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ABSTRACT. We present in this paper some new inequalities of Gronwall-type. As an application,

we consider the problem of asymptotic behaviors of a class of retarded Volterra equations. We

establish bounds on the solutions and, by means of examples, we show and discuss the usefulness of

our results in investigating the asymptotic stability of the solutions. Moreover, we study via integral

inequalities the stability of certain dynamical systems.
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1. INTRODUCTION

Recently, there has been a growing interest in Volterra integral equations for

the stability problem, as they represent a powerful instrument for the mathematical

representation of memory dependent phenomena in population dynamic, economy,

and so forth. A pioneering research on this subject in [10] and [11], where the main

results concerning the existence, uniqueness, and boundedness of solutions are pre-

sented. After that, a Volterra theory has been developed and it is still evolving; see,

for example [1], [24], [25] and the bibliography therein. The general theory of the sta-

bility of motion, [23], is presented in monographs ([14], [19], [28]). There are different

methods for the stability analysis for differential or integral equations ([2]-[5], [7], [9],

[12], [15]-[18]). The integral inequalities occupy privileged position in the theory of

differential and integral equations. In the recent years nonlinear integral inequalities

have received considerable attention because of the important applications to a variety

of problems in diverse fields of nonlinear differential and integral equations [6], [18].

Received October 22, 2022 ISSN 1056-2176(Print); ISSN 2693-5295 (online)

www.dynamicpublishers.org https://doi.org/10.46719/dsa2023.32.03

$15.00 c⃝ Dynamic Publishers, Inc.



34 T. GHRISSI AND M. A. HAMMAMI

Some integral inequalities for differential and integral equations are established by

Gronwall [13], Bellman and pachpatte ([8], [11], [20], [27]) that can be used as handy

tools to study the qualitative properties of solutions of some integral equations [26],

[29]. In this paper we are basically interested on retarded Gronwall like inequalities,

we will give generalizations of those done in [2] and integral inequalities for retarded

Volterra equations generalizing those done in [21], [22]. Some applications are also

given to convey the importance of our results.

2. LINEAR INTEGRAL INEQUALITIES

The Gronwall type integral inequalities provide a necessary tool for the study

of the theory of differential equations, integral equations and inequalities of the var-

ious types. Some applications of this result can be used to the study of existence,

uniqueness theory of differential equations and the stability of the solution of linear

and nonlinear differential equations. During the past few years, several authors have

established several Gronwall type integral inequalities in one or two independent real

variables. Of course, such results have application in the theory of partial differential

equations and Volterra integral equations. Here we start proving the following results

required for stability purpose.

Theorem 2.1. Let k, b ∈ C(R+,R+), α ∈ C1(R+,R+), a ∈ C(R+ × R+,R+) with

(t, s) 7→ ∂ta(t, s) ∈ C(R+×R+,R+). Assume in addition that α is nondecreasing with

α(t) ≤ t for t ≥ 0. If u ∈ C(R+,R+) satisfies

(1) u(t) ≤ k(t) +

∫ α(t)

0

a(t, s)u(s)ds+

∫ t

0

b(s)u(s)ds, t ≥ 0,

then

(2)

u(t) ≤ k(t) + eh(t)
∫ t

0

e−h(r)∂r

(∫ α(r)

0

a(r, s)k(s)ds+

∫ r

0

k(s)b(s)ds

)
dr, t ≥ 0,

where h(t) =

∫ α(t)

0

a(t, s)ds+

∫ t

0

b(s)ds.

Proof. Denote z(t) =

∫ α(t)

0

a(t, s)u(s)ds +

∫ t

0

b(s)u(s)ds. Our assumptions on the

functions a, b and α imply that z is nondecreasing on R+. Hence, for t ≥ 0, we have
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z
′
(t) = a(t, α(t))u(α(t))α

′
(t) +

∫ α(t)

0

∂ta(t, s)u(s)ds+ b(t)u(t)

≤ a(t, α(t))[k(α(t)) + z(α(t))]α
′
(t) +∫ α(t)

0

∂ta(t, s)[k(s) + z(s)]ds+ b(t)[k(t) + z(t)]

≤ a(t, α(t))[k(α(t)) + z(t)]α
′
(t) +

∫ α(t)

0

∂ta(t, s)k(s)ds+

z

∫ α(t)

0

∂ta(t, s)ds+ b(t)[k(t) + z(t)],

or, equivalently,

z
′
(t)−z(t)

d

dt

(∫ α(t)

0

a(t, s)ds+

∫ t

0

b(s)ds

)
≤ d

dt

(∫ α(t)

0

a(t, s)k(s)ds+

∫ t

0

k(s)b(s)ds

)
.

Multiplying the above inequality by e−h(t), we get

d

dt

(
z(t)e−h(t)

)
≤ e−h(t) d

dt

(∫ α(t)

0

a(t, s)k(s)ds+

∫ t

0

k(s)b(s)ds

)
.

Consider now the integral on the interval [0, t] to obtain

z(t) ≤ eh(t)
∫ t

0

e−h(r)∂r

(∫ α(r)

0

a(r, s)k(s)ds+

∫ r

0

k(s)b(s)ds

)
dr, t ≥ 0.

Combine the above inequality with u(t) ≤ k(t) + z(t) to get (2) and, with this, the

proof is complete.

Corollary 2.2. Assume a, k, α are as in Theorem 2.1 and b(t) ≡ 0. If u ∈ C(R+,R+)

satisfies

u(t) ≤ k(t) +

∫ α(t)

0

a(t, s)u(s)ds, t ≥ 0,

then,

(3) u(t) ≤ k(t)+e
∫ α(t)
0 a(t,s)ds

∫ t

0

e−
∫ α(r)
0 a(r,s)ds∂r

(∫ α(r)

0

a(r, s)k(s)ds

)
dr, t ≥ 0.

Corollary 2.3. Assume a, b and α are as in Theorem 2.1 and k(t) ≡ k > 0. If

u ∈ C(R+,R+) satisfies

u(t) ≤ k +

∫ α(t)

0

a(t, s)u(s)ds+

∫ t

0

b(s)u(s)ds, t ≥ 0,

then,

u(t) ≤ ke
∫ α(t)
0 a(t,s)ds+

∫ t
0 b(s)ds, t ≥ 0.
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Proof. Apply Theorem 2.1 to obtain

u(t) ≤ k + keh(t)
∫ t

0

e−h(r)∂r

(∫ α(r)

0

a(r, s)ds+

∫ r

0

b(s)ds

)
dr

= k + ke
∫ α(t)
0 a(t,s)ds+

∫ t
0 b(s)ds(1− e−(

∫ α(t)
0 a(t,s)ds+

∫ t
0 b(s)ds))

= ke
∫ α(t)
0 a(t,s)ds+

∫ t
0 b(s)ds, t ≥ 0.

