) | ds.

In particular (when g = g, and ¢ = b in (3.2)) the Poincaré map zo(w) = z(w,b) is a

strict contraction on D(A(w)). As a result, the periodic problem

33) { —'(w,t) € Aw)z(w,t) + g(t),t € [0,0],
z(w,0) = z(w, b)
admits a unique random integral solution 9 € C([0, b], D(A(w))) for any g € L'([0,b], X).
The map g, — x9 will be denoted by 1.
It clear that A + al is m-accretive and by A(w) satisfies (H;). Then for any
e > 0and g € L'([0,0], X) there exists a unique integral solution z.(-,w) = z¢ €
C([0,b], D(A(w))) of the problem

{ —zl(w,t) € (Alw) + ez (w,t) + g(t), te€]0,0],

(3:4) Ze(w,0) = . (w, b).

Thus, we can define the solution map 1. : L*([0,b], X) — C([0,b], D(A(w))) for every
e >0 by

(3.5) %(9) = l’g(),

where 27 is the integral solution of (3.4). We show that 1. is weakly-strongly sequen-
tially continuous. Indeed, let g,(-) — g(+) weakly in L'([0,5], X), as n — oo, and set
Tp(w, ) = 1(gn(+)). By Bénilan’s inequality in [31, Theorem 17.5] and the fact that
0 € A(w)0, we get

t
(3.6) [[n(w, D < [lzn(w, 5] +/ lgn(T)l[d7, VO <5 <t <b.
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Let

3.7 n = i |, M, := n(w, t)]l.
37) o = i 7.0 ma [ 1)

From (3.6) and (3.7), we obtain

b
(3.5) My S+ € wlere C = sup [ gn(r)
n 0

Since X* is uniformly convex space then the duality map J is single-valued, according
to Definition 2.1 we find for each 0 < s <t < b,

||xn(wat)!|2+2€/ |0 (w, 7)||* dr < ||l’n(W=8)||2—2/ {gn(7), Jan(7T,w)) dr.

Supposing s = 0 and t = b in the last inequality, we conclude that

b b
e / len(w, )P dr < / a7 lga ()],

hence by (3.7), we have
5bmi < M,C.

The sequence {z,(w, ) }nen for all w € Q is bounded in C([0,b], X), according to m,,
and M,, are bounded from (3.8) and the last inequality. In particular, {z,(w,0)},en
is bounded in X. Also observe that the g,(-) vary in a uniformly integrable subset of
L'([0,0], X). According to [32, Theorem 2] that {z,(w,b)},en is relatively compact
in X. Since z,(w,0) = x,(w,b), thus z,(w,0) varies in a relatively compact subset
of X. Using [32, Theorem 2|, we deduce also that {x,(w, -) }nen is relatively compact
in C([0,b],X). For any w € € thus without loss of generality, we can assume that
Zn(w, ") = 2(w,-) in C([0,b], X), as n — oo. Obviously, z(w,-) € C([0,b], D(A(w)))
and z(w,0) = z(w,b). Moreover, since z,(w,-) = ¥:(gn(-)), with 1. defined by (3.5).
By inequality (2.2) we obtain that

|20 (w,t) = ylI* < llza(w, s) = yl* - 2/ {gn(7) + 2, J (2n(w, 7) = ¥)), dr,

for each 0 < s <t < b and for all y,z with z € (A(w) +el)y. As z,(w, ) = z(w,-)
strongly in C'([0,0], X), g.(-) — g(-) weakly in L*(]0,0], X) for all w € Q and J is
uniformly continuous from compact subsets of X to X* we may pass to the limit in

last inequality as n — oo to deduce that
z(w, ) = v(g(-))-
Let F: Q x [0,b] X X — Pure(X) be given by

A F(w,t if <
(3.9) F(w’t, x) — (w7 7x)7 ?‘ ||m|| —_ T?
F(w,t,M.(z)) if ||z] >
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where

r €T) =
r i )] >

[l

with r as in (#,). Clear that, F' satisfies (H), to be specific

(3.10)

F(w,t,x)‘ < a.(t,w), a. e. on [0,b],Vor € X, w € Q.
Consider the operator N : Q x C([0,b], X) — 2L (08:X) defined by
(311)  Nw.2) = {g() € LN0.8.X) : g(t) € Pt 2(w.1)) et e 0,1},

where z : Q — C([0,b], X) is a measurable function. It is easy to prove that N(w,-)
has nonempty, convex, and weakly compact values. In addition, by [17, Proposition
2.23, p.43] and the convergence theorem [2, Theorem p.60|, N is an upper semicon-
tinuous multifunction from C'([0, 8], X) into L*([0, ], X),,. We conclude that

(3.12) N(w,-) € Paew(L*([0,0], X), is ws.c, w € Q.

