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ABSTRACT. In this paper, we present extended and improved results on the existence of solutions
for the one-dimensional p-Laplacian impulsive differential equation with nonlinear Stieltjes integral
boundary conditions, where the nonlinearity is a a. e. continuous function involving first order and
second order as well as third order derivative of the unknown abstract function. We also provide

examples to show the valid of our results. In particular, our results unify many known results.
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1. INTRODUCTION

In this paper, we investigate the existence of solutions for the following one-

dimensional singular p-Laplacian with nonlinear Stieltjes integral boundary condi-

tions
[ (00 (")) =b(t)g (1, y,y Y y"), e =T\ {to,++ tmir},
y () =y () + e (y )k—l,Q,...,m
y () = ’(k)+Nk V. k=1,2,...,m,
y”(t+)— ( )+L;~C "( tk) k=1,2...,m
(1.1) v (1) =y (& )+Rk y" (), k=1,2,....m

ny(0) — Ay (0) = f, ar(s)y(s)dv(s
ny(1) + Aoy (1) = [ as(s)y(s)dv(s),
ny"(0) — Asy™ (0 ) Jo as(s)y"(s)dv(s),
[ 0" (1) + Ay (1) = [y aa(s)y"(s)dv(s),
where ¢,(s) = |s|P™2s, p > 1, ¢, = (¢,) 71, 5 +% =1,7n>0 X\ >0fori=1,234,
J=10,1,0=ty <ty <ty <-+ <ty <tlymr1 =1, where m is a fixed positive integer,

),
)

v, I, Ny, L, and Rj are continuous and nondecreasing functions for k = 1,--- ,m,
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as well as y(t) with y(¢, ) represent the right-hand limit and left-hand limit of y(¢)
at t =t, b€ C(0,1), b(t) may be singular at t = 0 and/or t = 1, together with g > 0
is a. e. continuous on [0,1] x (0, 400) x (—00, +00)3.

Fourth-order p-Laplacian equations with nonlinear Stieltjes integral boundary
conditions play an important role in both theory and applications. They have been
attracted many people’s attention over the years, see ([1]—[32]) and the references
therein. They are often used to model various phenomena in physics, chemistry, bi-
ology, and infections diseases in the positive energy problems. However, in various
situations, including the cases just mentioned above, based on the method of upper
solution and lower solution, the existence of solution are easily established, one refers
the reader to see ([2]—[33]) for some references along this line. However, the existence
of solutions for p-Laplacian equations boundary value problems has been investigat-
ed by a lot of authors applying various nice methods such as topological degree,

the Leray- Schauder continuation theorem and coincidence degree theory, maximum
principle and so on, see ([9], [13], [22], [24]—[33]).

In [9](2004), He considered the existence of double positive solutions for the

following three-point boundary value problems

~

(p(2)) +a(t) f (2 ())—0, 0<t<1,

(1.2)

2(0) — Bp('(€)) =0, 2(1) —By('(1)) = 0,
and
(1.3) (pp(2)) +a(t) f (=t ())—O, 0<t<l,

2(0) = Bo(2'(0)) =0, 2(1) = B1(z'(€)) = 0.
The author employed a fixed point theorem due to Avery and Henderson.

In [10](2004), He and Ge were concerned with the following two-point boundary

value problems

-~

(0p(2) + () f(t,2(1)) =0, 0<t<T,
2(0) = g1(2(0)), 2(1) + g2('(1)) = 0.

The main tool in the paper is the fixed point theorem in cones due to Krasnoselskii.

(1.4)

Vazquez [27](2022) obtained the existence, uniqueness together with quantitative

estimates of solutions for a class of the fractional nonlinear diffusion equation
(1.5) Oz + Y p(2) =0,
where T, = (—A)s is the standard fractional p-Laplacian operator, 0 < s < 1 and

l<p<2

In [26] (2006), by making use of the weighted a priori estimate, vazquez (2006)
studied extinction in finite time of fast diffusion equations (1.5). In [22] (2017), Rynne
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pondered the following boundary value problem

(6, (1))~ MY (ty(0) =0, 0<t <1,

1.6

where N > 1 is an integer, ¢,(s) := |s[P~'signs, s € R, p € R satisfies p > 1 and
p#£2 A> 0, with

(¥(0),y(1)), if N=1,
(¥'(0),y(1)), if N>1,

The author presented the results on simple bifurcation and existence of a curve of

(1.7) By(y) = {

positive solutions removing certain restriction.

In [16] (2012), by applying the analytic approaches such as comparison principle,
vector calculus on networks and maximum principle, etc., Lee and Chung established
the long time behaviors of nontrivial solutions for the p-Laplacian evolution 2, = Az,
with p > 1 and showed that the solution remains strictly positive for p > 2 and became

extinct for 1 < p < 2.

In [31](2022), Wettstein investigated the fractional harmonic gradient flow on
St getting value in S"! C R™ for all n > 2, in particular establishing uniqueness
and regularity of solutions in the so-called class through small enough energy for the
weak fractional harmonic gradient flow: z,+ (—A)2z = z|déz|2, satisfying z(0, -) = zo
in the sense z(t,-) — 2o in L? as t — 0, putting the existence of solutions. The
author generalized and extended many known results (see [20]—[23]). Further, he
contemplated convergence properties for solutions to the fractional gradient flow as

t — o0.

Motivated by the results mentioned above, in the paper we study the existence
of positive solutions for the problem (1.1). Usually, the problem (1.1) can be used
to consider the numerical solutions. In this paper, however, we apply the analytic
approaches, such as upper and lower solutions, comparison principle and uniqueness
of solution, instead of numerical ones. As far as we know, a lot of nice of works
of the problem (1.1) are concerned with the numerical approach, but few works are
constructed by the analytic method and fixed point theory. We should also assert
here that our results are new and generalize together with improve the results in
([2]—[10], [16]—[31]).

The rest of the paper is organized as follows. In Section 2, we first introduce
several lemmas and definitions with notations frequently exploited through the paper.
In Section 3, we foremost give a lemma and offer some key conditions. And then, we
derive the interesting properties of solutions of the problem (1.1). We also present
the main results as well as some their proofs. Finally, in Section 4, we supply some

examples to show the valid of the main results.
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2. PRELIMINARIES

Definition 2.1. [8] Let X be a real Banach space. A nonempty closed convex set
B C X is said to be a cone provided that

(i) yePB, >0 implies Ty € PB;
(ii) yeP, —y € P implies y = 0.
Definition 2.2. [8] Let X be a real Banach space and B be a cone in X. A mapping

« is called to be the nonnegative continuous concave functional on B if o : P —

[0, +00) is continuous and
altt+ (1 —71)s) > 1a(t) + (1 —71)a(s), s, te€P, 7€]0,1].