Notice that all these integral inequalities are linear on u.

Application to Volterra integral equation

Corollary 2.4. Assume a, b and α are as in Theorem 2.1 and k(t) ≡ k > 0. If

u ∈ C(R+,R+) is a solution to the Volterra integral equation

(4) u(t) = k +

∫ α(t)

0

a(t, s)u(s)ds+

∫ t

0

b(s)u(s)ds, t ≥ 0.

If lim
t→∞

∫ α(t)

0

a(t, s)ds < ∞ and lim
t→∞

∫ t

0

b(s)ds < ∞, then u is bounded on R+.

Proof. The conclusion follows immediately from Corollary 2.3.

Note that the limits lim
t→∞

∫ α(t)

0

a(t, s)ds and lim
t→∞

∫ t

0

b(s)ds always exists since the

functions t 7→ lim
t→∞

∫ α(t)

0

a(t, s)ds and t 7→ lim
t→∞

∫ t

0

b(s)ds are nondecreasing on R+.

Example 2.5. The functions b(t) = e−t and a(t, s) = t/(1 + 2t+ (1 + t)s2), t, s ≥ 0,

satisfies the hypothesis in Corollary 2.4 for any nondecreasing α ∈ C1(R+,R+) with

α(t) ≤ t for t ≥ 0. In this case, all solutions u ∈ C(R+,R+) of (4) are bounded.

Theorem 2.6. Let c, k, b ∈ C(R+,R+), α ∈ C1(R+,R+) and a ∈ C1(R+,R+).

Assume in addition that α is nondecreasing with α(t) ≤ t for t ≥ 0. If u ∈ C(R+,R+)

satisfies

u(t) ≤ k(t) + a(t)

∫ α(t)

0

b(s)u(s)ds+

∫ t

0

c(s)u(s)ds, t ≥ 0,

then,

(5) u(t) ≤ k(t)+eh(t)
∫ t

0

e−h(r)

(
a(r)

∫ α(r)

0

b(s)k(s)ds+

∫ r

0

c(s)k(s)ds

)
dr, t ≥ 0,
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where h(t) = a(t)

∫ α(t)

0

b(s)ds+

∫ t

0

c(s)ds.

Proof. Denote z(t) = a(t)

∫ α(t)

0

b(s)u(s)ds +

∫ t

0

c(s)u(s)ds. Our assumptions on the

functions a, b and α imply that z is nondecreasing on R+. Hence, for t ≥ 0, we have

z
′

= a(t)u(α(t))b(α(t))α
′
(t) + a

′
(t)

∫ α(t)

0

b(s)u(s)ds+ c(t)u(t)

≤ a(t)b(α(t))[k(α(t)) + z(α(t))]α
′
(t) +

a
′
(t)

∫ α(t)

0

b(s)[k(s) + z(s)]ds+ c(t)[k(t) + z(t)]

≤ a(t)b(α(t))[k(α(t)) +

z(t)]α
′
(t) + a

′
(t)

∫ α(t)

0

b(s)k(s)ds+ a
′
(t)z

∫ α(t)

0

b(s)ds+ c(t)[k(t) + z(t)]

or equivalently,

z
′ − z

(
a(t)b(α(t))α

′
(t) + a

′
(t)

∫ α(t)

0

b(s)ds+ c(t)

)
≤ a(t)b(α(t))k(α(t))α

′
(t) +

a
′
∫ α(t)

0

b(s)k(s)ds+ c(t)k(t).

Multiplying the above inequality by e−h(t), we get

d

dt

(
z(t)e−h(t)

)
≤ e−h(t) d

dt

(
a(t)

∫ α(t)

0

b(s)k(s)ds+

∫ t

0

c(s)k(s)ds

)
.

Consider now the integral on the interval [0, t] to obtain

z(t) ≤ eh(t)
∫ t

0

e−h(r)

(
a(r)

∫ α(r)

0

b(s)k(s)ds+

∫ r

0

c(s)k(s)ds

)
dr, t ≥ 0.

Combine the above inequality with u(t) ≤ k(t) + z(t) to get (5) and, with this, the

proof is complete.

Corollary 2.7. Let k, b, α, a be as in Theorem 2.6 and suppose that c ≡ 0. If

u ∈ C(R+,R+) satisfies

u(t) ≤ k(t) + a(t)

∫ α(t)

0

b(s)u(s)ds, t ≥ 0,

then,

u(t) ≤ k(t) + a(t)

∫ α(t)

0

e
∫ α(t)
r a(s)b(s)dsb(r)k(r)dr, t ≥ 0.
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Corollary 2.8. Let a, b, c, k and α be as in Theorem 2.6. Suppose u ∈ C(R+,R+)

is a solution to the integral equation

u(t) = k(t) + a(t)

∫ α(t)

0

b(s)u(s)ds+

∫ t

0

c(s)u(s)ds, t ≥ 0.

If the functions a, k are bounded on R+,

∫ α(∞)

0

b(s)ds < ∞ and

∫ ∞

0

c(s)ds < ∞,

then u is bounded on R+.

Corollary 2.9. Let a, b, c, k and α be as in Theorem 2.6 with k(t) → 0 as t → ∞.

Suppose u ∈ C(R+,R+) is a solution to the integral equation

u(t) = k(t) + a(t)

∫ α(t)

0

b(s)u(s)ds+

∫ t

0

c(s)u(s)ds, t ≥ 0.

If

∫ α(∞)

0

a(s)b(s)ds < ∞,

∫ ∞

0

c(s)ds < ∞, and lim
t→∞

a(t)

∫ α(t)

0

b(r)k(r)dr = 0, then

u(t) → 0 as t → ∞. In particular, if a(t), k(t) → 0 as t → ∞,

∫ α(∞)

0

b(s)ds < ∞

and

∫ ∞

0

c(s)ds < ∞, then u(t) → 0 as t → ∞.

