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ABSTRACT. Necessary and sufficient conditions for almost sure asymptotic stability of solutions
of stochastic dynamical systems generated by linear and nonlinear, nonautonomous ordinary sto-

chastic difference equations (SDE) in R!

Xn+1 = Xn(l - anf(Xn) + Ung(Xn>€n+l)

driven by square-integrable independent random variables (£,,41)nen with uniformly bounded quan-
tities 0,&,41 are in the center of this presentation. All conditions are explicitly expressed in terms of
the coefficients «a,, 0, f and g. Kolmogorov’s variant of the strong law of large numbers as well as

martingale convergence and martingale representation theorems are applied to prove related results.
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1. INTRODUCTION

The search for efficient necessary and sufficient conditions (abbreviated by iff-
conditions here) for almost sure asymptotic stability of the solution of stochastic dif-
ference equations (SDE) is highly complex and important for applications, especially
in mathematical finance (asset price evolutions in discrete (B, S)-markets) and math-
ematical biology (population dynamics). Mostly, authors have found sufficient condi-
tions while using Lyapunov-Krasovskii functional’s technique, see e.g. Kolmanovskii
and Shaikhet [18], [19] Kolmanovskii V.B., Kosareva N.P. and Shaikhet L.E. [17],
Kolmanovskii, Koroleva and Kosareva [16], Rodkina, Mao and Kolmanovskii [33],
Rodkina [31], [32], Rodkina and Nosov [34], Rodkina and Schurz [35], [36], [37] and
[38]. We are aiming at obtaining efficient criteria (i.e. iff-conditions) to guarantee
almost sure asymptotic stability without applying Lyapunov-Krasovskii functional’s
method while using martingale convergence theorems. All conditions shall be ex-
pressed in terms of the coefficients of related stochastic equations.
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Our studies are devoted to the problem of almost sure asymptotic stability of the

solutions of ordinary stochastic difference equations

(11) Xn+l = Xn (1 - anf(Xn) + O—ng(Xn)gn—i-l)

driven by the sequence of independent random variables (&,11)neny With moments
E[§41] = 0 and E[§,41]* < 400 such that my,1 = Y 1 &+1 defines a square-

integrable martingale with respect to the naturally generated filtration

(12) ]:n—i—l = U({gi—l—l 22071,,’/1})

Such equations occur as natural discretizations of asset prices in mathematical finance
or population dynamics in mathematical biology - phenomena which are modelled by
stochastic differential equations (SDEs) driven by independent Wiener processes. For
related theory and numerics, see Allen [1], Arnold [3], [4], Dynkin [6], Evans [7],
Freidlin and Wentzell [8], Friedman [9], Gard [10], [12], Khas'minskij [13], Kloeden,
Platen and Schurz [15], Krylov [21], Ladde and Sambandham [22], Mao [24], [25],
Mil’shtein [26], Mohammed [27], Schurz [40], [41], [42], [43] and further applications

in Kliemann and Sri [14].

We are going to prove that, for almost sure asymptotic stability of the trivial
solution of (1.1), it is necessary and sufficient that at least one of the sums >0
or Y% o2y, with 1, = E [£,41]? < +oc have to be divergent almost surely. Our gen-
eralizable proofs are not confined to identically distributed random variables Z,, such
that we could refer to the case of dependent Z,, = 0,,9(X; : | < n)&,+1 too. Moreover,
it is worth to note that, to the best of our knowledge up to now, such results are hard-
ly met in view of possible applications to stochastic numerical analysis, even not often
for linear equations (discrete or continuous) where almost sure stability was proved
only under the assumption Z::é o2n, = 400, except for the groundbreaking paper-
s of Higham [11] and Schurz [42], where results concerning almost sure asymptotic

stability were obtained for the trivial solution of equations

Xn+1 = X, <1 + 00§n+1> =+ |Cofn+1|(Xn - Xn+1)

with zero drift and real parameters |co| > |og] > 0 (i.e., more precisely speaking,
equations interpreted as linear-implicit discretizations of Girsanov’s stochastic dif-
ferential equations dX (t) = 09X (t)dW (t) through balanced implicit methods with
unbounded martingale-type of noise &,,1 = W (t,11) — W(t,) € N(0,t,41 —t,) along
partitions 0 =ty < t; < --- <ty =T driven by an underlying Wiener process W in
a more general context). For stability investigations of stochastic numerical methods
using Lyapunov functions in any dimension, cf. also [40], [41], [42], [43]. For a.s.
asymptotic stability of linear systems of drift-implicit stochastic Theta methods in
R?, see [44].
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For the general setting, we assume the following. Fix a complete filtered prob-
ability space (Q, F, (Fpn)nen, P) (i.e. complete with respect to the P-null sets of F,
see Kolmogorov (1933) [20]). The notation X = (X,,(w))nen denotes a (F,)-adapted
stochastic process with X, (w) : (Q,F,,P) — (R', B(R')). B(S) represents the o-
field of all Borel-sets of the set S. We also use the standard abbreviation "a.s.” for
the wordings ”almost sure” or ”almost surely” with respect to the fixed probability
measure P throughout the text. Moreover, "SLLN” stands for "law of large num-
bers” and "MCT” for "martingale convergence theorems” (see Doob [5], Liptser and
Shiryaev [23], Neveu [29], Protter [30] or Shiryaev [46] for more details concerning

these concepts).

The paper is organized by 7 sections as follows. After this introduction Section 2
commences with a compilation of necessary preliminaries in order to prove our main
results. Section 3 discusses a.s. asymptotic stability for linear equations without drift
parts. In Section 4 we extend our investigations to the stability behavior of linear
equations with drift parts. Section 5 reports on results with respect to nonlinear
equations with trivial solution. Eventually, in Sections 6 and 7 we work on some
relaxations of the previously presented conditions which guarantee a.s. asymptotic

stability of related class of stochastic difference equations (1.1).

2. PRELIMINARIES

A series of preliminary results is needed for the proof of main results. For its
statement, we borrow some results from Shiryaev [46], chapter IV, paragraph 3, p.

389 and derive some further simple conclusions.

Theorem 2.1 (Kolmogorov’s SLLN). Assume that &,&1,&2, ... is a sequence of
independent real-valued random variables with finite second moments and set 7 =
Var(&) fori € N. Let S, =& + & + -+ + &, and b, > 0 be real numbers such that

b, T +0o0 (i.e. monotonically increasing) as n — +oo and

(2.1) b—; < 400
i=0 1
Then, we have P-a.s.
S, —ES,
2.2 lim —+———% = 0.
(22) T 0

Corollary 2.2. Assume that, in addition to the conditions of Theorem 2.1, the hy-
pothesis

+o0
(2.3) >0 = 4oo
=0
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holds. Then, for any 6 > 0, we have P-a.s.