Let X = C]0,1] be a Banach space with the norm || y ||= sup | y(¢) |, and let
0<t<1
K={yeX:yt)>0, 0<t<1}. Then K is a positive cone in X.

Throughout the paper, the partial ordering is always given by K. For the concepts
and properties of Krein-Kutmann theorems and fixed point index theory, one refers
the reader to see [8]. For § € (0, 1), let

B={ye K] min y(t) >0yl y(rt+(1-7)s) 2 ry(t)+(1=7)y(s), 5, € [0, 1]}

Denote

y |y is a map from J ontoR such that y(t)is continuous at t # ty,
PC[J,R] = left continuous at ¢ = t;, and its right limit exists att = t;
(denoted by) y(t;), for k=1,--- m.

Evidently, PC[J,R] is a Banach space with norm ||y|| pc(sr) = sup ||y(t)||-
teg

y |y is a map from J ontoR such that y/(t) is continuous at ¢ # ty,
PC'J,R] = { left continuous at t = t;, and y(t;), y(t)), ¥'(t;), v (),
y(ty) = y(th) = y(ty), exist for k=1,--- m.

Obviously, PC'[J,R] is a Banach space with norm
Iyllper 2z = supillyllreem, 1yl Pcm}-
(S

It is noticed that 8 C K C X. Denote P, = {y € P : |jy|| <7}, 0P, ={y € P : ||ly|| =
r}, Prr={y € P:r < |yl < R}, for any positive constants 0 < 7 < R < +oo. Let

y =0, y(0) =0, y(s) = [, v(t)dt + y(0) = [; v(t)dt.
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Now we study the following problem

(

y' +x(t)=0,t e J,

y () =y (ty) + I (y(tn), k= L, m,
(2.1) y(t+)—y(tk)+Nk( (tk)),k; ,m,
y(0) — 29/(0) =1 [ ax(s yS)dV(S),
y(1)+A2’ ) = L[5 aa(s)y(s)du(s).

We easily obtain the following results (2.1).

\

Lemma 2.3. Let x € C[0, 1] be positive on [0, 1]. Then the problem (2.1) admits a

unique solution y which is given by

= 1L (s)als)di(s) + 50 +nt) f an(s) — as(s))(s)do(s)
(2.2) + Jy Gt s)a(s)dv(s) + 30 [(t = t)Nu(y/ (t) + Ii(y(te)]

O<tp<t

=30+ t) S [nL(t)) + (=t + 20) Na(o/(81))]

_ 1
where § = TR and

(2.3) G(t,s) = { O(Ar+ns)(nt —n—A2) if 0<s<i<1,

A +nt)(ns—n—Xy) if 0<t<s<1.

Proof. 1t is well known that the problem (2.1) is equivalent to the integral equation

(2.2). O
Let

Ay(t) = l{ Jy ax()z(s)dv(s) + 6 +nt) [y (ar(s) — as(s))x(s)dv(s)
@a) Tl GETEd()+ 3 (= tIN(y (0) + Ly(te))

=30 0t) 3 [nde((t)) + (0= b+ 2o) N/ (1)1}

where G(t, s) is defined by (2.3). Obviously A : PC|0,1] — PC0, 1] is completely
continuous. We conclude that A has a unique nontrivial fixed point y(¢) in PC|0, 1].

Therefore, the problem has a unique solution.

Lemma 2.4. Let y € PC'(J, R) N C?(J, R) and

p

y' <0,te ],
y () =y () + Ly (), k=1,...,m,
(2.5) v () <y () + Ne (v (t) b =1,...,m,
y(0) — 244/ (0) >

L y(1) + A2?;’(1) >

Then y(t) >0, forall t € J.

0,
0
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Proof. By simple computation, we can easily obtain the result. Noticing that the

graph of y(t) on [0,1] is concave. The proof is omitted. O

Throughout of the paper, we suppose that the following conditions hold:
(Ag) g€ C(J x (0,400) X (—o0, +0)3, [0, 4+00)) for t # t, k=1,--- ,m with
lim g(s,z,0,y,2), exists for t = ty;
(vavzgvyvz)%(57x07Q07y07Z0)

(Ay) be L'((0,1), [0,+00)), b(t) may be singular at ¢t = 1 and/or t = 0, and

(2.6) 0< /1 b(s)dv(s) < +oo.

(A2) g(t y, v, y" y") < h(t,y), and h(t,y) € C([0,1] x (0, +00), [0, +00)), h(t,y)
may be singular at y = 0 and for any 0 < r < R < +00, we have

lim  sup / b(s)h(s,y(s))dv(s) =0,
¥(5)
where 9(j) = [0, %] U [j];l, 1], and j > 1 is a certain natural number.
Remark 2.5. Tt is easy to know that ¢,(s) = |s|972s. In fact, from % +% =1, we
can get (pqpp)(s) = |s[PI 2O s|pri~ls = |s|r- (405 = 5. Thus @,(s) = ¢, ' (s).

Remark 2.6. By (A;), there exists t, € (0,1) such that b(ty) > 0. Obviously, if
h(t,y) is nonsingular at y = 0, that is, h € C([0, 1] x [0, +00), [0, +00)), then (As) is
satisfied.

Now we investigate the existence of solutions for the following one-dimensional

singular p-Laplacian equation with nonlinear boundary conditions

( (o (") =gty o, ", y") € T = T\ {to, 1, b},
y(tlj) :y(t,;) + L (y(tr), k=1,...,m,
v (t;) =y (t,;) + N (Y (tg)), k=1, ...,m,
y”’ (t;“) =4 (t,:) + Ly (v (ty)), k=1, ...,m,
(2.7) y" (t,j) =y (t,;) + R (Y (t)), k=1, ...,m,
y(0) = Ay (0) = fy ax(s)y(s)du(s),
ny(1) + Aoy (1) = [ as(s)y(s)dv(s),
(
(

[aey

ny"(0) — Asy"(0) = [, as(s)y"(s)dv(s),
| 7y(1) + Aay"(1) = [ au(s)y" (s)dv(s),

where 9017(8) = ’8‘1?—257 p > 17 Pq = (@p)_l z + a = 17 n > 07 )\j >0 fOI'j = 17273747