Example 2.10. We consider a particular case by supposing α(t) = t, c(t) ≡ 0. The

integral equation

u(t) = k(t) + a(t)

∫ α(t)

0

b(s)u(s)ds, t ≥ 0,

has the exact solution

u(t) = k(t) + a(t)

∫ t

0

e
∫ α(t)
r a(s)b(s)dsb(r)k(r)dr, t ≥ 0.

For a(t) = k(t) = t−2 and b(t) = t2, for the conditions imposed on corollary 2.9, we

have lim
t→∞

k(t) = 0, lim
t→∞

a(t)

∫ α(t)

0

b(r)k(r)dr = 0 and

∫ ∞

0

a(s)b(s)ds = ∞.

Notice that the solution equals u(t) = (t+ 1)−2 + (et − 1)(t+ 1)−2 → ∞ as t → ∞.

This example shows the importance of the conditions imposed by Corollary 2.9.

Theorem 2.11. Let a ∈ C(R+,R+) and α ∈ C1(R+,R+) be nondecreasing with

α(t) ≤ t on R+, f continuous on (R+×R+,R+), g, h ∈ C(R+,R+). If u ∈ C(R+,R+)

satisfies

(6) u(t) ≤ a(t) +

∫ t

0

h(s)u(s)ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)u(τ)dτds, t ≥ 0, ,

then

u(t) ≤ a(t) exp

[∫ t

0

h(s)ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)dτds

]
, t ≥ 0.
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Proof. Since a(t) is positive and nondecreasing, from (6), we have

u(t)

a(t)
≤ 1 +

∫ t

0

h(s)
u(s)

a(t)
ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)
u(τ)

a(t)
dτds

≤ 1 +

∫ t

0

h(s)
u(s)

a(s)
ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)
u(τ)

a(τ)
dτds.

We define a function z(t) on R+ by

z(t) = 1 +

∫ t

0

h(s)
u(s)

a(s)
ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)
u(τ)

a(τ)
dτds

then z(t) is positive and nondecreasing. z(0) = 1, u(t)
a(t)

≤ z(t), t ∈ R+ and

z
′
(t) = h(t)

u(t)

a(t)
+ f(t, α(t))α

′
(t)

∫ α(t)

0

g(s)
u(s)

a(s)
ds+

∫ α(t)

0

∂tf(t, s)

∫ s

0

g(τ)
u(τ)

a(τ)
dτds

≤ h(t)z(t) + f(t, α(t))α
′
(t)

∫ α(t)

0

g(s)z(s)ds+

∫ α(t)

0

∂tf(t, s)

∫ s

0

g(τ)z(τ)dτds

≤ z(t)

[
h(t) + f(t, α(t))α

′
(t)

∫ α(t)

0

g(s)ds+

∫ α(t)

0

∂tf(t, s)

∫ s

0

g(τ)dτds

]
.

by integration, we get

z(t) ≤ z(0) exp

[∫ t

0

h(s)ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)dτds

]
.

Since u(t)
a(t)

≤ z(t), it comes that

u(t) ≤ a(t) exp

[∫ t

0

h(s)ds+

∫ α(t)

0

f(t, s)

∫ s

0

g(τ)dτds

]
.

3. NONLINEAR INTEGRAL INEQUALITIES

Theorem 3.1. Let b ∈ C(R+,R+), a ∈ C(R+ × R+,R+) and α ∈ C1(R+,R+),

assume in addition that α is nondecreasing with α(t) ≤ t for t ≥ 0. Assume k,

ω ∈ C(R+,R+) are nondecreasing functions with k(0) > 0, ω(t) > 0 for t > 0 and∫ ∞

1

dt

ω(t)
< ∞. If u ∈ C(R+,R+) satisfies

u(t) ≤ k(t) +

∫ α(t)

0

a(t, s)ω (u(s)) ds+

∫ t

0

b(s)ω (u(s)) ds, t ≥ 0,

then
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(7) u(t) ≤ G−1

(
G (k(t)) +

∫ α(t)

0

a(t, s)ds+

∫ t

0

b(s)ds

)
, t ≥ 0,

where G(t) =

∫ t

1

ds

ω(s)
, t ≥ 0.

Proof. Let T ≥ 0 be fixed and denote z(t) =

∫ α(t)

0

a(t, s)ω (u(s)) ds+

∫ t

0

b(s)ω (u(s)) ds,

t ≥ 0. Our assumptions on a, b, α imply that z is nondecreasing on R+. Hence for

t ∈ [0, T ], we have

z
′
(t) = a(t, α(t))ω (u(α(t)))α

′
(t) +

∫ α(t)

0

∂ta(t, s)ω (u(s)) ds+ b(t)ω (u(t))

≤ a(t, α(t))ω [k(α(t)) + z(α(t))]α
′
(t) +∫ α(t)

0

∂ta(t, s)ω [k(s) + z(s)] ds+ b(t)ω [k(t) + z(t)]

≤ a(t, α(t))α
′
(t)ω[k(α(T )) + z(t)] +

ω[k(α(T )) + z(t)]

∫ α(t)

0

∂ta(t, s)ds+ b(t)ω[k(T ) + z(t)]

≤

(
a(t, α(t))α

′
(t) +

∫ α(t)

0

∂ta(t, s)ds+ b(t)

)
ω[k(T ) + z(t)]

and then

(8)
z
′
(t)

ω[k(T ) + z(t)]
≤ d

dt

(∫ α(t)

0

a(t, s)ds+ b(t)

)
, t ∈ [0, T ].

Integrating both sides of (8) on [0, t], we get

G (k(T ) + z(t)) ≤ G(k(T )) +

∫ α(t)

0

a(t, s)ds+ b(t), t ∈ [0, T ],

or, equivalently,

(9) k(T ) + z(t) ≤ G−1

[
G(k(T )) +

∫ α(t)

0

a(t, s)ds+ b(t)

]
, t ∈ [0, T ].

Note that the right-hand side of (9) is well defined as G(∞) = ∞. Letting t = T in

the above relation, we obtain

u(T ) ≤ k(T ) + z(T ) ≤ G−1

[
G(k(T )) +

∫ α(T )

0

a(t, s)ds+ b(t)

]
,

and since T ≥ 0 was arbitrarily chosen, we get (7).
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Corollary 3.2. Assume a, α, k are as in Theorem 3.1 and b(t) ≡ 0. If u ∈ C(R+,R+)

satisfies

u(t) ≤ k(t) +

∫ α(t)

0

a(t, s)ω (u(s)) ds, t ≥ 0,

then

(10) u(t) ≤ G−1

(
G (k(t)) +

∫ α(t)

0

a(t, s)ds

)
, t ≥ 0,

where G(t) =

∫ t

1

ds

ω(s)
.

