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ABSTRACT. In this paper, we consider a given infinite series in z of the form y(z) = 3.2, bpz*
expressed formally also by an infinite product as y(z) = II}Z,(1 — 2-) into real positive zeros
a;,1=1,2,...,00 forming a strictly increasing sequence. For consideration of polynomials of degree

n, we replace suitably co by n.

Using the known formal solution of a second linear differential y” = f(z)y, y(0) = yo,y'(0) = ¥}
in the form y(z) = Y j-, dxz”, we demonstrate that the above infinite product form of y(z) yields

the set of infinite equations of the form for a suitable f(x).

= (ap)™P=¢c,,p=1,2,...,00 with ¢} s depending on f(z), its derivarives at = 0 and b}s.
k=1 P k g k
Recognizing the infinite matrix as the infinite Vandermonde matrix, some bounds for the zeros are

given.
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1. INTRODUCTION

We will be concerned with the zeros a;, i = 1,2,...,00 of the convergent series

y(x) given by
(1.1) y(r) = bya*

also formally expressed as

(1.2) y(x) =172, (1 - ﬁ)

Qg

where the zeros ay, of y(z) are real, positive and

(13) a¢+1>ai>0,i:1,2,...,oo.
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Clearly,

— 1
1.4 =by=1, 4/ (0)=b = — .
(1.4 v = =1 YO =h==3 =

We note that for a polynomial of degree n, we replace suitably oo by n. A large
number of classical differential equation yield infinite series solutions with the above
mentioned properties of the zeros. An example is the Bessel’s function, particularly
of the first kind. Our plan is to use an earlier result [3] which gives the formal implicit

series solution of the differential system.

(1.5) y" = f(x)y, y(0) =0, ¥'(0) =y

in the form
(1.6) y(x) = Z ot
k=0

where ay,’s depends entirely on f(z) and its derivatives at x = 0.

In section 2, we give the details of the coefficients oy in (1.6) in terms of f(x)

and its derivatives. In section 3, we consider the case when

(1.7) flz) = [i akl_xr_i(akl_x>2

k=1 k=1

where it is shown that (see Appendix) using (1.7) for f(z) and using (1.2), (1.5) is
satisfied.

Now we can equate (1.1) with the resulting o} s on using (1.7) for f(x) yielding

(18) ak:bk,k:0,1,2,...,oo.

Also in section 3, we give expressions for derivatives of f(x). In section 4, we

demonstrate that (1.8) reduces to
o0
Za;pak =cp p=1,2,...,00.
k=1
with ¢, is depending on f(z), its derivatives at x = 0 and by’s.

2. THE SOLUTIONS OF (1.5)

From [3], we have the following theorem and a lemma concerning the formal
solution of (1.5).
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Theorem 2.1. For the second order linear differential system (1.5), the formal so-

lution s given by, with a = 0,
ylz) = Y2y arz”
= y(0) +zy'(0)
2.1) #5000 { o [ Shmo 4 i1, 26,0)] 042}
+ 2 o { 2%+3)! [Z;:O Z?:l Pj(s1,2k + 1, 0)] x2k+3}

= Do+ bix+ Y e bonra®® T2+ > 00 bojyzat T

using (1.6) and where
(2.2)
Pq(sla k;’ O) =

k—2(q—1 k—2(q—1 k sq+2(q—2 s Co(g—1)—s o 18
SR D st ) (112502 -+ ()40 @) ren) 0)
)y )]
The following lemma establishes the recurvese relation between P, and F,_;

Lemma 2.2.
k—=2(q—1)

P,(s4,k,0) = Z fk_sl_Q(q_l)(O)Pq—l(Sly 59+ 2(q —2),0)

S9=s§

For demonstration purpose, we give below first few terms of y(z) as solutions of
(1.6).

y(@) = y(0) +zy'(0) + 5y (0) + 4y (0) + Ly (0) + Ly (0) + -
= y(0) +2y/(0) + % F(0)y(0) + % [ (0)y(0) + £(0)y'(0)]
(2.3) +5 0 (f7(0) + £2(0)] + 2y'(0) f/(0)]
+5[y(0)(fP(0) + 4£(0)£'(0) + ' (0)(3f7(0) + £2(0))] +

= Ziio bpa®

It is noted that in evaluation of by, the highest power of the derivatives of f(x)
at © = 0 is k — 2. In summary, we have the infinite numbers of equations given by
k=0,1,2,...,00 with
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and
1 k41 1 k
boksa = > Y Pi(s1,2k,0), bz = Y Pi(s1,2k+1,0),
51=0 j=1 s51=0 j=1

where P,’s are given by (1.12).

Again, we note that by evaluation involves f%*~2)(0) which in turn gives an ex-

pression of Q.