(2.4) lim ﬂ =

notee (Y 02)7
Proof. Let § > 0 be any real constant. Define

ZQ b, = nT;

and find some N = N(w) > 0 such that, for n > N, we have

A, i 1 - 1
1+4, = 1+4, 2
Then
— 07 - ‘ 1+6 146
B Yty e <2 [
i=N * =N
o dt
< ot / _ i
0 (1+t>1+5 +00
Now, it remains to apply Kolmogorov’s SLLN (i.e. Theorem 2.1). O

Corollary 2.3. Assume that under the conditions of Corollary 2.2 we have E[,] = 0
for alln € N. Then, for any 0, > 0, there exists a random integer N = N(g,w) > 0
such that, for alln > N, we have P-a.s.

n %4—5
(25) sl < <)
=0

Lemma 2.4. [fu e R! and |u| <k <1 then

2
(2.6) 0 < 14u < exp (u—ﬁ) and
w2

Proof. Simple manipulation using properties of In function and its Taylor series. [J

Lemma 2.5. Ifu € R! and |u| <k <1 then

1

(2.8) 0 <14+u < exp (u - @ﬁ)
and, if additionally k* exp(k) < 2 then

k
(2.9) l+u > exp (u - %u2> > exp (u—I(k)u*) > 0
where

ok

(2.10) (k) =

2 (1 — k2eF/2)"
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Proof. An expansion of e into its 2nd order Taylor series yields that
2

(2.11) exp(u) = 1+u+ % exp(6)
where 6 is an intermediate value satisfying 0 < |0] < |u|. Then

2 2 0
(2.12) L+u = exp(u) = 5 exp(d) = exp(u) (1 - Z;ﬁi))) |

Let |u| < k < 1. For u > 0, we have the elementary estimates

0<O0<u<k, 1<exp(d) <exp(u)<exp(k),

1 < 1 < exp(0)
exp(k) ~ exp(u) ~ exp(u)
and, for u < 0, the estimates

(2.13) hence =exp(f —u) <1,

0>0>u>—k, 12>exp(f)>exp(u) > exp(—k),
exp(6)
exp(u)
hold. Thus, summarizing, for any |u| < k < 1, we may conclude that
exp(0) 1 1,
> 0 <1 < - — .
exp(u) — exp(k)’ s s ep v o

Consequently, inequalities (2.8) are proven. For the proof of inequalities (2.9) we use

(2.14) hence 1<

— exp(6 — u) < exp(k)

(2.15)  exp(k) >

the other sides of inequalities (2.13) and (2.14). Namely, we use the estimate
exp(f)
exp(u)
Thus, while assuming that k2 exp(k) < 2 and |u| < k, we arrive at

(216) 1+u = exp(u)- (1-%}3&) > exp(u) (1—@) > 0.

< max{1,e"} = exp(k).

Now, we make use of a Taylor expansion of In(1 + u) up to the first order term,
namely In(1 + u) = u/(1 4 6) with intermediate value 6 € (min(0, u), max(0,u)) and
lu] < k < 1. Estimate the second factor in the last product in (2.16) as follows.
Consider

u? exp(k u? exp(k u? exp(k
(2.17) 0 < 1-— % = exp <ln (1 — %)) = exp (—2(1—f(<2)))
with intermediate value (; € (—u? exp(k)/2,0). Recall that k? exp(k) < 2 holds. Note
that
< 1 < 1 < 1
T 14+¢G T 1—wuPek/2 T 1 —k2ek/2
Define 1(k) as in (2.10). Combining (2.18) with (2.17) leads to

(2.18)

u? exp(k)
2
Plugging this estimate into (2.16) brings us to the conclusion of Lemma 2.5. O]

1 > exp(—Il(k)u?) > 0.
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3. ALMOST SURE STABILITY FOR LINEAR EQUATIONS
WITHOUT DRIFT

Consider linear stochastic difference equations

(31) Xn-H = Xn<1+0n€n+1>

started at some initial value Xy which is independent of F,, for all n € N, where o,
are nonrandom parameters and &, are uniformly bounded random variables such
that

(3.2) VieN:|oy| < k <1, and K exp(k) < 2

where k > 0 is a real constant. Assume that &, are independent random variables
which have mean E[£;41] = 0 and finite 2nd moments E [§;,]* = 7; < +oc. In the

statement of the theorem below, we shall also suppose that

+00
(33) N
1=0

Theorem 3.1. Assume that condition (3.2) is satisfied. Then, condition (3.3) is
fulfilled if and only if lim, o X, = 0 holds P-a.s. for all solutions (X, )nen of
equation (3.1).

Proof. Suppose that (X,)nen solves (3.1). First, some preliminary considerations.
Applying Lemma 2.5, more precisely from its proof-step (2.12), we get to the repre-

sentation

(1  (0iis1)? eXP(Qz‘))

(34) X, = Xo g(l—i-aifiﬂ) = Xo [Jexploiginn) 2exp(0iit1)

i=0
where 0; € [0, |0;6;11]) € [0, k]. Let ¢; : RL — RL be the moment generating function
related to the random variable — i2+1‘ Then, an expansion of e* into its Taylor series

leads to
¢i(t) = ]E[GXP(_t§z2+1)] = E [1 _t§i2+1 exp((i)}
for t € R, where ; € [—t&7,,0]. For t&2,, < k?, one arrives at
—k? < €] <G <0, —exp(—k?) > —exp(—t€,,) > —exp(() > —1.
This implies that

9i(t) = 1—1’E[&, exp{¢}]
(3.5) < 1—t*exp(—k*)E [ffﬂ] = 1 — t*exp(—k?)n;

and, in particular for ¢t = 02, we have

(3.6) 0 < ¢i(0]) < 1—a?exp(—k*)n;.

i
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We also note that

n

eXp(_UiggiQH)
My = [l
o E ¢i(0?)

defines a nonnegative martingale M = (M,),en started at initial value My = 1,
since the expectation of any independent factor in the above product is 1, i.e., more
precisely, E [exp(—07&2,1)/¢i(07)] = 1. Thanks to well-known martingale convergence
theorems (MCT, see [5], [23], [29], [30], [46]), this martingale M converges (P-a.s.)
to a finite random variable M, .. Therefore, it is uniformly bounded above by some
P-a.s. finite random variable H; = H;(w) > 0, i.e.

(3.7) 1 < supM,(w) < Hi(w) < 400
neN

for w € Q (P-a.s.). Furthermore, from the elementary estimate 1 +u < e* and (3.6),

we know that

(3.8) 0 < Hgbl(af) < H (1 — exp(—k*)oin;) < exp (— exp(—k%Zaﬁm).