Corollary 3.3. Let a, b, k, ω and α be as in Theorem 3.1. Suppose u ∈ C(R+,R+)

is a solution to the nonlinear Volterra integral equation

(11) u(t) = k(t) +

∫ α(t)

0

a(t, s)ω(u(s))ds+

∫ t

0

b(s)ω(u(s))ds, t ≥ 0.

If k is bounded, lim
t→∞

∫ α(t)

0

a(t, s)ds < ∞ and lim
t→∞

∫ t

0

b(s)ds < ∞, then u is bounded

on R+.

Example 3.4. The functions ω(t) = (t + 1) ln(t + 1), k(t) ≡ k > 0, b(t) = e−t and

a(t, s) = t/(1 + 2t + (1 + t)es), t, s ≥ 0, satisfy the hypothesis in Corollary 3.3 for

any nondecreasing α ∈ C1(R+,R+) with α(t) ≤ t for t ≥ 0. In this case all solutions

u ∈ C(R+,R+) of (11) are bounded.

Theorem 3.5. Let b ∈ C(R+,R+), a ∈ C(R+ × R+,R+) and α ∈ C1(R+,R+),

assume in addition that α is nondecreasing with α(t) ≤ t for t ≥ 0. Assume k,

ω ∈ C(R+,R+) are nondecreasing functions with k(0) > 0, ω(t) > 0 for t > 0,

ω(t) ≥ t and

∫ ∞

1

dt

ω(t)
< ∞. If u ∈ C(R+,R+) satisfies

u(t) ≤ k(t) +

∫ α(t)

0

a(t, s)ω (u(s)) ds+

∫ t

0

b(s)u(s)ds, t ≥ 0,

then

(12) u(t) ≤ G−1

(
G (k(t)) +

∫ α(t)

0

a(t, s)ds+

∫ t

0

b(s)ds

)
, t ≥ 0,

where G(t) =

∫ t

1

ds

ω(s)
, t ≥ 0.
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Proof. Using that ω(t) ≥ t, it comes that∫ t

0

b(s)u(s)ds ≤
∫ t

0

b(s)ω (u(s)) ds,

and we can conclude using Theorem 3.1.

Theorem 3.6. Let a, b, c, k ∈ C(R+,R+), α ∈ C1(R+,R+) and assume that a, k, α

are nondecreasing with α(t) ≤ t for t ≥ 0. Let also ω ∈ C(R+,R+) be a nondecreasing

function such that ω(t) > 0 for t > 0, ω(t) ≥ t and

∫ ∞

1

dt

ω(t)
< ∞. If u ∈ C(R+,R+)

satisfies

u(t) ≤ k(t) + a(t)

∫ α(t)

0

b(s)ω (u(s)) ds+

∫ t

0

c(s)u(s)ds, t ≥ 0,

then

(13) u(t) ≤ G−1

(
G (k(t)) + a(t)

∫ α(t)

0

b(s)ds+

∫ t

0

c(s)ds

)
, t ≥ 0,

where G(t) =

∫ t

1

ds

ω(s)
, t ≥ 0.

Corollary 3.7. Let a, b, c, k, α, ω be as in Theorem 3.6. Suppose u ∈ C(R+,R+)

is a solution to the integral equation

u(t) = k(t) + a(t)

∫ α(t)

0

b(s)ω (u(s)) ds+

∫ t

0

c(s)u(s)ds, t ≥ 0.

If a, k are bounded,

∫ ∞

0

c(s)ds < ∞ and

∫ α(∞)

0

b(s)ds < ∞, then u is bounded on

R+.

Theorem 3.8. Assume that a ≥ 0, p ≥ 1, then for any k > 0 we have

(14) a
1
p ≤ 1

p
k

1−p
p a+

p− 1

p
k

1
p .

or equivalently a
1
p ≤ m1a+m2 where m1 =

1
p
k

1−p
p and m2 =

p−1
p
k

1
p .

Proof. Using that the function : t 7→ et is convex, we can write uαvβ ≤ αu + βv for

α + β = 1. Taking α = 1
p
, β = p−1

p
, u = k

1−p
p a and v = k

1
p we get the desired result.
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Theorem 3.9. Let a ∈ C(R+,R+) and α ∈ C1(R+,R+) be nondecreasing with α(t) ≤
t on R+, f , g, h ∈ C(R+,R+), p ≥ 1. If u ∈ C(R+,R+) satisfies

up(t) ≤ a(t) +

∫ t

0

h(s)up(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)u(τ)dτds, t ≥ 0,

then

u(t) ≤

(
a(t) +

∫ α(t)

0
m2f(s)

∫ s

0
g(τ)dτds

) 1
p

exp
1

p

(∫ t

0
h(s)ds+

∫ α(t)

0
m1f(s)

∫ s

0
g(τ)dτds

)
.

Proof. Let z(t) = up(t), then z satisfies

z(t) ≤ a(t) +

∫ t

0

h(s)z(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)z
1
p (τ)dτds,

using (14), we get

z(t) ≤ a(t) +

∫ t

0

h(s)z(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ) [m1z(τ) +m2] dτds

≤ a(t) +

∫ t

0

h(s)z(s)ds+

∫ α(t)

0

f(s)

[
m1

∫ s

0

g(τ)z(τ)dτ +m2

∫ s

0

g(τ)dτ

]
ds

≤ a(t) +

∫ α(t)

0

m2f(s)

∫ s

0

g(τ)dτds+

∫ t

0

h(s)z(s)ds+∫ α(t)

0

m1f(s)

∫ s

0

g(τ)z(τ)dτds.

using Theorem 2.11, we get

z(t) ≤

(
a(t) +

∫ α(t)

0
m2f(s)

∫ s

0
g(τ)dτds

)
exp

(∫ t

0
h(s)ds+

∫ α(t)

0
m1f(s)

∫ s

0
g(τ)dτds

)
.

Finally, it comes that

u(t) ≤

(
a(t) +

∫ α(t)

0
m2f(s)

∫ s

0
g(τ)dτds

) 1
p

exp
1

p

(∫ t

0
h(s)ds+

∫ α(t)

0
m1f(s)

∫ s

0
g(τ)dτds

)
.