Now, we show that for each measurable function = : 2 — C(]0, ], X), the mul-
tifunction w — N(w, z) is measurable. Indeed, since (w,t,2) — F(w,t,z) is measur-

able, then for any y € X,

A

(w,t,z(w,-)) = d(y, F(w, t,z(w, "))
is measurable. Since the distance function is continuous in y, for each h € L([0, 0], X),
(w,t) = d(h(t), F(w,t,2(w,1))),

is measurable. From Fubini’s theorem we get that

b
w %/ A(h(t), Plw, ta(w,0))dt =d (b Sk, )
i (e

is measurable, which implies that w — N(w, z) is measurable and w — 9. o N(w, -)

is measurable and the function

(3.13) (w, h,x) — d (h,5¥ )

F(WV'vm(wf))
is measurable. Consider the approximating problem

(3.14) { —2 (w,t) € (A(w) +eD)xo(w, ) + F (w,t,2.(w, 1)), t € [0,0],
x&‘(w) 0) = ZUE(LU, b)

From (3.5) and (3.11), we compare with Definition 3.1. The presence of a random
integral solution to (3.14) is clearly equivalent to the random fixed point for the map
. o N(w, ) in C(]0,b], X). We shall use Theorem 2.7 to prove that ¢, o N(w,-) has

a random fixed point. The proof will be given in several steps.
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Step 1 ¥. o N has a measurable graph.

From (3.13), we conclude
Gripe o N = {(w,z,y) € Q x C([ 0], X) % 0([0 b] X): d(y,¢- 0 N) =0}
€Y xB(C([0,8],X) x C([0,b], X)) =Y @B(C([0,], X)) ® B(C([0,b], X)).
Step 2 From (3.12), the multivalued. N(w,-) is upper semicontinuous from C([0, b], X)
to L1([0, b], X)., and 1. is sequentially continuous from L' ([0, b], X),, into C([0, b], X).
Step 3 We will prove that 1. o N(w,z(w,-)) is compact. Indeed, let {z,(w,")}n,>1 be
a sequence bounded in C([0,b], X) such that z,(w, ) — z(w,-),n — 400, As
N(w,-) is upper semicontinuous and has weakly compact values, then {N(w,
Tp(w, ) n>1 is relatively compact in L1 ([0, ], X), and then N(w,z,, (w,-)) —
N(w,z(w,)) in L*(]0,b], X )., and as 1. is sequentially continuous, thus 1. (N (w,
T, (w,-))) converges to (N (w,z(w,-))). Hence for each w € €,

e o N(w,-)

is compact.

Step 4 It remains to show
(3.15)  A(w) :={x(w,)C([0,0], X): z(w, ) € M (N(w,z(w,)), M€ (0,1]},
is bounded. We will prove by contradiction that
(3.16) |z(w, )|l < 7 Ve(w,-) € Alw).

Assume that (3.16) is false. Then either ||z(w,t)|| > r, Vt € [0,b],w € Q, or
there exist 1,0 € [0,0],n7 < 6, such that

[z (w, n)l| = r

and
la(w, ) > r, Ve (.

In the first case, from (3.5), (3.11) (3.14), (3.15) and Definition 2.1, we get
(3.17)

(e, ) + 22 / le(w, DIPdt < [lz(w, O)|2 = / (Flw, 1), T (1)),

where f(w,-) € L([0,8], X), f(w,t) € F (w,t,x(w,t)), a.e. t € [0,b]. From the
homogeneity of J, (3.9) and (H,), we obtain that for each ¢ € [0, b],

(318) (Jlw,0),J (A\ (e, 0) ) = X alw, DI Fleo,t), T (M (w(w,1))) ) = 0.
We combine (3.17) and (3.18) to obtain

(3.19) 2w, b)|| < [lz(w, )|, Vw € Q,
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which is absurd. In the second case, the inequality (3.17) holds. When, we
change 0 and b to n and 6 respectively, and (3.18) is satisfied on [n, 6], then
(3.19) changes to

l(w, )| < [lz(w, )|, Vo € &,
which contradicts the choice of n and 6. Then (3.16) has been proved. From
Theorem 2.7, we deduce that 1. o N has a random fixed point z.(w), which is
the solution to (3.14).