1=0 1=0 =0

Second, return to the estimation of (3.4). Suppose that condition (3.3) is fulfilled.
For the estimation of | X, 1| for the solution X, ;; of (3.1) from above, we apply
inequality 14 u < e*, Lemma 2.5 and simple estimation (2.15). Thus, by returning

to representation (3.4), we obtain

n 1 n
(3.9) [ Xni1] < | Xo|exp (Z 0iit1 — 2ck 20125?“) -
=0 =0

To estimate the term )" 0;&;+1 we apply Corollary 2.3 from the preliminaries in sec-
tion 2. Consequently, there exists some P-a.s. finite random variable Hy = Hy(w) > 0
(i.e. € from Corollary 2.3) such that, for any ¢ € (0,1/2), we have P-a.s.

n 546
<, (z asm>

=0

n

(3.10) Z oilit1 <

=0

n

Y oiéin

=0
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for all n > N(Hy,w). Combining (3.7), (3.8), (3.9) and (3.10) leads to (for all
n 2 N(H%w))

73+6
n 2
|Xn+1‘ S ‘XO‘ - €Xp H2 [2012771 - €xXp ( Z z z+1>
=0 _

=0

[ 1k 1 exp(—o7&2 ) Ve Ve
= |Xo|-exp [ Hy Zafm (H —qb‘(alg)wl > '(H@(U?))
| i=0 ] A i=0

=0 ¢

- 1346
n 2 o eXp k2 n
< | Xo|-exp | Hy dem 'Hll/(2 ) TP T ZU i

n §+§
(311) < |X0| . Hll/(Qek) - exp Hz [Z 012772_] eXP Z o2

=0

Due to condition (3.3), for all real numbers € > 0, there exists some random integer
N1 = Ni(g,w) such that, for all n > N; and all 6 € (0,1/2), we can estimate

Then, for fixed £ > 0 with ¢ < exp(—k* — k)/4 and all n > max{N;(e,w), N(Hz,w)},

we arrive at

Xpn] < | Xol- 1/26)'ex1o (kT k) oni |,
+ b

hence, a.s. stability of equation (3.1) can be established and the asymptotic property

(3.12) lim X, = 0

n—+00
holds P-a.s.

Third, consider the verification of the backwards conclusion in iff-part of The-
orem 3.1. Suppose that lim,_,, X,, = 0 holds P-a.s. Return to the estimation of
representation (3.4). An estimation of | X,,;1| from below using the second part of
Lemma 2.5 (more precisely, its proof-step (2.12)) yields that
- (1 . (0i€is1)” exp(@i))

X, > | Xyl - iSi
| Xns1l > | X0l gexp(05+1) 2exp(0i&it1)

& 0:€i1)? ex
(3.13) > |X0| . HGXP(%&H) (1 . ( iSit )2 e p(k)> > 0.
=0

To proceed with the estimation of |X,, 1| from below, consider the expression 1 —
((0s€i11)% exp(k))/(2). Now, we make use of a Taylor expansion of In(1 + u) up to
the first order term, namely In(1 + u) = /(1 + ) with intermediate value 6 €
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(min(0, u), max(0,u)) and |u| < k < 1. We estimate the factors of the product in
(3.13) as in the proof of Lemma 2.5 as follows. Set u = 0;§,41 and get to

0 < 1— <0z‘§i+1)22exp(/€) — e <ln (1_ (0¢§i+1);exp(k:))>

(0iit1)* exp(k)
3.14 = —
o o (~25HEG
with intermediate value ¢; € (—(0;&;41)% exp(k)/2,0). Recall that k% exp(k) < 2 holds
by assumption (3.2). Note that the term 1/(1 + ¢;) can be estimated from above as
in (2.18). Define [(k) as in (2.10). Applying estimation (2.18) to (3.14) implies that

gexp(mfiﬂ) . (1 — (Uifi+1)2 exp(k?)) > gexp (0i§i+1 — l(k)(ai€i+1)2> '

Then, by exploiting the prior observations, estimation (3.13) renders to
(3.15) [ Xn+1| = | Xof - exp (Z 0i&iv1 — (k) Z(Uz‘fz’+1)2> :
i=0 i=0

Next, for further estimation from below, consider ¢\° : R! — R! as the moment
generating function for the random variable &2, defined by qb?) (t) = E [exp(t&?,)] for
0<t< O'Z-Q . Then, from an expansion of e into its Taylor series e = 1 + ue? where
0 € (0,u), we conclude that

o7 (t) = Elexp(ten)] = B [1+14€5, exp(G)]
where 0 < [(;] < k% and exp(k?) > exp((;) > exp(—k?). An estimation of ¢ (t)
from above gives
6P(t) = 1+1E [ exp(G)] < L+texp(R)E (&) = 1+ texp(k?)n;
for 0 <t < o?. Hence, in particular, we have
0 (07) < 1+ 07 exp(k)mi

We note that M@ = (M{?),ey satisfying

n

. H eXP(Uz‘Q i2+1)
o 2
i=0 ¢1( )(02'2 )
started at M0(2) = 1 forms a nonnegative martingale with respect to {F, },en and its

expectation E [My(Lz)] = 1. Then, by MCT (see [5], [23], [29], [30], [46]), M converges P-

a.s. and is uniformly bounded by some P-a.s. finite random variable H3 = Hz(w) > 1.

M(Q)

Similarly to the uniform boundedness (3.7), we find that

(3.16) 1 < supM®? < Hy < 400,
neN
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hence
1 1 1
(3.17) Ao b1y
M SUpP,,en M Hj
for all n € N. Then, using the latter observations, we have

. a2 1 1
qexp(—af s0o= 115 (,202))'H¢<2><03) M@

n+1

“ 1
I o7

i=0
1 1

H Ty 62 (02) ~ HsITo(1 + o exp(k?)n,)’

Exploiting the elementary relation 1+ u < e provides us the estimate

(3.18)

(3.19) H(l +oZexp(k*)n) < exp (exp(k2) Z afm) :

=0 i=0

Combining (3.18) and (3.19) leads to

n 1 n
(3.20) gexp(—af )z e (— exp(k‘2)203m>

i=0
which can be applied to estimate the 2nd part of exponential at the right hand
side of (3.15). Next, we are going to estimate its 1st part. For this purpose, let
¢§1) : R! — +R! be the moment generating function for the random variable —&; 1,
ie. ¢§1)(t) = E[exp(—t&y1)] for t € R, Then, by the expansion of e“ into its

2nd order Taylor series e* = 1 + u + u?e? /2 where the intermediate value @ satisfies

0 < 0] < |u|, we have

@m(t) = Elexp(—t&41)]=E 1—tfi+1+—t2£i2+1 exp((i)} :IE{l—l-—ﬁzgir1 exp((i)}

2 2
where |(;] < k and exp(k) > exp((;) > exp(—k). Using these observations we can
estimate
1) Lo o2 Ly 2 L,
¢i°(t) = 1+ SE[GL, exp(G))] < 1+ 57 exp(R)E [§a]” = 1+ 5t exp(k)n,
and, in particular for ¢t = +0;, we have
() 1
1 < ¢ (x0y) < 1+ 0 exp(k)n;.
Similarly as before, M) = (Mél))neN started at My = 1 and satisfying

n

MO — HGXP(CU&H)
noo O
ico @ (—0y)
forms a nonnegative martingale with respect to {F,}n,en. Then, by MCT (see [5],
23], [29], [30], [46]), and the fact that ¢\ (¢) = ¢{"(—t) > 1 for all i € N and all
t € R, the exponential martingale M) converges P-a.s. to MSO)O with E [MJ(:O)O] =1
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Therefore, we can estimate M® from below as follows. There is some P-a.s. finite
random variable Hy = Hy(w) > 0 such that, for all n € N, we have