T p
J=100,1,0 =1ty < t; <ty < -+ <ty < tme1 = 1, where m is a fixed positive

integer, v, I}, N, Ly and Ry are continuous and nondecreasing functions for k =
1,---,m, as well as y(¢{) with y(¢; ) represent the right-hand limit and left-hand
limit of y(t) at t = tx, b € C(0,1), b(t) may be singular at ¢ = 0 and/or t = 1,
g € C([0,1] x (0,+00) X (—o0,400)3, (—00, +00)).
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Now we consider the following impulsive boundary value problem

(o (y") = Cy" = b H (1, y") , t € ' = T\ {to,+ ,tsr},
y(th) =y () + Iy (), k=1,...,m,
v () =y () + Ne (W (), k=1, ... ,m,
y' (6 =" (t,) + Le (" (tr)), k=1, ...,m,

(2.8) y" () =y" () + Re (" (), k=1, ...,m,

ny(0) — My (0) = [ ar(s)y(s)dv(s) £ ay,
ny(1) + Aoy (1) = fy as(s)y(s)dv(s) £ a,
1y"(0) — A3y (0) = [ as(s)y"(s)dv(s) 2 as,

Ly (1) + Ay (1) = [y aa(s)y"(s)dv(s) = aa,

where b(t) € L'(J), H(t,v) is measurable function with respect to ¢t € J for a. e.
v € R, and is Lebesgue integrable function with respect to v € R for all t € J; as well

as Gy, as, az and ay are real numbers with C' > 0, J' = J\ {to, -, tms1}-
We adopt the following assumptions for H, Iy, Ny, Li and R, k=1,--- ,m:

(Hy) H(t,v) is continuous with respect to t € J for a. e. v € R, and is decreasing
with respect to v € R for all t € J;

(Hy) Iy, Ng, Ly and Ry, : R — R are nondecreasing for all k =1, --- ,m

Lemma 2.7. Suppose that the conditions (Hy) and (Hy) hold. If there exist y, and
yo satisfies y; € PCY(J, R) N C4(J, R), (¢,(y!")) € PCL(J, R) fori=1,2, and
( (o0 W) = Cy = b H (2, o)
< (¢p (y5)) — Cys — D) H(t, y5), t € T,
v (tF) — v (tr) — I (w1 (1)
= Y (tg) — Yo (tk) — I (y2 (tg)), E=1,...,m,
v () — vi(ty) — Ni(yi(te))
> yy(ty) —wa(ty) — Ne(wa(te), k= 1,....m,
y(t0) — yi(ty) — Li(yi (t)
=ys(t)) —ys(ty) — Lk(y (tx)
y(E) — v () — Ry (t)
>y (t) — vy () — Ry (t)), k=1,...,m,
ny1(0) — Ayi(0) < nya(0) — )\1?J2<0)a
ny1(1) + A2yt (1) < mya(1) + Aoys(1),
Yy (0) = Asyy"(0) = ny3(0) — Asyy’(0),
nyt (1) + Aag’ (1) = ny5 (1) + Aas’(1).

) -, M,

(2.9)

Then y1(t) < yo(t) and yy{(t) > y4(t) for allt € J.
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Proof. Let x; =y fori=1,2 and k=1, --- , m, then we have

( (¢ (1)) — Cy — b(t)H (¢, 1)
< (pp (24)) — Caa —b()H(t, x2), t € T,

(2.10) w1 (ty) —wi(ty) — D@ () = a(ty) — 22(ty) — In(2a(ts)),
2 (ty) — @i (ty) — Nip(@(t)) > 2y (t) — a5(ty) — Ni(ah(tr),
nz1(0) — A321(0) > nw2(0) — Azz5(0),
L nz1(1) + Az (1) > naa(1) + Aas(1).

Thus, we easily get that z1(t) > z5(t) for all t € J, which implies that y{(t) > y4(¢t).
Let £(t) = yo(t) — y1(t) for all t € J. Then we have

((e"(t) <0, te ]
E) —€(ty) —Le(€(tr) =0, k=1, ...,m,
(2.11) gth) ¢ @ty) - Nk (€ (t) <0, k=1,....,m,
n&(0) — As¢'(0) >
né(1) + A&'(1) >

\

Thus, it follows from Lemma 2.2 that £(¢) > 0 for all ¢t € J. Consequently, we obtain
y1(t) < ys(t) for all t € J. 0

The following definitions and lemmas can be found in ([12]—[21]).

Definition 2.8. A function y is called a solution of the problem (2.8) if y € PC*(J, R)N
C*(J, R), as well as (¢, (y"))" € PCY(J, R) and y satisfies (2.2).

Definition 2.9. A function y, is called a lower solution of the problem (2.8) if
(i) v« € PCY(J, R) N C4(J, R) and (p, (v")) € PC*(J, R);

(ii)
( (Spp (yi ) - Oyl < b( )H<t yy),teJ = J\{t0>t1, e :tm+1}7
v (65) = we (1) + I (g (40)) . k=1, ...,m,
L) >0l () + Nk (vl (), k .m,
vl () =yt (tg) + Lie (v (t0)) K .,m,
(2.12) vl () >yl (t) + Re (v (tk))a k= 1» Co,m,
0y (0) = Myl (0) < Jy ax(s)ye(s)dv(s) £ a,
nye(1) + Aoyl (1) < [ az(s)yu(s)dv(s) £ @,
1y (0) — A3y (0) > [ as(s)y (s)dv(s) 2 as,
| (1) + A (1) >y aa(s)yl(s)dv(s) 2 aa.

Definition 2.10. A function y* is called a upper solution of the problem (2.8) if
(i) y* € PC'(J, R)N C*(J, R) and (p, (y™"))" € PC'(J, R);
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(ii)
([ (0p (y™)) = Oy 2 bV H (t, y™), t € T = T\ {to,tr, -+~ b},
y () = v () + L (v (t) , k=1, ...,m,
v () < y*’ () + Nk (v (t)) . k=1, ....m,
v (E) = v () + Le (W () k=1, ... m,
(2.13) y*"' (&) <y (t) + R (v (t)), k=1, ...,m,

*

y*(0) = My™(0) = fo ay(s)y*(s)dv(s)
y*(l) + Aoy ) > [y as(s)y*(s)dv(s)
ny*//(0> /\ y*/l/(o < fo 3(8 y*//(s (
[ 7y (1) + Ay (1) < [ aa(s)y™ (s)du(s)
Definition 2.11. We call that the function g : J x (0, +00) x R — (0, 4+-00) satisfies

Nagumo-Wintner conditions corresponding to the couple of a lower solution y, and a

?