Theorem 3.10. Let a ∈ C(R+,R+) and α ∈ C1(R+,R+) be nondecreasing with

α(t) ≤ t on R+, f , g, h ∈ C(R+,R+), p ≥ 1. If u ∈ C(R+,R+) satisfies

up(t) ≤ a(t) +

∫ t

0

h(s)u(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)up(τ)dτds, t ≥ 0,

then

u(t) ≤
(
a(t) +m2

∫ t

0

h(s)ds

) 1
p

exp
1

p

(
m1

∫ t

0

h(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)dτds

)
.
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Proof. Let z(t) = up(t), then z satisfies

z(t) ≤ a(t) +

∫ t

0

h(s)z
1
p (s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)z(τ)dτds

using (14), we get

z(t) ≤ a(t) +

∫ t

0

h(s)[m1z(s) +m2]ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)z(τ)dτds

≤ a(t) +m2

∫ t

0

h(s)ds+m1

∫ t

0

h(s)z(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)z(τ)dτds.

using Theorem 2.11, we get

z(t) ≤
(
a(t) +m2

∫ t

0

h(s)ds

)
exp

(
m1

∫ t

0

h(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)dτds

)

finally it comes that

u(t) ≤
(
a(t) +m2

∫ t

0

h(s)ds

) 1
p

exp
1

p

(
m1

∫ t

0

h(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)dτds

)
.

Theorem 3.11. Let a ∈ C(R+,R+) and α ∈ C1(R+,R+) be nondecreasing with

α(t) ≤ t on R+, f , g, h ∈ C(R+,R+), p ≥ q ≥ 1. If u ∈ C(R+,R+) satisfies

up(t) ≤ 1 +

∫ t

0

h(s)up(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)uq(τ)dτds, t ≥ 0,

then

u(t) ≤ exp
1

p

[∫ t

0

h(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)dτds

]
.

Proof. Define a function z(t) by

(15) zp(t) = 1 +

∫ t

0

h(s)up(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)uq(τ)dτds, t ∈ R+

then up(t) ≤ zp(t) and zp(0) = 1. Differentiating (15) and using that u(t) ≤ z(t) and

z(t) is monotone nondecreasing for t ∈ R+, we obtain
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pz
′
(t)zp−1(t) = h(t)up(t) + α

′
(t)f(α(t))

∫ α(t)

0

g(s)uq(s)ds

≤ h(t)zp(t) + α
′
(t)f(α(t))

∫ α(t)

0

g(s)zq(s)ds

≤ h(t)zp(t) + α
′
(t)f(α(t))zq(t)

∫ α(t)

0

g(s)ds

≤ zp(t)

[
h(t) + α

′
(t)f(α(t))

∫ α(t)

0

g(s)ds

]
.

then

pz
′
(t) ≤ z(t)

[
h(t) + α

′
(t)f(α(t))

∫ α(t)

0

g(s)ds

]
by integration we get

z(t) ≤ exp
1

p

[∫ t

0

h(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)dτds

]
.

Finally it comes that,

u(t) ≤ exp
1

p

[∫ t

0

h(s)ds+

∫ α(t)

0

f(s)

∫ s

0

g(τ)dτds

]
.

4. APPLICATION TO DIFFERENTIAL EQUATIONS

The new inequalities, derived in this paper, are useful in many applications in

particular to the stability of dynamical systems. We propose new sufficient conditions

to ensure the global uniform asymptotic stability of time-varying differential equations

described by the following form:

(16) ẋ = f(t, x) + g(t, x)

where f : R+ ×Rn −→ Rn and g : R+ ×Rn −→ Rn are piecewise continuous in t and

locally Lipschitz in x on R+ × Rn, and the associated nominal system is given by

(17) ẋ = f(t, x)

For all x0 ∈ Rn and t0 ∈ R+, we will denote by x(t; t0, x0), or simply by x(t), the

unique solution at time t0 starting from the point x0. Unless otherwise stated, we

assume throughout the paper that the functions encountered are sufficiently smooth.

We often omit arguments of functions to simplify notation, ∥.∥ stands for the Eu-

clidean norm vectors. We recall now some standard concepts from stability and
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practical stability theory, any book on Lyapunov stability can be consulted for these,

particularly good references are [12]. K is the class of functions R+ → R+ which are

zero at the origin, strictly increasing and continuous. K∞ is the subset of K functions

that are unbounded. L is the set of functions R+ → R+ which are continuous, de-

creasing and converging to zero as their argument tends to +∞. We denote KL the

class of functions R+ ×R+ −→ R+ which are class K on the first argument and class

L on the second argument.

A positive definite function R+ → R+ is one that is zero at the origin and positive

otherwise.

We define the closed ball Br :=
{
x ∈ Rn : ∥x∥ ≤ r

}
.

We begin by giving the definition of uniform boundedness and uniform stability (see

[10]-[11]).

Definition 4.1. (uniform boundedness) A solution of (16) is said to be globally

uniformly bounded if for every α > 0 there exists c = c(α) such that, for all t0 ≥ 0,

∥x0∥ ≤ α ⇒ ∥x(t)∥ ≤ c(α), ∀ t ≥ t0.

Definition 4.2. (uniform stability)

(i) The origin x = 0 is uniformly stable if for all ϵ > 0, there exists δ = δ(ϵ) > 0, such

that for all t0 ≥ 0,

∥x0∥ < δ ⇒ ∥x(t)∥ < ϵ, ∀ t ≥ t0.

(ii) The origin x = 0 is globally uniformly stable if it is uniformly stable and the

solutions of the system (16) are globally uniformly bounded.

We recall in the following definition the notion of practical stability ( see [24]).

Definition 4.3. (practical stability) The system (16) is said to be

(PS1) uniformly practically stable if given (λ,A) with 0 < λ < A, we have

∥x0∥ < λ ⇒ ∥x(t)∥ < A, t ≥ t0, ∀t0 ∈ R+.

(PS2) quasi-uniformly asymptotically stable (in the large) if ∀ε > 0, α > 0, t0 ∈ R+,

there exists a positive number T = T (ε, α) such that

∥x0∥ ≤ α ⇒ ∥x(t)∥ < ε, t ≥ t0 + T.

(PS3) uniformly practically asymptotically stable if (PS1) and (PS2) hold at the

same time.