(Mn+1> HeXP szz+1)¢ (_Ui>

_ H exp OZ&“ Hd)(l) (—oy) < Hy - exp (exp(k) Zﬁm) <+00.
i=0

This fact leads to

1 n
1
(3.21) My}, > E-exp <— exp(k) E_ afni> > 0

Applying the latter estimate implies that

Hexp(mfiﬂ) = H (%(b(l( )) = Mé?l'H(ﬁEU(_Ui)
i=0 ) i

1 ~
(3.22) > o exp <— exp(k) ;Ui 77,») > 0

for all n € N. Now, return to the estimation (3.15). Suppose that |Xy| > 0. Then,
after plugging estimates (3.20) and (3.22) into (3.15), we arrive at

| Xns1l > | Xo|-exp (Z oi&iv1 — (k) Z(Uifiﬂ)z)
i—0

(3.23) > _Xol exp (—(exp(k) + I(k) exp(k?)) Zafm) > 0

for all n € N. Recall that we have supposed that lim,, , ., X,, = 0 for all X, (P-a.s.).
Note also that the nonrandom constant exp(k) + I(k) exp(k?) > 0 is strictly positive.
Therefore, from (3.23), we may conclude that the nonrandom sum Y ,o?n; has to

tend to 400 as n — +o00. Consequently, Theorem 3.1 is proved. [

Remark 3.2. The proof of Theorem 3.1 can be simplified using the standard Central
Limit and Monotone Convergence Theorems (see [46]) in conjunction with properties
of the In function, based on the independence of (&,11)n,en. However, for the sake of
transparency of all succeeding proofs, we prefer to avoid a simplification in this way
in view of an impossible extension of such a simplified proof-technique to the case
of nonlinear equations with possibly dependent noise terms. Furthermore, some of
the above proof-steps are needed for the simplification of proofs and some necessary
references below. Moreover, under the hypothesis that all random variables &,,; are
independent of each other, either the limits X, = 0 or X, > 0 for Xy > 0 (P-a.s.)
by the well-known Kolmogorov 0-1 Law (see [46]).
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Remark 3.3. Because of the independence of random variables (§,,41)nen the martin-
gale (3.1) is of the likelihood ratio type covered by Kakutani’s theorem on singularity
/ equivalence of product measures (see, e.g. Neveu [29], Proposition I11-2-6). Sup-
pose that Xy > 0 for simplicity. Then this theorem asserts that the limit of such a

martingale X is either a.s. positive or a.s. zero, and is positive if and only if

+o00
[[EVi+ou&nn > 0
n=0

This would give another set of necessary and sufficient conditions to ensure asymptotic
stability, from which the result of Theorem 3.1 could be deduced too.

Remark 3.4. Using estimates (3.11) and (3.23) it is possible to obtain very rough
estimates for the exponential decay rate of solutions of equation (3.1). More precisely,
for some nonrandom constants Hy = Hy(k), Hy = Hy(k), K1 = Ky(k) and Ky, =
K, (k) satistying 0 < Hy(k) < Ho(k) and 0 < K;y(k) < Ky(k), we find that

(3.24)  H;|Xo|exp <—K2 203m> < | Xnia| < Hy|Xo| exp (—Kl Zafni)
=0

i=0

for all n € N. In particular, when &; are independent and identically distributed
discrete random variables taking on only 2 values 1 and -1 with equal probabilities
1/2, we have n; = 1 for all i € N. Suppose that ; = 1/4/2(i + 1), then conditions
(3.2) and (3.3) hold with k = 1/4/2. In this case, as a result of our analysis above, we
can even find polynomial-type decay rates as follows. Estimates (3.24) take on the

form

n n

K 1 K 1
Hy| Xo| exp <_722H——1> < [ Xpp1] < Ha [ Xo| exp (_712 i+ 1) :

i=0 =0

Now, apply the estimates " j1/(i+1) <14+In(n+1) and In(n+2) < >, 1/(i+
1) which are derived from an application of monotonicity of Riemann sums to the

integrals In(n) = ["(1/z)dz. Consequently, we get to

(3.25)

Hy| Xo|e 52/2 n+ 1\ Hy| Xo < Hy| Xo|
(n + 1)K2/2 n+ 2 (n+1)K1/2 = (n+ 1)K1/2

with strictly positive constants K; < Ky and Hy < H;. Therefore, we can even

< Xl < (

establish polynomial-type decay rates for discrete stochastic difference equations using

techniques from the proof of Theorem 3.1.

4. ALMOST SURE STABILITY FOR LINEAR EQUATIONS WITH
DRIFT

Consider ordinary stochastic difference equations

(41) Xn+1 = Xn <1 -, + O—ngn—i-l)
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started at some initial value Xy which is independent of F,, for all n € N, where
a, and o, are not random, (§,+1)nen are independent random variables with mean
E[¢,11] = 0 and second moments E [§,,1]* = 1, < +oo. Assume that there exists

some nonrandom constant k € (0, 1) such that, for all n € N, we have P-a.s.

(42) —k S O-nfn—i—l S ka
(4.3) 1—a, + 0,841 >0.

Furthermore, for the statement of Theorem 4.2 below, we introduce the following

conditions.

i , 2| =
(4.4) nl_l&loo [ZO a; + ; o; 771] +o0,

(4.5) lim Y a; = +oo,
(4.6) VneNa, > 0.

Remark 4.1. Condition (4.4) is fulfilled if one of the conditions (4.5) or (3.3) is
satisfied.

Theorem 4.2. Assume that conditions (4.2), (4.3) and (4.6) are satisfied. Then,
condition (4.4) is fulfilled if and only if lim,,_, o X, = 0 holds P-a.s. for all solutions

(Xn)nen of equation (4.1).

Proof. First of all, we represent solutions of (4.1) in the form

n n n a
(4.7) og( a; + 0i&is1) og( 0§+1)1_£( 1+0i§i+1)

1=

We note that, since condition (4.3) is fulfilled, the second product at the right side of
(4.7) is positive. The positivity of the first product at the right side of (4.7) is due to
condition (4.2). Moreover, due to condition (4.2) and inequality 1 + u < exp(u), we

can estimate the second product at the right side of (4.7) from above as follows.

n

n o
H( 1+O-z§z+1) S Hexp< 1+Uz§z+1> P <_;1+Ui§i+l)

1=

1 n
(4 8) exp < 1 2 o OZZ>

Next, we estimate it from below. For this purpose, for u > —1, we can expand
In(1 4 u) in its Taylor series up to the first order term, namely In(1 + u) = u/(1 + 0)

where the intermediate value 6 satisfies 6 € (min(0, u), max(0,u)) and |u| < k < 1.
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We obtain

I o) - Mo 0e)
- illexp (_ (1+ Uz‘&fj)(l + Cz‘))
(4.9) > €exp (—(1_—1@2 Zigaz) 5

since (4.3) holds and 1/(1 4+ k) < 1/(1 + 0:&i11) < 1/(1 — k), |(;] < k and therefore
1/(1+k) <1/(1+¢G) <1/(1—k).