Step 5 Now we are in the position to prove that z.(w,-) converges to some random
integral solution of the problem (1.1). Since z.(w, -) must satisfy (3.16), it follows
that F(w,t,z.(w,t)) = F(w,t,z.(w,t)) (see (3.9)), so that z.(w,-) is an integral
solution of

{ —al(w,t) € (A(w) +el)zo(w, t) + fo(w, 1), t € [0,8],
(3.20)
ze(w,0) = z.(w, b),

where f(w,-) € L'([0,0], X), f(w,t) € F (w,t,z-(w,t)) a.e. t€][0,b].

The sequence {z.(w,-)}e>o is bounded in C([0,b], X) from (3.16). According
to (Hz) we deduce that {f.(w,:)}eso is uniformly integrable in L'([0, ], X).
On the basis of (#;), we can think in the same way as in the second section
of the proof of the weak-strong sequential continuity of ¢. to infer that (on a

subsequence, as € — 0),

(3.21) 2. (w,-) — 2(w,-) in C([0,b], X), fo(w, ) — flw,-) weakly in L'([0,b], X).
According to (H2),and ([32], p.120), it follows that f(w,t) € F(w,t, z(w,t)), a. e.
t € T. Then, using the continuity of J and (3.21) we have

t

(3.22) lz(w, t) = ylI* < Jlz=(w, s) —ylI* - 2/ (felw,7) + 2, J (2w, 7) — y)) . dr,
for all 0 < s <t <band all y,z with z € (A(w) + €l)y. So, we can pass to the
limit in (3.22) as ¢ — 0, and then

(323)  [la(w,t) —ylI* < [lo(w.s) —ylI* - 2/ (flw,m) +2,J (x(w,7) —y))  dr

forall 0 < s <t <bandall y, z with z € A(w)y. So, we may pass to the limit in
(3.20) as € — 0 and conclude that z(w, ) is an integral solution to the problem
(1.1) in the sense of Definition 3.1.

O
Now, our result for the non-convex problem is the the following.
Theorem 3.3. Assume that (H1), (Hz2)((c) — (d)) and
(H3) F:Qx[0,b] x X — Pr(X) satisfies:
(a) (w,t,z) = F(w,t, ) is Q® L([0,b]) @ B(X) measurable,
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(b) © — F(w,t, ) is lower semicontinuous for all (w,t) € Q x [0,¥],

hold. Then there is a random integral solution to problem (1.1).

Proof. Let again F: Qx [0,b] x X — Py(X) and N : Q x C([0, 0], X) — 2E (00X pe
given by (3.9) and (3.11), respectively. N is well-defined, having closed decomposable
values, which can be easily confirmed. Furthermore, by simple modification of the
proof of [12, Proposition 1] or [17, Theorem 7.28, p.238|, we deduce that the multival-
ued N(w,-) isls.c. for allw € Q. Hence, we can utilize the Bressan-Colombo selection
theorem [9] for existence of a continuous function u(w, -) : C([0,0], X) — L*([0,b], X)
such that

(3.24) u(w,z(w,)) € N(w, z(w,-)), Vz(w, ) € C(]0,b], X).

We consider the approximating problem :

—2l(w,t) € (Alw) + el (w, t) + u(w, zo(w, ) (t), t € [0,0],
(3.25) { ze(w,0) = 2. (w, b).

The existence of an integral solution of (3.25) is identical to existence a fixed point
for the map . ou(w, ) in C([0, ], X), where 1. is given by (3.5). Since . o u(w, -) is
continuous, compact and measurable, we can apply the Leray-Schauder type random
fixed point theorem (see [14, Theorem 9.26]) to demonstrate the existence of a random

fixed point.
We consider the set :

A~

S = {z(w,-) € C([0,0], X) : x(w, ) = M o u(w, z(w,-))), A € (0,1)}.

Similar to the proof of Theorem 3.2, we conclude that (3.16) holds. Hence by [14,
Theorem 9.26], the operator 1. o u(w,-) has at least one random integral fixed point

which is solution of (3.25). We denote this solution by z.(w, ). Moreover
|ze(w, )| <r, weQ.
Combining (3.9) and (3.24) we get
u(w, ze(w,-))(t) € Fw,t,z.(w, 1)), a. e. on|0,d].