As application to stability, let us consider the nonlinear dynamical system

(18) ẋ = A(t)x+ g(t, x)
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where t ≥ 0, x(t) ∈ Rn, the matrix A(.) is continuous and bounded, g : R+×Rn → Rn

is continuous in (t, x), locally Lipschitz in x such that g(t, 0) = 0. We suppose that

x = 0 is globally uniformly asymptotic stable equilibrium point for the nominal

system ẋ = A(t)x, this is equivalent to say that,

(19) ∥Φ(t, t0)∥ ≤ k exp−γ(t− t0),∀t ≥ t0, k > 0, γ > 0

where Φ(t, t0) is the state transition matrix associated to A(t). The solution of this

system which the initial condition (t0, x0) is given by

(20) x(t) = Φ(t, t0)x(t0) +

∫ t

t0

Φ(t, s)g(s, x(s))ds.

We have

(21) ∥x(t)∥ ≤ k exp−γ(t− t0)∥x(t0)∥+
∫ t

t0

ke−γ(t−s)∥g(s, x(s))∥ds.

It follows that,

(22) eγt∥x(t)∥ ≤ keγt0∥x(t0)∥+
∫ t

t0

keγs∥g(s, x(s))∥ds.

We will impose a restriction on g to study the practical stability. If we suppose that

for all (t, x),

∥g(t, x)∥ ≤ ρ(α(t))α
′
(t),

with ρ is a nonnegative continuous function satisfying

∫ ∞

0

ρ(t)eγα
−1(t)dt < ∞, then

(22) becomes

eγt∥x(t)∥ ≤ keγt0∥x(t0)∥+
∫ t

t0

keγsρ(α(s))α
′
(s)ds

≤ keγt0∥x(t0)∥+
∫ α(t)

α(t0)

keγα
−1(s)ρ(s)ds

≤ keγt0∥x(t0)∥+
∫ ∞

0

keγα
−1(s)ρ(s)ds,

or equivalently,

∥x(t)∥ ≤ ke−γ(t−t0)∥x(t0)∥+e−γt

∫ ∞

0

keγα
−1(s)ρ(s)ds.
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Seen that the function : t 7→ ke−γ(t−t0)∥x(t0)∥+e−γt

∫ ∞

0

keγα
−1(s)ρ(s)ds vanishes, then

it fulfills that

∥x(t)∥ ≤ ε, ∀t ≥ t0 + T,

for a certain T > 0, this shows the practical stability of the system. An other approach

is to study the asymptotic behavior of the system in a small neighbourhood of the

origin. For the rest, we need the following definitions which are related to stability.

Definition 4.4. (uniform stability of Br)

(i) Br is uniformly stable if for all ϵ > r, there exists δ = δ(ϵ) > 0 such that for all

t0 ≥ 0,

∥x0∥ < δ ⇒ ∥x(t)∥ < ϵ, ∀ t ≥ t0.

(ii) Br is globally uniformly stable if it is uniformly stable and the solutions of system

(16) are globally uniformly bounded.

Definition 4.5. (uniform attractivity) The origin x = 0 is globally uniformly attrac-

tive if for all ϵ > 0 and c > 0, there exists T (ϵ, c) > 0, such that for all t0 ≥ 0,

∥x(t)∥ < ϵ, ∀ t ≥ t0 + T (ϵ, c), ∥x0∥ < c.

Definition 4.6. (Class K function) A continuous function α : [0, a) → [0,+∞) is

said to belong to class K, if it is strictly increasing and α(0) = 0. It is said to belong

to class K∞ if a = +∞ and α(r) → +∞ as r → +∞.

Definition 4.7. (Class KL function) A continuous function β : [0, a) × [0,+∞) →
[0,+∞) is said to belong to class KL, if for each fixed point s, the mapping β(r, s)

belongs to class K with respect to r and for each fixed r, the mapping β(r, s) is

decreasing with respect to s and β(r, s) → 0 as s → +∞.

The following result provides a characterization of global uniform attractivity and

global uniform stability.

Theorem 4.8. If there exists a class KL function β, a class K∞ α, a constant r > 0

such that, given any initial state x0, the solution satisfies

∥x(t)∥ ≤ β(∥x0∥, t) + r, ∀t ≥ 0,

then Br is globally uniformly attractive and globally uniformly stable.

Note that, if the class KL-function β on the above relation is of the form

β(r, s) = kre−λt, with λ, k > 0 we say that the ball Br is globally uniformly exponen-

tially stable. It is also worth to notice that if, in the above definitions, we take r = 0,

then one deals with the standard concept of GUAS and GUES of the origin (see

[12] for more details). Moreover, in the rest of this paper, we study the asymptotic

behavior of a small ball centered at the origin for 0 ≤∥ x(t) ∥ −r, so that if r = 0 we
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find the classical definition of the uniform asymptotic stability of the origin viewed

as an equilibrium point. Other applications to stability will be done in the following

example by considering the system (16), we keep the same assumptions.

Example 4.9. Suppose that the folowing condition holds for all (t, x),

∥g(t, x)∥ ≤ η(α(t))∥x(α(t))∥α′
(t),

with η is an integrable function, then (22) becomes

eγt∥x(t)∥ ≤ keγt0∥x(t0)∥+
∫ t

t0

kη(α(s))α
′
(s)eγs∥x(α(s))∥ds

≤ keγt0∥x(t0)∥+
∫ α(t)

α(t0)

keγα
−1(s)η(s)∥x(s)∥ds

≤ keγt0∥x(t0)∥+
∫ α(t)

0

keγα
−1(s)η(s)∥x(s)∥ds.

Let u(t) = eγt∥x(t)∥, then the last inequality becomes

u(t) ≤ ku(t0) +

∫ α(t)

0

keγα
−1(s)e−γsη(s)u(s)ds,

using Corollary 2.3 we get

u(t) ≤ ku(t0) exp

∫ α(t)

0

keγα
−1(s)e−γsη(s)ds,

then

u(t) ≤ kMu(t0), where M = exp

∫ ∞

0

keγα
−1(t)e−γtη(t)dt.

One can obtain an estimation on the trajectories as follows, for all t ≥ t0,

∥x(t)∥ ≤ kM∥x(t0)∥e−γ(t−t0).

Then the origin is globally uniformly exponentially stable equilibrium point for the

system.

In the following example g(t, 0) is not necessarily zero, in a such situation x = 0 is

no longer an equilibrium point.