Suppose that condition (4.4) is fulfilled. As noted in Remark 4.1, this condition
can be only satisfied if either (4.5) or (3.3) is fulfilled. First, suppose that condition
(4.5) is fulfilled. Using estimate (4.8), the trivial fact that

n

(4.10) MY, = H(1 toiti), MY =1

=0

forms a nonnegative martingale M = (M,(ZS))%N with respect to {F, }nen because of
E[140:£+1) = 1 and standard MCT (see [5], [23], [29], [30], [46]), we find some P-a.s.
finite random variable Hs = Hs(w) > 0 such that

1+k

=0

1 n
(4.11) | Xot1] < | Xo|Hsexp ( a) .

Apparently, under (4.5), X1 must converge (P-a.s.) to 0 as n — +o0.

Second, suppose that condition (3.3) is fulfilled. Then, by applying estimates
(3.9), (3.10) and (3.11), it follows that, for all integers n > N;(w) (where Nj is chosen

in the same way as in Theorem 3.1), we have P-a.s.

1+k

=0

. - 2 _ ek
(412) Xl < 1ol k)exp< - S Z“”’)’

hence X, 41 converges (P-a.s.) to 0 as n — 400 too.

Now, the backwards conclusion. Suppose that lim,, . X, = 0 (P-a.s.). Acting
as in the last part of the proof of Theorem 3.1, we can arrive at similar estimates
from below as in (3.23). However, for this purpose, we need to estimate from below
the nonnegative product martingale M®) = (MT(L?’))%N defined as in (4.10). We may
apply the 2nd order Taylor expansion 1/(1+u) =1 —u+ u?/(1 + 6)* where 6§ is an
imtermediate value satisfying 0 € [—k, k]. Thus, thanks to MCT (see [5], [23], [29],
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[30], [46]), we can estimate the nonnegative inverse of M®) by

n n 1 n

-1 1 Troirt 1
M® ) S n BRSNS o SEREIZITRNE § B0 {_}
< i g 1+ 0ii H H 1+ 06

i=0 E [m] i=0

1 n
< Hg-exp (mzcr?m)
i=0

where Hg = Hg(w) > 0 is a P-a.s. finite random variable on 2. Consequently, we find
that

3) 1 IR

for all n € N. Finally, apply (4.9) and (4.13) to representation (4.7) in order to get
to

1
ool > ol (< S s 3t

Recall that 0 < k& < 1. Thus, (4.14) means that at least one of the expressions
S g or y . o?n; has to tend to +00 as n — +oo in order to have X,, — 0 for all
Xo (P-a.s.) as n — +oo. Hence, the proof of Theorem 4.2 is complete. O

Remark 4.3. 1t is not difficult to recognize that Theorem 4.2 remains valid if, instead
of conditions (4.6), we just require that, for some nonrandom constant K > 0, we

have

(4.14) VneN : Zai > —K > —o0.

Remark 4.4. Instead of representation (4.7) we can also consider the splitting

Xpt1 = Xoﬁ 1 —ClYi_‘i‘;igH-l ﬁ 1 —aZ X0H<1+ 101514(;1) ﬁ 1 _az
i=0 ! i=0 !

=0

We note that

n

(4.15) Moo =] (1 n ‘ff—*oj)

i=0
started at My = 1 forms a martingale with respect to {F, }nen since
E {1+ Z&“] =1
1— oy
for all @ € N. Then, instead of conditions (4.2) and (4.3), we require that, for some
nonrandom constant k € (0, 1) with k% exp(k) < 2,

(4.16) VieN: -k < 1’5—“ < k.
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holds. Apparently, this condition guarantees the strict positivity of the product mar-
tingale (M, )nen following (4.15) and MCT can be applied as before, hence we achieve

more freedom for the choice of parameters «,,.

5. ALMOST SURE STABILITY FOR NONLINEAR EQUATIONS
WITH TRIVIAL SOLUTION

Consider ordinary nonlinear stochastic difference equations

(5.1) Xny1 = Xy (1 — a, f(Xn) + Ung(XN)§n+1>

started at some initial value Xy which is independent of F,, for all n € N, where
(&441)nen are independent random variables with E [¢;,1] = 0 and E [§;,4]* = ;. Let
f:R' = R! and g : R! — R! be two continuous functions such that

(5.2) Ve>03dH(e) >0 : |ir‘1>faf(:c) > H(e) and ‘gi;;fg lg(z)| > H(e),
(5.3) VeeR : 0 < f(x),]g(x)] < 1.

Suppose also that

(5.4) VeeR'WieN : 1—o;f(x) +0:i&ipg(x) > 0.

Remark 5.1. Assumption (5.4) is fulfilled if, in addition to conditions (5.3) and
(4.2), the condition

1—k

<
m
z
]
A
2

IN

holds. Indeed, we have
Yu € Rl VieN Oélf(U) S (7 S 1—k S 1+ O'ifiJrl S 1+ O'iflqug(u).

Theorem 5.2. Assume that conditions (4.2), (4.3), (4.6), (5.2), (5.3) and (5.4) are
satisfied. Then, condition (4.4) is fulfilled if and only if the limit lim, . X,, = 0
holds P-a.s. for all solutions (X,)nen of equation (5.1).

Proof. We have a representation for the solution X, of equation (5.1)

n

X1 = Xo- H(l — i f(Xi) + 0i9(Xi)&it1)

(5.5) = X;- H(l + 039(Xi)&it1) - H (1 1 +ii£(()):;&+1>

From (5.5) we can easily conclude that the limit lim, ., X, exists. Indeed,
the first product M,41 = [ (1 + 0;9(X;)&+1) forms a nonnegative martingale
M = (M,)nen started at My = 1 with respect to {F, }nen since E [14+0;9(X;)&i11] = 1,
it has a finite limit as n — 400 (thanks MCT) and is uniformly bounded with
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respect ton € N. The second product [ (1 — o, f(X;)/(1 + 0:9(X;)&i+1)) decreases
monotonically due to nonnegativity of «; f(X;) and 1 + 0;9(X;)&i41.

To show that lim,,_, ., X,, = 0, we use an indirect proof. Suppose that

(5.6) lim |X,(w)] = ¢(w)>0

n—-+00

for w € Qp with positive probability P{Q;} = 51 > 0. Therefore, there exists an
integer N = N(w) such that we can put

(5.7) 0 = {wEQ:\Xn(w)\2#>O,Vn>N(w)} C Q.