Applying the similar argument of the proof of Theorem 3.2, we can prove that
Te(w, ) = z(w,-) in C([0,0], X) as € — 0. In view of the continuity of u(w,-) and J,
passage to the limit in (3.25), as € — 0 yields that z(w, ) is a solution of (1.1). Then
the proof is finished. O
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4. EXTREMAL SOLUTIONS

In this section, we study the existence of so-called extremal solutions to problem

(1.1). Now we consider the evolution inclusion

{ —2'(w,t) € A(w)z(w,t) + ext F(w, t,z(w,t)), te]0,b],
x(w

(4.1)
,0) =2(w,b) weQ,
where ext F'(w, t, z(t,w)) denotes the set of extreme points of F(w,t, z(w,t)).

We suppose that F' has nonempty, weakly compact values, thus ext F'(w, t,z) # ()
for all (w,t,z) € 2x[0,b] x X. In general, Theorems 3.2 and 3.3 do not apply to (4.1)
because the multivalued map (w,t,z) — ext F(w,t, z) is neither convex nor closed

valued. The following conditions are imposed on A(w) and F.

Theorem 4.1. Assume the following conditions (H1), (H2)((c) — (d)) and
(H4) There exists o > 0 such that A(w) — ol is accretive,
(H5) F:Qx[0,b] x X — Pp(X) satisfies:

(w,t) = F(w,t,x) is measurable for all x € X,

(©)
(d) x — F(w,t,x) is continuous for the Hausdorff pseudometric for a.a. (w,t) €
Q x [0,0],

hold. Then the problem (4.1) has at least on integral random solution.

Proof. Let
(4.2) = {g(w, (10,8], X) : lg(w, O)|| < a,(t,w)a. e. on [0,b]}.

Because X is reflexive, from The Dunford-Pettis theorem, then V' is weakly compact in
L'([0,b], X). In view of the strong accretivity of A(w) (cf. (H4) ), for each g(w,-) € V

there exists a unique random integral solution z% (w,t) = ¢(g(w,t)) of (3.2).

¥ is weakly-strongly continuous as a map from V' to C([0, 4], X), as proved in the
proof of Theorem 3.2 (see the properties of v.), then (V) C C([0, 5], X) is compact.

Let K := conovy (V) and note that K is a convex, compact subset of C(T, X).
For only a measurable function = : Q — C/([0,b], X), consider the multifunction

N :Qx K — P(LY([0,b], X)) defined by

_ 1
(4.3) N(w,z) = ext Sﬁ(w7~7x(~))

where F' be defined by (3.9) and recall that (3.10) is satisfied.
Moreover, by [17, Theorem 4.6, p.192], we know that

1 _ql )
ext Sﬁ(w,.,z(w,)) = St F@,,;«@,))?vx(w, ) € K,
and then
1
N(w,x) = SextF Ve e K.
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For each z(w,-) € K, the multifunction w — N(w, ) is measurable. Indeed, since
(w,t) = F(w,t,z) is measurable, z — F(w,t,z) is h-continuous and ext F'(w,t,z) C
F(w,t,x). Then, from [25, Theorem 3.3|, the multifunction, ext F(',', -) is jointly
measurable. Hence for every y € X,
(wa l (L’) - d(yv ext F(UJ, t, ZE(W, ))
is measurable. By the continuity of the distance function, for each h € L'([0, 0], X),
(w, t) = d(h(t), ext F(w, t, 2(w,1)))

is measurable. From Fubini’s theorem we get that

w _>/ extF (w,t, 2(w, t)))dt:d(h Sl (w, @ (w, ))>

is measurable, which implies that w — N(w, z) is measurable.

Next, we consider the multifunction R : Q — P(C(K, L. ([0,b], X))) given by
R(w) ={ue C (K, L, ([0,b], X)) : u(z) € N(w,z) for all z(w,-) € K}.

From Fryszkowski’s selection theorem [13], we know that, for all w € Q, R(w) # 0.
We have

R(w) ={ue C (K,L,([0,0], X)) : d(u(z), N(w,z)) =0 forall z € K} .