Example 4.10. If we suppose that for all (t, x),

∥g(t, x)∥ ≤ η(α(t))∥x(α(t))∥α′
(t) + µ,
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with η is an integrable function and µ > 0, then (22) becomes

eγt∥x(t)∥ ≤ keγt0∥x(t0)∥+
∫ t

t0

keγs{η(α(s))∥x(α(s))∥α′
(s) + µ}ds

≤ keγt0∥x(t0)∥+
∫ α(t)

α(t0)

keγα
−1(s){η(s)∥x(s)∥+ µ}ds

≤ keγt0∥x(t0)∥+
∫ α(t)

0

keγα
−1(s){η(s)∥x(s)∥+ µ}ds.

Let u(t) = eγt∥x(t)∥, then the last inequality becomes

u(t) ≤ ku(t0) +

∫ α(t)

0

keγα
−1(s){η(s)e−γsu(s) + µ}ds

≤ ku(t0) + µ

∫ α(t)

0

keγα
−1(s)ds+

∫ α(t)

0

keγα
−1(s)η(s)e−γsu(s)ds

≤ k(t) +

∫ α(t)

0

b(s)u(s)ds,

where k(t) = ku(t0) + µ

∫ α(t)

0

keγα
−1(s)ds and b(s) = keγα

−1(s)η(s)e−γs.

Using Corollary 2.7 we get

u(t) ≤ k(t) +

∫ α(t)

0

e
∫ α(t)
r b(s)dsk(r)b(r)dr,

then

u(t) ≤ ku(t0) + µ

∫ α(t)

0

keγα
−1(s)ds+

∫ α(t)

0

e
∫ α(t)
r b(s)dsk(r)b(r)dr,

or equivalently

∥x(t)∥ ≤ k∥x(t0)∥e−γ(t−t0) + µe−γt

∫ α(t)

0

keγα
−1(s)ds+ e−γt

∫ α(t)

0

keγα
−1(s)η(s)e−γsds.

By supposing e−γt

∫ α(t)

0

keγα
−1(s)ds −→ 0 and

∫ ∞

0

eγα
−1(s)η(s)e−γsds < ∞, one can

obtain an estimation on the trajectories as follows, for all t ≥ t0,

∥x(t)∥ ≤ k∥x(t0)∥e−γ(t−t0) + r.

Then, Br is globally uniformly exponentially stable.

Example 4.11. We suppose that for all (t, x),

∥g(t, x)∥ ≤ η(α(t))∥x(α(t))∥α′
(t) + µ(α(t))α

′
(t),
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with η is integrable and η′ is a piecewise continuous function, then (22) becomes

eγt∥x(t)∥ ≤ keγt0∥x(t0)∥+
∫ t

t0

keγs{η(α(s))∥x(α(s))∥α′
(s) + µ(α(s))α

′
(s)}ds

≤ keγt0∥x(t0)∥+
∫ α(t)

α(t0)

keγα
−1(s){η(s)∥x(s)∥+ µ(s)}ds

≤ keγt0∥x(t0)∥+
∫ α(t)

0

keγα
−1(s){η(s)∥x(s)∥+ µ(s)}ds.

Let u(t) = eγt∥x(t)∥, then the last inequality becomes

u(t) ≤ ku(t0) +

∫ α(t)

0

keγα
−1(s){η(s)e−γsu(s) + µ(s)}ds

≤ ku(t0) +

∫ α(t)

0

keγα
−1(s)µ(s)ds+

∫ α(t)

0

keγα
−1(s)η(s)e−γsu(s)ds

≤ k(t) +

∫ α(t)

0

b(s)u(s)ds,

where k(t) = ku(t0) +

∫ α(t)

0

kµ(s)eγα
−1(s)ds and b(s) = keγα

−1(s)η(s)e−γs. Using

Corollary 2.7 we get

u(t) ≤ k(t) +

∫ α(t)

0

e
∫ α(t)
r b(s)dsk(r)b(r)dr.

Let M =

∫ ∞

0

kµ(s)eγα
−1(s)ds and M ′ =

∫ ∞

0

keγα
−1(s)η(s)e−γsds, then

u(t) ≤ ku(t0) +M + eM
′
(ku(t0) +M)M ′.

Finally, we get for all t ≥ t0,

∥x(t)∥ ≤ k(1 +M ′eM
′
)∥x(t0)∥e−γ(t−t0) + e−γtM(1 +M ′eM

′
).

Using that the function : t 7→ e−γtM(1 +M ′eM
′
) vanishes, it comes that the system

(16) is uniformly practically asymptotically stable.

Example 4.12. We suppose that for all (t, x),

∥g(t, x)∥ ≤ α
′
(t)

∫ α(t)

0

η(s)∥x(s)∥ds,

with η is a continuous nonnegative function, then (22) becomes

eγt∥x(t)∥ ≤ keγt0∥x(t0)∥+
∫ t

t0

keγsα
′
(s)

∫ α(s)

0

η(τ)∥x(τ)∥dτds

≤ keγt0∥x(t0)∥+
∫ α(t)

α(t0)

keγα
−1(s)

∫ s

0

η(τ)∥x(τ)∥dτds

≤ keγt0∥x(t0)∥+
∫ α(t)

0

keγα
−1(s)

∫ s

0

η(τ)∥x(τ)∥dτds.
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Let u(t) = eγt∥x(t)∥, then the last inequality becomes

u(t) ≤ ku(t0) +

∫ α(t)

0

keγα
−1(s)

∫ s

0

η(τ)e−γτu(τ)dτds.

Using Theorem 2.11, we get

u(t) ≤ ku(t0) exp

(∫ α(t)

0

keγα
−1(s)

∫ s

0

η(τ)e−γτdτds

)
.

Finally, we get for all t ≥ t0,

∥x(t)∥ ≤ kM∥x(t0)∥e−γ(t−t0),

whereM is the upper bound of the function : t 7→ exp

(∫ α(t)

0

keγα
−1(s)

∫ s

0

η(τ)e−γτdτds

)
.

Example 4.13. We suppose that for all (t, x),

∥g(t, x)∥ ≤ ω(∥x(t)∥),

with ω is a function as in Theorem 3.1, then (21) becomes

∥x(t)∥ ≤ k exp−γ(t− t0)∥x(t0)∥+
∫ t

t0

ke−γ(t−s)ω(∥x(s)∥)ds.