We also note that, from condition (5.2) with ¢ = ¢(w)/2, we can find an expression
H (¢(w)/2) such that, for n > Ni(w), the estimates

(5.5) f(e) > H (%) e > (%)

hold. For all n > Ny(w), w € Qy, this leads to

Yleaf(X) = H (%) Sl
doiooigt(Xon, > H? (@) D im0 0L

Now, we distinguish between two cases. First, suppose that, for w € €y, we have

(5.9)

divergence of the series Zgg o?n; from condition (3.3) and, second, its convergence.

In the second case, it means that condition (4.5) is fulfilled.

In the first case, while using the representation (5.5) and estimates (5.9) and
acting as in the proofs of Theorems 3.1 and 4.2 (e.g. see 4.12), we obtain that, for all
n > Ni(w), w €

c(w)

1 H( 2 ) " clw -
| Xl | Xo|He" exp ——;ai -eXp(—p(k)HQ(%) ;Ufm>

IN

1+k

exp(—k* —2¢") , (c(w)) X~ o
(5.10) < |Xo|H7exp (— 1 H — iz:;aim

where p(k) = (exp(—k? — 2¢¥))/4 and H; < Hl(l/@ek)), hence X,, — 0 (P-a.s.) as
n — +oo. Similarly, the second case yields that

1) ¢
5.11 X,| < |Xo|H. —_— ’
(5.11) Xl < XolHyew | =75 D o

with finite random variable Hg < H1(1/(2ek)’ hence X,, — 0 (P-a.s.) as n — +oc.

Thus, we arrived at contradictions in both cases.
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It remains to prove necessity of condition (4.4) for lim, , ., X,, = 0 (P-a.s.).
Suppose that lim, . X, = 0 (P-a.s.). Then, due to the continuity of functions f
and g, there exist P-a.s. finite random variables Hg(w) > 0 and N3(w) on 2 such that

(5.12) 0 < f(Xa(w)) < Ho(w), 0 < g*(Xu(w)) < Hg(w)

hold for n > N3(w).

Acting as in the last part of proof of Theorem 4.2, combining the observations
above with the estimates (4.9) and (4.13) implies that

(5.13) X, > yXO|Hi6 exp <_ (?9_(22 > (flg—(:;?) Zggm> .

This also means that at least one of the expressions Y - ja; or Y i, o71; has to tend

to +00 as n — +o0o. This completes the proof of Theorem 5.2. ]

Remark 5.3. Consider the retarded delay-type stochastic difference equation
(514) Xn+1 - Xn(l - anf(Xna Xn—la s 7Xn—l) + Ung(Xna Xn—17 cee an—l>§n+1

with nonrandom initial data Xo, X _1,..., X_; (or at least independent of F, for
all n € N), some nonrandom constant delay-length parameter [ € N, nonrandom
continuous functions f, g : R'*! — R! such that
(5.15) Ve>03dH(e) >0 : inf f(v) > H(e), inf |g(v)|> H(e),

||U||Rl+1>6 H’UH]RH_1>8

(5.16) Vv eR"™ : 0 < f(v),lg(v)] < 1.

Then, the conclusion of Theorem 5.2 remains valid for equation (5.14) under condi-
tions (5.15) and (5.16), instead of (5.2) and (5.3).

Indeed, in the proof of Theorem 5.2, when we choose number N7 for expression
(5.8), we take N* = Ny + [ instead of N;. Then, instead of condition (5.8), we have
that, for all n > max{N*, N}, the estimates

Xy Xty Xg) = H(%w)) K Kt Kut) > H2<c(w)>_

2

hold. Analogously, instead of estimates (5.12), we arrive at

(5 17) 0 S f(Xn7Xn—17 s 7Xn—l) S HQ(CU),
' 0 SgQ(Xranfla-"aanﬂ S H92<w)

for n > N3 + 0. Acting as in the proofs above, we find that, together with |X,,| — 0

(P-a.s.), the expression max{|X,|, | X,_1],...,|Xn—|} must converge to 0 (P-a.s.).

Remark 5.4. For equations with polynomial-type coefficients, we can immediately

derive estimates of the decay rate of solutions of equation (5.1). More precisely, let
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1 > 0 and po > 0 be real constants such that

L f) (L)

(518) ili}r(l)W =c¢ >0 and «,,= n——|—1 ,61 >0,
2 B2
g7 (u) 2 1
. = = >
(5.19) }LIL% e co>0 and o) (n 1 , B2 >0,
and |,+1] < k < 1. Assume that conditions (5.2), (5.3), (5.4) are fulfilled. Then, for
all exponents ~ satisfying v > max{%, %} > (0, we may conclude that
(5.20) limsup (| X,|n?) = +o0.
n—-+o0o

For the proof, we only note that all conditions of Theorem 5.2 are fulfilled. Therefore,

we must have lim,, 1 X,, = 0 (P-a.s.).

Suppose that, for some exponent ~y > max{%, %}, conclusion (5.20) is not
true. Because of vy > % there exist (P-a.s.) finite numbers Hyg = Hjp(w) > 0 and
€10 > 0 such that

. X
(521) 0 S llmSllp_!TZL_ﬂl ~ H10
n—-+00 TZT

(i.e. one may take e19 = 10 — 1 + 1 > 0). Because of lim,,_, o, X, = 0 and Abel’s
series test, expression (5.21) together with the condition (5.18) imply that there exists
(P-a.s.) a finite random variable Njy = Njg(w) > 0 such that

+oo +o0o

Z Oézf(XZ) < (Hlo)‘ulcl Z (Z -+ 1)_61 (@ + 1)—1—610+B1
i=N1o aresl
+o0o
(522 A ST R
1=N1o

with finite random variable Hy; = (Hi9)"*¢;. On the other hand, when 7o > 1;52,
there exists (P-a.s.) finite numbers His = His(w) > 0 and 15 > 0 such that

) Xy
(5.23) lim sup JTJ% < Hi
n—-+4o0o n )

(take €19 = p9y0 — 1+ 2 > 0). Because of lim,,_, ;. X;, = 0 and Abel’s series test, the
expression (5.23) together with condition (5.19) imply that there exists (a.s.) finite
number Nj5 = Nio(w) > 0 such that

400 +oo
Z o2} (X)) < (Hp)"e Z (i + 1) P2 1me2th
i=N12 1=N12
+oo
(5.24) = Hiz Y (i+1)772 < +o0
i=N12
where Hy3 = (Hi2)" ¢y is a finite random variable. Finally, from representation

(5.5), estimates (5.22) and (5.24), and using Lemma 2.4, we find some P-a.s. finite
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random variables Hiy(k) = Hy4(k)(w), Hi5(k) = Hi5(k)(w), Ka(k) = Ky(k)(w) and
K3(k) = K3(k)(w) > 0 such that

[ Xal = [Xo|His(k) exp <—K2(/f)zﬂi—f(3(k)z<7?m>
=0 =0

> ’X()’Hm(k) exp (—KQ(]{;) Z<Z + 1)71—510 _ Kg(k) Z(l + 1)1512> .

i=0 i=0
Using this estimate from below, we can conclude that the limit lim,, ., X,, cannot

be equal to 0 - a fact which contradicts to the already established conclusion from
Theorem 4.2.