> >
ol
S

\_/
I|> ||l> S

I

37

4.

upper solution y*, if there exist invertible functions ¢, and ' € C([0, +00), (0, 4+-00))
and functions b(t) € L'([0, 1], (0, +0)), K1 (t), Ko(t) € L*([0, 1], (0, +00)) such that

(2.14) | g(t, 0,0, 8,7) |< o7 (WD (KL (8) + Ka(0)) ()77, for (£, @, 0, 8,7) € D,

where

D ={(t,a,0,8,7) € J x (0,+00) x R* | y.(t) < y(t) < y'(t), y™'(t) < y"(t) < yl(1)}

and

+o00
(2.15) | eulstants) = o

Lemma 2.12. Assume that the conditions (Hy) and (Hy) hold. Letb € L*(J, (0, +00))
and g : [0,1] x (0,+00) x R® — [0, +00) satisfy Nagumo-Wintner conditions (2.14)
and (2.15) in D. Then there ezists a constant M > 0 such that every solution of
problem (1.1) confirming y.(t) < y(t) < y*(t) and y*"'(t) < y"(t) < y/(t) for all
t € J, satisfies ||y || pcr) < M.

Proof. Suppose that there exists s € J such that ||y"(s)| pc(sr) > M. Then we have

the following two cases:
Case A: There exists kg € {0,1,--- ,m} such that s € (tx,, tro+1]-
Case B: There exists ko € {0,1,---,m} such that s =,

We only consider Case B. A similar argument holds for Case A. Since 3" (t) €
C3(J) and y*"(t) < y"(t) < y”(t), thus we have

sup |y () [ D
te[t ko ko+1)

Let M* > max {lko, Hy;”HPC(J,R)? ||y HPC(JJR)} such that

op(M™) 1 1
(2.16) / @q([s|*)dv(s) > [ Kl + || Kzl ows
%)

p(lkg)
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with w = max{y"(ts) — y"(t1) | t1,t2 € [t},, t; 1]}- By the continuity of 3" (%),
we can find a constants such that sy,s, € [t} , ¢, ,,] such that [|y"(s1)|per) =

Uiy, |¥" (s2)||Pcsry = M*. Then we have one of the following situations
(1) ¥ (s1) = Uy, ¥y (s2) = M* and I, <y (t) < M* for all t € (s1, $2).
(1) v""(s1) = lgy, " (82) = M* and I, < y"(t) < M* for all t € (s2,51).
(1ii)y" (s1) = —lky, y" (s2) = —M* and —M* < y"'(t) < —l, for all t € (sq, S2).
(iv) ¥"(s1) = —=lky, ¥ (s2) = —M* and —M* < y"'(t) < —l, for all t € (sq,s1).

Assume that the case (i) holds. The other can be handed in similar way. Since
y is a solution of the problem (1.1) and by Nagumo Wininer conditions (2.14), thus

we have

217) (oo ") () < 0 (o) (Kalt) + () [ 5" (2) 7)) for all ¢ € (s1,5).

If we put s = ¢, (y"'(t)), thus we have

op(M*) 52
/ g5 )dv(s) = / (o (4"())) du(t).

op(lkg) 51
Then by (2.17), we have
‘Pp(M*) S92 ,
/ el vt < | @ o) e ®)av)
/ b9ty " 5" a4 (1)) dir(t)
< [Tt ) ey 0) (50 + lt) |90 ) vl
/ [ )+ Kolt) [7(0) [¢] di(t)

< /Kz )Ly () [+ du(t)
S1

S1

< Il + ( [y ) ([ eyt )

< 1K los + [ Eallor ( R >) < Kl + 1Kol (0 (55) — o'(s1))

Qe 2

=

1
< [[Kal[pr + ([ Kl rwe,
which is a contradiction with (2.16), where || K1||1 = fol Ki(t)dv(t). O

Lemma 2.13. Suppose that condition (Ay) holds. Then there exists a constant 6 €
(0,1) satisfies

0< /10 b(s)dv(s) < +o0.
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Proof. 1t follows from (A;) and (2.6) that

0< /0 i b(s)dv(s) </0 b(s)dv(s) < +o0.

The proof is completed. O

Lemma 2.14. Suppose that conditions (Ag) as well as (Ay) and (As) hold. Then
T : P, p — P is completely continuous.

Proof. 1t is easily to show that T' : P,z — 9B. Next, for any positive constants
0 <r < R < 400, we will show

(2.18) sup /[01] b(s)h(s, y(s))dv(s) < 400,

yE@?T’R

which implies that 7" : B\{0} — B is well defined.

By (Ay), for any 0 < r < R < 400, there exists a natural number j such that

(2.19) sup / b(s)h(s, y(s))dv(s) < 1.
y€dP, r JI(j)
For any y € OP,, let y(to) = ax ly(t)| = r,to € [0,1]. Denote
telo,
® 1, té€]la, b,
Xa, t) =
o g o

is the eigenvalue function of the set ¥]a, b] = {t | a <t < b}. Denote

. . r .
e20) o =max{h(t. )| () € 0.\ 00) ¢ |5 R| Gez ).
It follows from (A;) and (A,) with (2.19) —(2.20) that

sup /[ AL, y(s)vls) < sup /ﬁ(j)b<s>h<s, y(s))dv(s)

yeaﬁr',R yeaﬁT,R
(2.21) 1
+ sup / b(s)h(s, y(s))dv(s) <1+ @*/ b(s)dv(s) < +oo
yeaﬁr,R [0’1}\7—90) 0

i. e., (2.18) holds. This also implies T : P,z — ‘B is well defined and T(Q) is
uniformly bounded for any bounded set Q C P, g.

By simple computing and deducing, we can see that T'(P, g) is equicontinuous.
Thus, by the Ascoli-Arzela theorem, we know that T : P,z — B is compact.

Finally we known that T : P,z — B is continuous. In fact, for any y,,yo € P,
and ||y, — yoll = 0 (n — o0). Then || Ty, — Tyo|| = 0 (n — o0). This completes the
proof. O
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3. MAIN RESULTS

In this section, we present and prove our main results.

We will assume that the existence of an ordered pair of lower and upper solutions
Y. and y* satisfying y.(t) < y*(t) and y*'(t) < y!(¢), for all t € J, and on the
nonlinearity g, we shall impose the following additional conditions.

(A3) b(t)(g<t7ylaa7ﬁ>7) - g(t?y27 17ﬁ77)) S 0 fOI’ all ¢ S Ja
ye(t) S on(t) < wp(t) <y'(t), y™'() <B(t) <yi(t) and o,y €R;

(A,) There exists a real number C' > 0 such that the function 5 +— b(t)g(t,y,0,5,7)—
C( is decreasing for all t € J,

y.(t) <y(t) <y*(t), y"(t) <B() <y!(t) and o,y €R.