Using Theorem 3.1, we get

∥x(t)∥ ≤ G−1

(
G
(
ke−γ(t−t0)∥x(t0)∥

)
+

∫ t

t0

ke−γ(t−s)ds

)
≤ G−1

(
G
(
ke−γ(t−t0)∥x(t0)∥

)
+

∫ t

0

ke−γ(t−s)ds

)
≤ G−1

(
G
(
ke−γ(t−t0)∥x(t0)∥

)
+ k
)

≤ G−1
(
G
(
keγt0∥x(t0)∥

)
+ k
)
.

Conclusion In this paper, some new retarded inequalities of Gronwall-type are

obtained. As applications, we have considered the problem of asymptotic behaviors

of a class of retarded Volterra equations and the stability of a class of dynamical

systems.

Acknowledgement The authors are grateful to the editor and reviewer for their

valuable comments that contribute to improve the quality of the manuscript.

REFERENCES

[1] A. Abdeldaim, On some new Gronwall-Bellman-Ou-Iang type integral inequalities to study

certain epidemic models, J. Integral Equations and Appl., 24:149-166, 2012.

[2] B.P. Agarwal and S. Deng andW. Zhang, Generalization of a retarded Gronwall-like inequality

and its applications, Applied Mathematics and Computations, 165:599-612, 2005.



ON SOME RETARDED INTEGRAL INEQUALITIES OF GRONWALL TYPE 53

[3] A. Ben Makhlouf, M. A. Hammami, A nonlinear inequality and application to global asymp-

totic stability of perturbed systems. Math. Methods Appl. Sci., 38, no. 12:2496-2505, 2015.

[4] A. Ben Makhlouf, M. A. Hammami, K. Sioud, Stability of fractional-order nonlinear systems

depending on a parameter, Bulletin of the Korean Mathematical Society, 54 (4), 1309-1321,

2017.

[5] B.B. Nasser, K. Boukerrioua, M. Defoort, M. Djemai, M.A. Hammami, T. M. Laleg-Kirati,

Sufficient conditions for uniform exponential stability and h-stability of some classes of dynamic

equations on arbitrary time scales, Nonlinear Analysis: Hybrid Systems, 32, 54-64, 2019.

[6] I. Bihari, A generalization of a lemma of Bellman and its applications to uniqueness problems

of differential equations, Acta Math. Acad. Sci. Hungar., 7:71-94, 1956.

[7] M. Bohner and A. Peterson, Elements of stability theory of A. M. Lyapunov for dynamic

equations on time scales, Nonlinear Dynamics and Systems theory, 7(4):225-252, 2007.

[8] Rabia Ilyas Butt, Thabet Abdeljawad and Mujeeb Ur Rehman, Discrete Version Of Gronwall-

Bellman Type Integral Inequality And Its Application In Stability Analysis, Dynamic Systems

and Applications, 30(3):449-459, 2021.

[9] H. Damak, M.A. Hammami and B. Kalitine, On the global uniform asymptotic stability of

time-varying systems. Differ. Equ. Dyn. Syst., 22:113-124, 2014.

[10] S. S. Dragomir, the Gronwall type lemmas and applications, Monograhii Matematice, No 29,

Univ.Timisoara, 1987.

[11] S.S. Dragomir, Some Gronwall Type Inequalities and Applications. School of Communications

and Informatics, Victoria University of Technology, 2002.

[12] I. Ellouze, M.A. Hammami, A separation principle of time varying dynamical systems: A

practical stability approach, Mathematical Modelling and analysis, 12 (3), 297-308.

[13] T. H. Gronwall, Note on the derivatives with respect to a parameter of the solution of

differential equations, Ann. Math., 20 (2):293-296, 1919.

[14] W. Hahn, Stability of motion, Springer Verlag, N.Y., 1967.

[15] M. Hammi, M. A. Hammami, Non-linear integral inequalities and applications to asymptotic

stability. IMA J. Math. Control Inform. 32, no. 4:717–735, 2015.

[16] M. Hammi and M.A. Hammami, Gronwall-Bellman Type Integral In- equalities and Appli-

cations to Global Uniform Asymptotic Stability, Cubo, 17(3):53-70, 2015.

[17] M.A. Hammami, On the stability of nonlinear control systems with uncertainty. Journal of

Dynamical and Control Systems. vol 7 N2:171-179, 2001.

[18] M.A. Hammami and N. Hnia, On the stability of perturbed Volterra integrodifferential equa-

tions, Journal of Integral Equations and Applications, 32 (3):325-339, 2020.

[19] Khalil H K. Nonlinear systems, Prentice-Hall: New York, 2002.

[20] Y.H. Kim, Gronwall-Bellman and Pachpatte type integral inequalities with applications, Non-

linear Anal. 71:e2641-e2656, 2009.

[21] O. Lipovan, Integral inequalities for retarded Volterra equations, J. Math. Anal. Appl. 322:349-

358, 2006.

[22] O. Lipovan, A retarded Gronwall-like inequality and its applications, J. Math. Anal. Appl.

252:389-401, 2000.

[23] A. M. Lyapunov, The general problem of the stability of motion, International Journal of

Control, 55, no.3:521-790, 1992.

[24] Neville J. Ford, Christopher T. H. Baker, Qualitative behaviour and stability of solutions of

discretised nonlinear Volterra integral equations of convolution type, Journal of Computational

and Applied Mathematics, Volume 66 Issue 1-2:213-225, 1996.



54 T. GHRISSI AND M. A. HAMMAMI

[25] Neville J. Ford, Christopher T.H. Baker, J.A. Roberts, Nonlinear Volterra Integro-Differential

Equations Stability and Numerical Stability of θ-Methods, J. Integral Equations Applications,

10(4):397-416, 1998.

[26] Gao Qingling and Qiu Zhonghua, A Generalized Retarded Gronwall-like inequalities, Applied

Mathematical Sciences Vol.7, no 99:4943-4948, 2013.

[27] Sobia Rafeeq and Sabeer Hussain, A New Gronwall-Bellman Type Integral Inequality And

Its Application To Fractional Stochastic Differential Equation, Dynamic Systems and Appli-

cations, 28(2):259-273, 2019.

[28] Taro Yoshizawa, Liapunov’s Function and Boundedness of Solutions, Funkcialaj Ekvacioj,

2:95-142, 1959.

[29] Taro Yoshizawa, On the stability of solutions of a system of differential equations, Mem.

College Sci. Univ. Kyoto Ser. A Math. Volume 29, Number 1:27-33, 1995.