Example. Fix nonrandom real constants py, ps, o, |oo|, 81,6 > 0 and 52 > 0. Con-
sider the nonlinear stochastic difference equation

X | X [P X | X0 P24
(n+ DI+ [Xaf) © 7O+ D1 [X,[2)

driven by square-integrable independent random variables (&, 1)nen With [€,11] <1

(525) XnJr]_ = Xn — Q)

for all n € N and inf;enE [§41]> > 0. Now, we may take p; = pi, po = 2po,
1 = ag, g = 02, B = 1+¢e. Suppose that 0 < By < 1/2 and 0 < |og] < 1.
Then, from the previous remark 5.4, it follows that, for all € > 0 and all exponents
v > (1—20,)/(2p2), we have (P-a.s.) that limsup,_,, . (| X,|n?) = +00. As a matter
of fact, if 0 < By < 1/2 then we do not need to require for lim, . X, = 0 (P-
a.s.) that |og| < 1 (because of |og|(n + 1)™" — 0 as n — +oo here). However,
the requirements |op| > 0 and S°; % E[&41]%/(i + 1)?2 = +00 are essential for a.s.
asymptotic stability in above example. Interestingly, this example explains how noise
can asymptotically stabilize (P-a.s.) the dynamics of its solution X = (X, ),en, in
contrast to the related non-asymptotically stable deterministic subclass with oy = 0
and small 0 < a9 < 1 for all ¢ > 0. Note that, when 0y = 0 and 0 < oy < 1,
the monotonicity relation |X,| > [X,41| for (X,)neny governed by (5.25) and the

estimation

|Xn‘p1 )
Xos1| =1X0l - [ 1 —«

| X[ "
> X, (1= Xo|
= ’( W (1 5 X)) = 1 H z+1 G+ 1)t

=0

= | Xo|exp <Zln { an 1)1%1) | Xo| exp ( Z+11)1+s>

+o0
(7)) 1
> | X — g
= [Xof exp < 1= = (i+1)1+8>

can be established, hence lim,,_,; |X,| > 0 for all |X,| > 0 (P-a.s.) - a fact which

obviously follows from taking the logarithm in the above estimate and applying the
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Taylor expansion to In(l —u) = —u/(1 —0) > —|u|/(1 — ) for |u] < ap < 1
afterwards. Furthermore, in the asymptotically stable case, an increasing parameter
Bs of its diffusion term ranging between 0 < (35 < 1/2 decreases the polynomial decay

rate . The same is true for increasing exponents ps.

6. ON SOME RELAXATION OF CONDITION (3.2)

The conditions (3.2) of uniformly bounded noise turn out to be too restrictive
in some cases. Let us relax these conditions a little. For this purpose, recall that a
nonnegative random variable N : (Q, F,P) — (N, B(N)) is called a Markov moment
if the following events satisfy {N = n} € F, (or equivalently {n < N} € F,,) and are
independent of o(Xy) for all n € N, where F,, = (&0, &1, .- .,&,) is the naturally un-
derlying filtration belonging to the square-integrable sequence of independent random
variables (&,11)neny With the same moment properties as in previous sections. Now,
suppose that, instead of condition (3.2) we require that there exist finite nonrandom
numbers k € (0,1) and ¢* € R!, and a P-a.s. finite Markov moment N = N(w) such
that, for all w € €2, we have

(61) VieN : |O-i§i+1(w)| S C*,

(6.2) Vi>Nw) 1 |o&inw)] < k < 1,

(6.3) D pi < +oo, where p; = P({w € Qi< Nw)}).
=0

We already know that a solution of equation (4.1) exists for all n € N. For all w € Q

and n > N(w), we can represent solutions of (4.1) in the form
(64) Xn+1 = XNH<1 —Q; +Ui§i+1):XN'H(1 + O'Z§Z+1)H(1 ——>.
Define

F (o) oi&it1(w)
i (w) (i +2)?|0iip1(w)]

for all i € Non Q. Let (N, (w) = &11(w) if i < N(w) and (N4 (w) = 05841 (w) if

i > N(w). Hence, the decomposition

Cﬁl(w) = gi+1(w)]{w:i<N(w)}+Ui§i+1<w)]{w:i2N(w)}

holds for all ¢« € N, where Ig denotes the indicator functions of the subscribed ran-
dom set S. Set ¢} = 0. Then, ((M),en is a sequence of (F,, B(R!))-measurable

n

independent random variables satisfying

(6.5) —1 < —max{1/(i+2)*k} < ¢ (w) < max{1/(i+2)*k} < L.
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for all i € N. Hence, the two-sided estimate of (6.5) leads to
(6.6) sup |kip1| < 1

ieN

where ;41 = E[¢,]. Because of E [0;¢;11] = 0 one can estimate

i1 = EGY] = / i dP(W)+/ §ir1 dP(w)
{wei<N(w)} {wei>N(w)}

= / 524_1 d]P((JJ) — / O_igi—i-l d]P)(UJ) + / O_iéi—i-l d]P)(UJ)
{wei<N(w)} {wei<N(w)} Q

dP(w) 1
(6.7) < / , +/ ¢ dP(w) = p; (— +c*).
(weicN(w)} (1 +2)? {wei<N(w)} (i +2)?

From exploiting the (Fi41, B([—1, 1]))-measurability of random variables ¢}, due to

its construction based on the Markov moment N, and estimates (6.5) and (6.6), w

may conclude that

1+
_ MY = —Z+1
(6.8) el 1]0 e

started at M2 = 1.0 forms a nonnegative martingale with respect to {F, }nen. More-
0 g g

over, by applying Lemma 2.4 (or Lemma 2.5 similarly), we estimate

n=N-1
_ 1
H (1+&41) < exp Z§z+1) < eXp(Z (i+2)7 ) = Hy < 400
i=0
n=N-1 B
H (L+&41) > exp Z&H 20— k) Z€z+1>
i=0
(6.9) > Z L L i ! =Hy>0
' S W N R R TR Y P I )El B
and
n=N-1 1
(14 Kip1) < exp (Z K/z+1> < exp (sz P 2) + C*)> =H; <+o0,
=0 =0
n=N-1 +o0 1 +oo
(14 Rig1) >exp ZK}Z’+1 — —QZK;Z%FI
=0 i=0 2(1 - k) i—0
1 ]
2 \2 | _ 173
(6.10) >exp< sz _WZE(( +22+0)>—H1>0,

since the series Z+ 0 p? satisfying 0 < Zj"g p? < Zl o Pi < +00 converges too.