Let 7.(t),7*(t) € PC'(J, R) N C*(J, R) be fixed such that

(i) ©p (7", 2p(v*") € PC'(J,R).
(ii) yo <7 <" <y in J.
(iii) y*// S ,7*// S ’7 < y/l iIl J

Denote

*///|

My > max {M*, |y} pcry), 1y |l peum) } -

We consider the following problems

(ep (y")) = Cy” =b(t)g (t, v, 1, 7", My) — Cy™", t € T,

y () =y () + Ly (te), k=1,...,m,

Yy =y (t) + Ne (v (t), k=1,...,m,

y' (t5) =v" (ty) + L (v (te)) , k=1,...,m,

(3.1) y”’(t+)—y"’(7)+Rk(”’(k),kzl,...,m,

my(0) — My (0) = [ ax(s)y*(s)dv(s),

my(1) + Aoy (1) = [ as(s)*(s)dv(s),

ny"(0) — Asy™ (0) = [ as(s)7™" (s)dv(s),
(1) = [y as(s)y*"(s)

as(s)y™"(s)dv(s)
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and
([ (0p (") = Cy” = b()g (t, Ve, 1, 7, Mo) — CHY, t €T,
y(t) =y () + Lly(te), k=1,....m
v () =y (t) + Ne (v (). k=1,....m,
y' () =" (t5) + Le (0" (&), k= 1,...,m,
(3.2) v () =y (t;) + R (" (tx), k=1,...,m,

my(0) — Ay (0) = [ ar(s)7.(s)
my(1) + Aoy (1) = [ as(s)ys(s)dv(s),
my"(0) — Asy"(0) = [ as(s)7(

(1) = Jy aa(s)72(

\ ,r/y/l( )+)\4y//l 1
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The following preliminary Lemma will play a key role to prove our main results.

Lemma 3.1. Let v, and v* be a lower and upper solutions respectively of problem
(1.1) such that v, < ~* and v« < 1,v*" <~ in J. Assume that the hypothesis
(4;) fori =0,1,2,3,4 and (Hy) with (Hy) hold, as well as the Nagumo Wintner
conditions (2.14) with (2.15) relative to a lower solution y,. and upper solution y*

respectively of problem (1.1) are satisfied. Then there exists a unique solutions y™*

and yy respectively for the problems (3.1) and (3.2) such that

(3.3) U <7 <yy <yt <A<yt oin
and
(3.4) <y <yt <yl <Al <yl

Proof. The proof will be given in two steps.
Step I. . is a lower solution of the problem (3.1).
If t € J', then by using (As) and (A4), we have

(pp (V) = CL < b(t)g (£, ves Vs V2 Y — O

(3.5) * *
< b(t)g (tYe, Ve Y™ 0 ) = O™ < b(t)g (6,7, vy ) —

That is

(3.6) (ep (V) = CL < b(t)g (8,7 7L, Y™, AY) — Cy™".

O’Y*H

Now since 7, is a lower solution of the problem (1.1) and y, < 7, < y* in J, then by

using a similar proof to that of Lemma 2.12, we have ||| pcsr) < M*. Then by

(3.6) and (Aj) together with (Ay), we get

(3.7) (p (V) = Col < (gt 7" 17", IV [ Pewm) — C™,

Viteld
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In addition, we have

Vo () =7 () + Lo (v (W), it =t k=1,...,m,
V() 2 A () + Nk (L (1), ift =t k=1,...,m,
V() = () + Le (0 (t), it =t k=1,...,m,
) = A (t) + R (V) (t)) s it =ty k= 1m
(0) = Mv(0) = [i} ax(s)()du(s) < [ ar(s)y*(s)du(s),
17 (1) + Ah(1) = [ as(s)v(s)dv(s) < [ as(s)y*(s)du(s),
172(0) = A3y (0) = [y as(s)72(s)dv(s),
(1) ( "(s)d(s)

(
L 7. 1) = [ as(s)V(

Then, it follows (3.7) and (3.8) that 7. is a lower solution of the problem (3.1).

2
* I
N
~
S~

(3.8)

Step 1I. 7* is a upper solution of the problem (3.1). The proof is similar to that
of Step 1., so it is omitted.

By Step I. and Step II since b(t) € L'(J),g(t,v*, 1,7, |[7v*"|pcr)) and
|¥"|| pc(sr) are bounded, then by Lemma 2.7, there exists a unique solution y* of the
problem (3.1) such that v, < y* <~* and v* <y <~/.

Similarly, we can prove that the problem (3.2) admits unique solution y, such
that v, <yy <" and v <y <AL

Finally by using a proof similar to that of Lemma 2.7, we obtain y, < y”* and
y*" <Y in J. The proof of Lemma 3.1 is complete. ]

The main result of this work is as the following:

Theorem 3.2. Let y.(t) and y*(t) be a lower and upper solution respectively for prob-
lem (1.1) such that y.(t) < y*(t) and y!(t) > y*"'(t) in J. Assume that the conditions
(A;) fori=0,1,2,3,4 and (H,) with (Hz) hold, and the Nagumo Wintner conditions
(2.14) with (2.15) relative to a lower solution y. and upper solution y* respectively
of problem (1.1) are satisfied. Then the problem (1.1) has maximal solution y; and
minimal solution y* such that for every solution y of (1.1) with y.(t) < y(t) < y*(¢)
i J, satisfying

(3.9) g (1) <) < ylt) <we(t) <y (), ted
and
(3.10) () <yl (t) <y'(t) < yF(E) < ylt), teld

Proof. There are three steps. We take z,, z* € PC*(J,R) fixed such that

(1) (p (), (g (™)) € PC'(J,R).
() yoe <ze <z*<yrand y” <27 <2/ <y in J.
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We define the sequences {yx, }nen and {y}nen by