3. PROPERTIES OF f(z)

In this section, we develop expressions for f(z) and its derivatives at x = 0, where

from (1.7), we have

(3) (o) = (Z — ) S

Using the identity

(3.2) D= =3 X 9

We can rewrite f(x) as

(33)
PR o R (e ol ot

k=1 j=1,j#k k=1 j=1,j#k

For convenience, we will use the notation

oo

1
3.4 Q, = 2 p=1,2,3,...,00, 7 = —
(3.4) =2 A v b=
which yields on using (3.1)
(3.5) f(0)=Qi — Q>

and from (3.4)

(3.6) Z—:—sz_—
Ok k=1
Differenting f(x) in (3.3) p times we get

1 1
(p | _
0 =pY Y [ |

k=1 j=1,j#k
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yielding on using (3.4)
(3.7)

o [e'¢) o0 1 1 1
IR0 > b AW FEEE

p+1_ _p+1

I W C N 0o QY 1
=P Zk:l Zj:l,j;ék az+1a§+l aj—ag

p

iy e ekl atae] o}
=p! Y Zj:l,j;ék P TGP
J

=P Yo a2+ ZVN T+ D2+ 28 242
=pI Y SR+ BT 2+ T 2P+ 2 — (p+ 1) 272 2,2,
=pl[Q1Qpr1 + Q2Qp + -+ + Qpi1 — (P + 1)Qpi2]

= p {3 QrQprok] — (0 + 1)Qpy2}
4. CASE n =3

In this section, we demonstrated the theory to apply to (1.8) using (1.13), (3.6)
and (3.7). We have

by = y(0) = 1.
(4.1) by = 3/'(0) = —Q, yielding Q, = —b;
bo = f(0)y(0) = QF — @, yields
(4.2) Q2= QF — b2 =b] — by

bs = 51f'(0)y(0);(0)y'(0)]

(4.3) = %[Q1Q2 + Q3 —2Qs5 — Q1(QF — Q1))
= $2Q1Q; + Q3 — QF — 2Qs]
yielding
Q3 = 35![2(»21@2 + Q3 — QF — bs]
= F[=2b1(b] — bs) + (bF — 02)* + b} — by]
(4.4)

= B[—2b5 + 20b3by + b} + b3 — 2035 + b3 — bs]

= 3[—b% + 2b1by + b} + b3 — 20303 — b]
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Equations (4.1)-(4.4) illustrate (1.9) when oo is replaced by 3.

Now we will show that
T

=112, (1 — —
@) = T, (1= =)
satisfies

y'(x) = y(z)f(z)
where f(z) us given by (1.7). We have

V) =1~ ) Y (o) = @ Y

k=1 k=1
giving
[e.e] 1 [e.e]
" o
y(”f“)—y(%)Zm Zak_x
k=1 k=1
Substituting for y'(x), we get
- 1 > 1 |
y'(x) =y(x){ Y lor —2)? > P I] = y(z)f(z)
k=1 k=1

5. BOUBDS FOR THE ROOTS OF POLYNOMIAL VANDERMONDE
SYSTEM

Our aim in this section is to give suitable bounds for real variables 0 < 1 < x5 <

- < @y, satisfying

x1+$2+"'+$m:C1,

2 2 2
:L‘1+$2+"'+xm262,

m m m __
xl +x2 _+_l'm_

Let f(Y) € R[Y] be the monic polynomial of degree m whose roots are the numbers
x; (i=1,---,m), that is,

m m

(1) ) =TI =) = D2 sy,

i=1 j=0
By virtue of the well known Newton’s identities the coefficients s; are multivariate
polynomial functions s; = s;(c1, -+ ,¢y) of the ¢;. For example, if m = 3 then it is

well-known that 3s3 = %c:f — %clcg + c3.

We recall [4] that the (quadratic) norm N(g) of a polynomial g(Y) = Zj:o a; Y
€ R[Y] of degree d is defined as
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By [4, Proposition 2.7.1] the minimal distance Sep(g) between the roots of g is given
by:

(5.2) Sep(g) > d~ | A|2N(g)' ¢,

where A := A(g) stands for the discriminant of the polynomial g and may be found
as

A = (—1)d(d;1) Res(g,9").
where ¢’ stands for the formal derivative of g and Res(f, f’) denotes the resultant of
the polynomials f and f’. Recall that Res(f, f') is defined as the determinant of a

matrix defined in terms of the coefficients of the polynomials f and f’.

Applying (5.2) to the polynomial f above we thus obtain:

m—+2

1 —-m
Sep(f) >m™ =" [Res(f, f')[*N(f)' ™.
Note that all quantities involved in the RHS of the preceding inequality can be ex-

pressed in terms of the coefficients s; of f and hence in terms of the ¢;. By the bound
of Cauchy [5, Theorem 1.1.2] we have

z, < p =14 max{|s;|}.
The following bounds for z; are now immediate from the discussion above.

z1 < p—(m—1)Sep(f),
Ty < p — (m —2)Sep(f),
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