Now, while returning to representation (6.4) of XV and using estimates (6.9) and
(6.10), one can carry out a martingale-based approach similar to the ones used in the
proofs of Theorems 3.1, 4.2 and 5.2. This leads to the following result for equation
(4.1).
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Theorem 6.1. Assume that conditions (4.3), (4.6) (or (4.14)), (6.1), (6.2) and (6.3)
hold. Then, condition (4.4) is fulfilled if and only if the limit lim,_,, . X,, = 0 holds
P-a.s. for all solutions X = (X, )nen of equation (4.1).

In a similar way we can prove an analogous result for equation (5.1).

Theorem 6.2. Assume that conditions (4.6), (5.2), (5.3), (5.4), (6.1), (6.2) and
(6.3) hold. Then, condition (4.4) is fulfilled if and only if the limit lim, . X, =0
holds P-a.s. for all solutions X,, of equation (5.1).

7. LOCAL ALMOST SURE ASYMPTOTIC STABILITY

Conditions (5.3) and (5.4) seem to be rather restrictive in some nonlinear situa-
tions. However, this kind of boundedness can be relaxed in view of local asymptotic
stability as follows (but this is not necessarily true for global stability). Let the
nonlinear equations (5.1) be driven by the square-integrable sequence of independent
random variables (&,+1)neny With E[€,11] = 0 and 5, = E [¢,1]? for n € N. Moreover,
the functions f,g : R! — R! are supposed to be continuous and f(x) > 0 for all
z € R!Y. Furthermore, in the statement of Theorem 7.2 below, we also refer to the
set of conditions that the nonrandom real constants k, K,, K,, K¢ and € > 0 can be
chosen such that, for all n € N,

(71) 0 S (679 S Kan |Un| S Kcn |§n| S K§7

Un£n+1 (079 Un£n+1
7.2 —k < < k. k 0,1 l— — 4+ —— 0
(72) S KKk S kEEOD, K. KK
(7.3) Ve e Rwith |z] <e : K,f(z)+ K,Kelg(x)] < 1,
(7.4) sup l9(=)] - K¢ < inf an

z€R:|z|<e f(&?) neN ’O'n’ '

Remark 7.1. Condition (7.4) can be substituted by the requirement (P-a.s.)

Je >0 : sup [_anf(x) + g(x)an§n+1] < 0,
neN,zeR:|z|<e

and then the conclusion of Theorem 7.2 below remains still valid. One recognizes from

this relation that the divergence of Z:fé oy, = +00 is essential in order to obtain local

—+00

a.s. asymptotic stability, and that the case Y ') 021, = 400 is not so important for
the local asymptotic stability as established by Theorem 7.2. This fact is due to the

a.s. monotonicity relation which we exploit in the proof below.

Theorem 7.2 (Local Asymptotic Stability). Assume that the conditions (5.2), (7.1)
~ (7.4) are satisfied with positive constants K., K,, K¢ and € > 0. Then, condition
(4.4) is fulfilled if and only if the limit lim, . X, = 0 holds P-a.s. for all solutions
X, of equation (5.1) with initial values Xy bounded by | Xo| < e.
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Proof. First of all, equation (5.1) is equivalently rewritten as

(75) Xn+1 = Xn(l - &nf<Xn) + a-ng(Xn)én+1>7 Where
~ (079 ~ On 2 €n+1 r ~
(7.6) Gp=—, Op = —, &1 = ——, f(x) = K.f(z), §(z) = K, Keg(x)
K, K, " K,

for alln € Nand x € R. Therefore, the splitting of equation (7.5) with new coefficients
(7.6) satisfies all assumptions of Theorem 5.2 for small values of |X,| < e. This fact

is supported by the monotonicity relation

Xopt] < IXal < o < 1Xl

IN

£

by induction on n € N, provided that |Xy| < e (P-a.s.) with € > 0 resulting from
(7.3) and (7.4). To see the origin of this relation more clearly, take |Xy| < e and

estimate
[Xnsa] = X[l = anf(Xn) + 9(Xn)onbnia| < | X
since, due to (7.3) and (7.4), we find that

-1 < —Kaf(Xn) - KUK§|9(Xn)| < _anf(Xn) + |9(Xn)||0n€n+1|
< —anf(X,) + |9(Xn)||0n|K§ <0

whenever | X,,| < e. Now, we may repeat the same proof-procedure as for Theorem 5.2
while restricting to initial values Xy with | Xy| < €. Hence, the equivalence-statement
of Theorem 7.2 is verified. [

Remark 7.3. If f, g are continuous and f(0) = ¢(0) = 0 then the condition (7.3) is

trivially satisfied for sufficiently small £ > 0, and hence not restrictive.

Example. Fix nonrandom real constants ¢; > 0, ¢ # 0, p > 0, 79 > r; > 0 and
~v > 0. Consider
X1 = X, (1 - (n_i—ll)m|Xn|p + (n_i—Ql)m|Xn’pﬂ§n+1>

driven by independent random variables (&,11)neny with E[€,11] =0 and |&,41| <1
for all n € N. Suppose that r; > 0 is not greater than 1 (hence, the series Y ;o
diverges). Then, due to Theorem 7.2, there exists ¢ > 0 satisfying (7.3) - (7.4) such
that the trivial solution X = 0 of equation (7.7) is locally a.s. asymptotically stable
for all initial values |Xo| < e. To verify this statement, take «,, = ¢;/(n + 1)™,
f(x) =|z|P, 0 = 2/ (n+ 1), g(z) = |z]P*7, K, = 1, K, = |c2|, K¢ = 1 and choose
e < min(1, (¢1/|ca|)/7,1/(e1 + |c2|)/P) such that

9w
weR:ul<e J (1)

and Ko f(u) + K, Kelg(u)] = aful” + leaof [ul"™ < (e1 + [ea)e” < 1

ay, c . - c
Ke = &7 < inf = ——inf(n+ 1) = L

~ neN |0'n| N |Cg|n€N |CQ|

0 <

are ensured (cf. requirements (7.3) and (7.4)).
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Remark 7.4. It is possible to relax the uniform boundedness assumptions (3.2) on
noise terms ,&,41 or to equations (3.1) driven by more general martingale-differences
(&n41)nen further. Another way to relaxation of (3.2) can be the application of tech-
niques as described in Schurz [42] which are aiming at an introduction of additional
terms stabilizing the original nonlinear equation (5.1). However, details of studying

such relaxations of conditions are beyond the scope of this paper.

Remark 7.5. There are possible extensions of martingale approach to systems of sto-
chastic difference equations (see [45]) and or systems of stochastic numerical methods
(for an application to drift-implicit stochastic Theta methods, see [44]) in any di-
mension. Even systems of delay equations with memory effects can be studied by
our approach (cf. [39]). The martingale approach applied to asymptotic stability of
continuous stochastic differential equations is also exploited in [2]. This paper repre-
sents just an attempt to nonlinear discrete stochastic difference equations using the
martingale approach. So, one can reckon that the martingale approach to clarify and
verify a.s. asymptotic stability is a very powerful tool for the qualitative study of

stochastic dynamical systems.
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