3

3

3 3

E

3

3

(Y% =y,
(o (u2,,)) (1) = CY2 L, (8) = b()gi (1), t € T,
Yxny1 (tﬁ) = Ysnta (tlz) + Ik (y*n+1 (tk>) k=1,
Yirrs G) =00 () + Nk (4, () k=1
(3.11) Viw () = Ui () + L (W, () k=1
Yunia (tk) = y/*/’:l+1 (tk) + Ry (yilrthl (tk)) k=1
Wenr (0) = M, (0) = [y a1(8)a, (5)dv(s),
Moin (1) + Aoyl (1) = [y an(s)ys,, (s)dv(s),
., (0) = Asyl (0) = [ as(s)y (s)dv(s),
Ly (D) + Ay (1) = [ a(s)y”, (s)dv(s)
and
(0 =y,
(p (1)) (1) = Cyliy () = b(t)gy (), t € T,
Viir (85) = v (t0) + I (i (t) , k=1,
yrloy (85) = wily (te) + Ne (y3lq (8)), k=1,
(3.12) y;:—:i;l (%) = Ynin (t,E) + L (9211 (tk)) k=1,
i (6) = ity (t0) + B (uilty (te)), k=1,
MY5+1(0) = My 1 (0) =[5 ai(s)ys(s)dv(s),
M (1) + Aayily (1) = [ as(s)yi(s)dv(s),
1 (0) = Asyity (0) = [y as(s)ys”(s)dv(s),
[y (1) + Ay (1) = [y aa(s) (s)dv(s),
where
I () = g (t: Yens Ui 1> Y Wi L Poamy) — Cyi ()
and

*/! */1

() =gty v, vl vl pewr) — Cy

*//
n

QF
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Noticing that by lemma 2.7., the sequences {yx, }nen and {y} }nen are well defined.

Step I*. For all n € N, we have

Yul(t) < gy () <o
forall teJ

and

y*//(t)
for all t e J.

<yi"(t) < -

<Y (1) < Yo n (1) Sy () < ypn(t) < - -

<y () <y () <yl (1) <yl (t) <

<y

*
1

<yl (1)

(1) <y* (1),

(1),
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For n = 0, we have

(en (w2))" (8) = Cy, (1)
= 0(t)g (t, Y, Yoo VL, 102 | Pt umy) — CWL(E) E € '
Yor (6F) = Yo (8) + T (v (88)), k=1, ... ,m
v (B =L, (t) + Ne (v, ), k=1, ....m
(3.13) vl ) =l () Le (V) (), k=1, ....m
v (60) = vl () + B (v (), k=1, ...om
M (0) = Al (0) = [ ar(s)ya(s)du(s),
M (1) + Aatfs, (1) = [ az(s)y.(s)dv(s),
% (0) — Mgy (0) = [ as(s)y!(s)dv(s),
Ly, (1) + Ay (1) = [y aa(s)yl (s)dv(s)
and
([ (0p (11")) () = Cyi" (1)
=b(t)g (t. v v, v "l porm) — Oy, te T
(6 230§ GE ) b
vt (t5) = vt () + N (y5 ) kzl,...,m
yi' () = v () + L (i (), k=1,
(31 yi" (t) = vi" (& )+Rk (k) k= Loom
Y (0) — My (0) = [y a (8) *(s)dv(s),
(1) + Aoy’ (1) = [ as(s)y*(s)dv(s),
" (0) — Asy” (0) = [y as(s)y™ (s)dv(s),
L (1) + Ay (1) = [y aa(s)y™ (s)dv(s).

Since y, and y* are respectively lower and upper solutions of the problem (1.1), then

by the Lemma 3.1, we have

y:(t) <y (8) < i) <y'(t), forall teJ
and
y(t) <yi"(t) <y (t) <yl(t), forall telJ
Assume that for a fixed n > 1, we have

Y () < Yuuor (1) S 95, (1) S yp(t) S ypy(8) < y7(F), forall teJ
and
v () <ynla () < () <yl () < vl (0) S yl(t), forall te
Thus we prove that
Yo(t) < Yy (1) < s () S 9 (1) < (1) < y7(2), forall teJ

and
Y (t) <y () <y () <yl () <l (1) < yl(t), forall teJ
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Then we show that

Y () < Y5, (8) < Yuor () S ypia () S wp(8) <97 (t), forall te€J
and
y(t) Sy () Syt () <wi L () <yl () < yl(E), forall te
If t € J', we have

(o (")) (t) = Cy"(t) = b g(t, ymvs 0 w0, " peamy) — Cynla (1), te T

Since ¥ (t) <y’ ,(t) and y", < y*" and by using the hypothesis (A3) and (Ay), we
n n—1

obtain
x/1

HPC(JR ) C’y*”

*/11

b(t)g (t n— 17ynay;:”17Hy

@

*//

Gy ul N | pewry) — Cyily

*//

Gy oy v Ny pewry) — Cy’

—_~

which implies that

(3.15) (ep (")) (&) = b@®)g (v, v v 1w | pem)) -

Now by using a proof similar to that of Lemma 2.12., we have ||y pcur) < M*,
then by making use of (3.15), it follows that

(3.16) (ep (")) (&) = b@®)g (v v v Ny | pery) » tE T

On the other hand, for £k =1,--- ,m, we have

vi (6) = v () + Lo (v (t) s k=1,...,m,
v (60) = vz (6) + N (v (t), k=1,...,m,

(3.17) v (1) = w (6) + Le (2 (8)) . k=1,....m,
y" (t0) =y (t0) + R (" (t)) , k=1, ...,m
and
nyn(0) = My (0) = [y ar(s)ys_y(s)du(s) > [y ar(s)ys(s)du(s),
(3.18) nyn(1) + )\29 ‘(1) = fol 2(8)yn_1(s)dv(s) = fol az(s)yn(s)dv(s),
nys(0) = Xy (0) = [y as(s)yilo(s)dv(s) < [y as(s)ys(s)dv(s),
nyy' (1 )+)\4y*"’( ) = Jo as(s)yiy(s)dv(s) < [ au(s)ys(s)dv(s)
1

Then by (3.16) with (3.17) and (3.18), it follows that y is a upper solution of the
problem the problem (1.1).

Similarly, we show that y,, is a lower solution of the problem (1.1) and conse-
quently by Lemma 3.1, there exist a lower solution y,,,, and a upper solution y;
of the problem (3.11) and (3.12) respectively such that

Uolt) < Y (1) € Yora (1) < yon (0) < w2(0) < 97 (1), forall t€J
and
Y (t) < () S ynia () <yl () <l (0) < yl(t), forall teJ
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which implies that for all n € N, we have

Y () < Y5, () < Yuir () S ypn () S yp(t) <y (), forall te€J
and
Y < () < () < oL () <yl (1) < ), forall L€
Step ITI*. The sequences {y}},>1 converges to a maximal solution of the problem
(1.1).
By Step I*., and since ||y"||pcr) < M*, for all n € N, it is clear that the

n

sequence {y*"},en is uniformly bounded in PC'(J,R). We put J; = [0,t1], Jo =
m+1

(tlatQ]a e aJm = (tm—latm]a Jm+1 = <tm7 1]7 then J = U Jk;
k=1

Let ¢ > 0 and ¢, s € Jy, such that ¢ < s, then for all n € N, and by (A4) we have

(9017 (yfl"#l(s)))/ - (Wp (y;;,/+,1 (t)))/
[ 019 (050 i ) — € (67) = )] o)

< (Ca(g) +20C)]s — 1],

IN

where

Ci(g) = max{|b(t)g(t,a,0,8,7)| [t € Sy <y <y y™(t) < B <yl (1), |7] < Mo}
and
Co = max{y"(t), y- <y <y vy (t) <y'(t) <yl (H)}
If we put M; = (Cy(g) + 2CC%), one has
(0 (051()))" = (2 (21(0))'| < Ml = 1],

Then if we take |s — | < 3757, we get

(o0 (22(20))" = (20 (0 0)))| <&

Therefore the sequence (¢, (47" (t)))] o is equi-continuous on J;.