Since x — ext F'(w, t, ) is h-continuous, the multifunction 2 — R(w, x) is h-continuous.
It follows that
r = d(u(z), N(w, z))
is continuous. Now, for fixed z € K, w — d(u(z), N(w, )) is a measurable function.
Therefore
(w,z) = d(u(z), N(w,x)),
is a Carathéodory map. So, the multifunction R is measurable. According to the

selection theorem of Kuratowski and Ryll-Nardzewski [22], there exists u : Q@ —
C(K, LL(]0,b], X)) which is measurable such that u(w) € R(w) for all w € Q, and

(4.4) u(w)(z(-) € S,

ext Fw,2())’
Now, we consider the operator ¢ o u(w). Combining with (3.10), (4.2) and (4.4),
we obtain that ¢ o u(w)(K) C K. In addition, ¢ o u(w) is continuous. Indeed, let
Zp(w, ) = z(w,-) in C([0,b], X) as n — oo with z,(w, ), z(w,-) € K. The continuity
of u(w)(+), implies that u(w)(z,(w,)) = u(w)(z(w,-)) in LL([0,b],X), as n — oo.
Since

ext F(w, t, 2, (w, 1)) C F(w,t, 2,(w,t)) a. e. on[0,b],Vn € N,
it follows by (3.10) and (4.4) that

(4.5) |u(w) (2, (w,.)) @) < ar(w,t) a. e on [0,b],Vn €N
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where (see (Ha)((c)—(d)) and (Hs)), a,(w,-) € LE([0,b]) with 1 < p < co. As aresult,
we may use [18, Lemma 2.8, p.24] to deduce that u(w)(z,(w,)) — u(w)(z(w,")),
weakly in L'([0, 0], X), as n — oo. Then by the weak-strong continuity of 1) we have

(¢ o u(w))(xn(w, b)) = (Y ou(w))(z(w,t)), as n — oo.

Therefore 1pou(w) is continuous. Consequently by Schauder’s theorem of type random
fixed point, we conclude that there exists = : Q@ — K such that z(w,:) = (¢ o

u(w))(x(w,-)). As a result, x(w, ) is an integral solution of

—zl(w,t) € (Alw) + ez (w, t) + u(w)(z:(w,-))(t),t € [0, 5],

(4.6)
Te(w,0) = z.(w, b),

where u(w)(-) satisfies (4.4). Using (Hs)((c) — (d)) and (Hs5) one shows, exactly as in

the proof of Theorem 3.2, that ||z(w, -)|| < 7, so that F(w,t,z(w,t)) = F(w,t,z(w,t))

a.e. on [0,b]. According to (4.4) and (4.6), z(w,-) is an integral solution of (4.2). O

5. EXAMPLE

In this section we introduce an example to which Theorem 3.2 can be applied.
Let (€2,%, 1) be a complete probability space and W an open domain in R"(n > 1),
with smooth boundary OW = I', be a measurable space, and let p : R — R be
a nondecreasing and continues function with p(0) = 0. We consider the boundary

value problem

—%(w,t,2) = Ap(u(w,t,2)) + Fw,t,z), on Qx[0,b] x W,
r(w,0,z2) = x(w,b,2), a.e. onQx W
Set X = L?(W) which is a separable Banach space, and let us define A : D(A) C
LA(W) — L*(W) by
for all u € D(A), where
D(A) = {u € L*(W); p(u) € Hy(W), Ap(u) € L*(W)} .

According to [31, p.27], A is m-accretive on X, 0 € A0 and —A generates a compact
semigroup on D(A) = X, then (H;) is satisfied.

Let F:Q x [0,b] x X — 2% be a multivalued map defined by

o~

Flw,t,z(w,t,2)) ={ve X :v(z) € fw,t,2(2)), ae. (w,x)eQx W},
where f: Q2 x [0,b] x R — 2% is defined by

~

(5'1) f(w,t,x) = [fl(wat’x)an(w7tvx)]u
and f1, fo 1 2 x [0,b] x R — R can be defined as:

fl(W,t,CC) = lim lllff (W,t,l‘l) 7fg((ﬂ,t,l’) = lim Supf (w,t,x') )

' —x ' —x
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where f: ) x [0,b] x R — R satisfies

(

Hi
(Hz

(5.2)

) (w,t,x) = f(w,t,x) is measurable,
) there exist o, 8 : Q@ — L1 ([0, b]) such that

|f(w,t,2)] < a(w,t)|z| + B(w,t), ae t€[0,b],V(w,z) € QxR

(Hs) 2f(w,t,z) >0 ae. t€[0,b,Vr € R and w € .

By [18, p. 97|, the function f; is l.s.c., and f5 is u.s.c. with respect to . It is easy to
prove (see [18, p.96]) that F satisfies (H2).

1]
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