Now since ¢, l'is an increasing homecomorphism from R to R, we infer from

*/1 */11 */1 */1

Y1 (8) — yn+1(t)’ = ‘90;1 (‘Pp(ynﬂ(s))) - 90;1 (@P(yn+1(t)))} <e€

that the sequence {y"},en is equicontinuous on J; and it is not difficult to prove

that {97 },en is uniformly bounded in C3(J;).

Hence by Ascoli-Arzela’s theorem there exists a subsequence {yz{al}} of
neN

{y* }nen which converges in C3(J;).
Consider the subsequence {y;{‘“}} on the interval Jy. On this interval the
neN

subsequence {y;{al}} is uniformly bounded and equicontinuous. So, it has a
neN

subsequence {yﬁ{”} } will converge uniformly on the interval (1, ts].
neN
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Continuing this process for the intervals (t9,t3], -, (tm, tm+1], we see that the
sequence {y},en has a subsequence {yn{am“}} which will converge uniformly on
neN

+{a i ) “la ©)
the interval J. Let y%mt+! = hrn Yn {amt1}  Then (yam+1)() — lim <yn{ m+1}> for
n—r0o0

1=1,2,3.
But by Step I*. the sequence {y},cn is decreasing and bounded from below,

then the pointwise limit of this sequence exists and it is denoted by y;. Hence, we

have y*m+1 = y;.

Let k € {0,1,--- ,;m} be fixed, and t,s € (tx, tx1+1), we obtain

o (121(5)) = @ (12 (1) (/G i (r

where

Gu(t) = 0(t)g (7, y5(7), y (7), " (7), 1y (D pem)) — Oy () =y (7))
Now, as n — 400, we obtain
Gu(t) — b()g (7, 9:(7), wi(7), v (7), Iyl () pem) ) -
Also, there exists a positive number L, > 0 such that for n € N and 7 € J, we have
1Gn(®)]| < La.

Hence, the dominated convergence theorem of Lebesgue implies that

wp (1)) = @ (4" () + / t b(7)g (7 y2(1), (1), w2 (7). 12" (T) || peomy) dv (7).
Thus, for k=0, 1, .-+, m, we get
(319)  (op (1) = b(t)g (£ 95(0), w4 (1), 01 (), 19" (Dl pocmy) 5t € (Brstign)-
That is
(3.20) (s (") = b(6)g(t, ys(0), W (1), 02 (), 2" (D)l poamy), t € T

On the other hand, since the functions a; (j = 1,2,3,4) are continuous, we have

Y2 (0) = Myi(0) = [ ai(s)ye(s)dv(s)
nys(1) + Aayi(1) = [y @ ()u(S)dV(S)

—

Yy
3.21
20 gm>AwWo=f ()
nyﬁ(l) + Ay (1) = [ as(s)yl (s)dv(s)
Similarly since the functions I, Ny, Ly and Ry are continuous for k = 1,--- ;m. Thus
we have
ye () = w (t) + Ie (ys (th), k=1,...,m
L) =y (t) + Ni (v (), k= m
) )) k= 1 .,m

vl (60) = v (t7) + Li (v (¢
ui' (b )+Rk(”’<k)),k=1,...,m
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Now using a proof similar to that of Lemma 2.12., we prove that ||y"||pcr) < M™.

Hence, y; is a solution of the problem (1.1).

Now, we prove that if y, is another lower solution of problem (1.1) such that
Y <yy <y and y” <y < ylin J, then yy <y and yi < yf in J. Since yy is
a lower solution of problem (1.1), then by Step I*. we obtain yy < y* and y" <
Y5, Vn € Z,. Letting n — 400, we obtain yy, < TZETOO y* and nEToo Y <yl
which means that y; is a maximal solution of the problem (1.1).

Step III*. The sequence {y.,}nen converges to minimal solution y*(¢) of problem
(1.1).

Similar to the proof of the part of Step II*., we make a little change to get
a conclusion. What needs special explanation is that we have to construct sub-
sequence {Yinfa,.1}nen Of the sequence {y.,}nen which is increasing and bound-
ed, then the pointwise limit of this sequence exists and it is denoted by y*. Let
Yamis = nll_I)IOlo Ysnfam,,}- Hence, we have y,, ., = y*. The remaining parts of descrip-

tion is omitted. Consequently, the proof of our main result is complete. O

Remark 3.3. It follows from Theorem 3.1 we know that the maximal solution y;
and minimal solution y* for the problem (1.1) have been obtained by constructing
the iterative sequence {y }en and {yun fnen with y* and y,. respectively as the initial

value.

4. EXAMPLES AND DISCUSSIONS

In this section, we would like to use the previous result to present the following

examples. We would also give some discussions.

Example 4.1. We consider the following boundary value problem

( (e (W) =g (t,y, ¢,y y"), te T =[0,1]\ {3},

<

(4.1) ny(0) = My'(0) = 4 [ Ly(s)dv(s),
ny(1) + Aoy (1) = L [ s2y(s)dv(s),
ny"(0) = Aay”(0) = =1 [ s3y" (s)dw(s),

Ly (1) + Ay (1) = & [ 5"y (s)dv(s),

[\

where ¢, (s) = [s[P72s, p > 1, v(s) = s%, 1, A1, Aa, A3 and )4 are positive real numbers

suchthatn:6,0<)\1§§—§,%S)\2§270<)\3:g_270<)‘4§$and

f:+J —> Ris a function defined by

P 2t + 3, if tel0,s],
t) = 1—cos2(t—1) .
T)Qd—Fz if tE(%,l].
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The function f : J — R is continuous for ¢t # %, f <%_> =1 and f (% > =4. We
put by definition

(4.2) b(t)g (t. vy y" y") = f(t) (3t + 2y — ty' — ty" + 8y")
Let
—3t, if ¢telo,2],
y*(t) — . [ ) 3]
—3t+4, if te (5,1]

and

o) = —t5 —tt — 3+t 416, if t €0, %],
Y - —5 — 4 — 3 4t + 20, iftE(%,H

We have y,(t) < y*(t) and y*'(t) < y/(t) for all t € J. It is easy to check that
(¢p (¥"(1))) =0 for all t € J', and

0 if telo,3]
b(t)g (t g, Yo Vi, 0 ) = o

Then we have

(4.3) (o (W (1)) < b(t)g (t,ye, vyl y), forall t e

Also we have

Y

)

—u (37) 44 v (3) =u (4
(% 7 /// <§ ) — y;// %
) =3\ <3 Sy*( s)dv(s)
)=6-—3X\ <73 [, ' 52y, (s)dv(s
—%fl 7y (s)dv(s) =
TSty s)du(s) = 0.

Then by (4.3) and (4.4), it follows that y, is a lower solution of problem (4.1).

|| \/\_/

(4.4) Y
157

28
9
) 105°

\

Similarly, we have (¢, (y*"(t))) = 0 for all t € J', and

(=t + 3t3 + 6t — 10t) f(¢), if t €0,

1
b(t t, *7 */’ *//7 *IN
(g &%y v y™) t{ (—t* 423 4 3t — 118) f(t), if te (3,1].

Thus, we obtain

(4.5) (o (" (1)) > b(t)g (t,y",y" y™", y*"), forall teJ
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Also, we have

(

1 *
6_)‘1 Z% 0 %y (S) V(S): 714527

)

) =108 — 11Xy > 2 fol s*y*(s)dv(s) > 120296086017
(0) = 6As < —1 [ s‘”’y*”( Jdv(s) = {3,

(1)

(4.6) n

2
= 288 — 90\, < L [ sty (s)dv(s) = — 2383,

\

Then, by making use of (4.5) and (4.6), it follows that y* is a upper solution of
problem (4.1).

On the other hand, it is easy to show that the function g defined by (4.2) satisfies
the hypothesis of Theorem 3.1 and therefore, it follows that the problem (4.1) has a
minimal and a maximal solution. Consequently, the problem (4.1) has at least two

solutions. 0

Example 4.2. We study the following boundary value problem

( (90}7 (y///))/ = b(t>g (t> Y, y/> y”> y”/)v €J = [0’ 1] \ {i}?
y(3) =v ()1 v (3 =v(4).
y// <%+ _ y// (%—> : y/// %‘F _ y/// <%—> ’
(4.7) ny(0) = My (0) = =1 f; sy(s)du(s),
ny(1) + Aoy (1) = 2 [ sy(s)dv(s),
" (0) = Asy"(0) = 1 [ shy"(s)dv(s),
Ly (1) + My (1) = %fol s5y"(s)dv(s),

where ¢,(s) = [s[P7%s, p > 1, v(s) = 25 + 1 77, A, )\2, Az and )\4 are positive real

numbers such that n =1, 0 < A\ < 2 \y = A3 = A= and f:J — R

2887 10 ) 210 ) 10003

is a function defined by

t+j, if tel0,3],
t) = an(t—=2 .
Fo =1 - )+2 it te (1),

The function f : J — R is continuous for ¢t # %, f (%7> =2 and f (% > =3. We
put by definition

(4.8) b(t)g (ty, v, y" y") = f(t) B+3t+y+y — 7y + 6ty”)

Let

Ya(t) =

—3t, if telo,3],
=3t+1, if te(31]



P-LAPLACIAN IMPULSIVE DIFFERENTIAL EQUATION 125

and
) = { —%ti” — 12 13t +8, if te, 3,
-3t — 32+ 3t4+9, if te(3,1].
We have y,(t) < y*(t) and y*'(t) < y/(t) for all t € J. Tt is easy to check that
(¢p (¥"()) =0 for all t € J', and

» 0, if tel0,3],
9 49 :

Then we have

(4.9) (o (W) < b(t)g (t, 9w, vl v, y)), forall teJ

Also we have

Ys (§+) = Yy, (%_) +1, v, <%+> =y, <§_> :
V) =y (2), o (BT) = (8),
)= lr) w()-w ()
(4.10) 1Y:(0) = Ay (0) = 3A1 < —¢ [y syu(s)dv(s) = &,
(1) + Aoyl (1) = =2 — 3y < 2 [} s%y.(s)dv(s) = — 12,
1y (0) — A3y (0) = 0 > L : J sty (s)dv(s) = 0,
|yl (1) + A (1) = 0 > § [ 5% (s)dv(s) = 0.

Then by (4.9) and (4.10), it follows that y. is a lower solution of problem (4.7).
Similarly, we have (¢, (y*"(t))) = 0 for all t € J', and

(—t* +6t2 + 5t — 12) f(¢), if t€[0,3],
1

bt t, *’ */’ *//’ */1 —
(g (97575, y™) {(—t3+6t2+5t—13)f(t), if ¢te(3,1].

Thus, we obtain

4.11 v"()) > b(t)g ¢,y vy g, forall teJ
¥Pp

Also we have

(4.12) ny*(0) = \y”(0) =8 =3\ = _%1 o Sy (s)dv(s) = =243,
(1) + oy (1) = G+ Ao 2 2 fy sy (5)du(s) > T
ny*//(()) _ Agy*///(o =—1+ 2)\3 < 7 fO 4 *// )dy ) _ 11065’

)
L 779*”(1) + )\49*///(1) =-3-2\< 9 01 35y*”( )dy( ) = 11899
Then by (4.11) and (4.12), it follows that y* is a upper solution of the problem (4.7).

On the other hand, it is easy to show that the function b(t)g (¢, y*, v, y*", y*")
defined by (4.8) satisfies the hypothesis of Theorem 3.1 and therefore, it follows that
the problem (4.7) has a minimal and a maximal solution. Consequently, the problem
(4.7) has at least two solutions. O
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We discuss the conditions in the paper. It is easy to know that the functions
satisfying the conditions of the theorem 3.1 are rather wide. For example, we can

obtain the following corollary:

Corollary 4.3. Let y.(t) and y*(t) be a lower and upper solution respectively for
problem (1.1) such that y.(t) < y*(t) in J. Assume that the conditions (A;) for
i=0,1,2,3,4 and (Hy) with (Hs) hold, and the Nagumo- Wintner conditions relative
to y. and y* are satisfied. Then the problem (1.1) has a solution y* with y,(t) <
y*(t) < y(t) in J.

Remark 4.4. From above discussions, it is clear that our results unify, improve and
extend the results in [16], [22] and [23] with [31].
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