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ABSTRACT. Converting nonlinear boundary value problems to fixed point problems of an integral
operator with a Green’s function kernal is a common technique to find or approximate solutions of
boundary value problems. It is often difficult to apply Banach’s Theorem since it is challenging
to find an initial estimate with a contractive constant less than one. We decompose the integral
operator associated to a conjugate boundary value problem creating multiple fixed point problems
which have contractive constants less than one. We then provide conditions for the original boundary
value problem to have a solution that can be found by iteration using the decomposition through a

fixed point of a real valued function which matches the fixed points of our decomposition.
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1. Introduction

The Banach Fixed Point Theorem [2] is a powerful tool that can be used to find
solutions of nonlinear initial and boundary value problems that have been converted
to fixed point problems. The Picard-Lindel6f Theorem (see the fixed point books
by Zeidler [5] or Dugundji-Granas [3]) is used to find unique solutions for a first
order nonlinear initial value problem where the key is to restrict the interval so the
operator whose fixed points are solutions on the interval is k-contractive. This is
the first manuscript that we are aware of that follows an approach similar to the
initial value problem approach by Picard-Lindelof for boundary value problems, that

is, restricting the interval so an associated operator is k-contractive.
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Consider the second-order conjugate boundary value problem given by
(1.1) y'(t) +h(y(t)) =0, te(0,1),
(1.2) y(0) = 0 =y(1),

where h : [0,00) — [0,00) is differentiable. The Green’s function for (1.1), (1.2) is
given by

t(l—s) if 0<t<s<I,

H(t,s) =
s(I—t) if 0<s<t<1,

and the fixed points of the operator T' defined by

1
(13 Ty(t) = [ Ht b)) ds
0
are the solutions of (1.1), (1.2). Define the cone P of C0,1] by
P={yeC0,1] : y(0) =0=y(1), yis concave and symmetric} .

Following an argument similar to that of Avery-Henderson [1], we will show that T
is symmetric then we will decompose the matrix 7" using symmetry arguments. For
y € Pandt € [0,1] we have

Ty)(1—1) = / H(L— t, s)h(y(s)) ds

— [t s+ / | H( = 8)h(y(s)) ds

— /0 sthly(s)) ds + /lt(l —t)(1 = s)h(y(s)) ds
= /0 ) sth(y(l —s)) ds + /1t(1 —t)(L = s)h(y(1 —s)) ds
_ / (1 = wth(y(w)) du + / ~(1 = ug(y(w) du

1 t

= / (1 —s)th(y(s)) ds +/ s(1 —t)h(y(s)) ds

t 0

= (Ty)(®),
thus we have that T': P — P since for all y € P we just verified that T is symmetric,
that is Ty(1 —t) = Ty(t) for all t € [0,1], and clearly Ty is concave since (T'y)"(t) =
—h(y(t) < 0. Also notice that if y € P with y(t) = (T'y)(t) for all ¢ € [0, 3] then we
have that y is a fixed point of T by the symmetry of both y and T'y. For y € P define

the concave functional o : P — [0, 00) by

(1.4) aly) = rmré y(t) = <1>,
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and for 0 < r < R define
Pla,r,R)={ye P : r<a(y), |yl <R},

which is referred to as a Leggett-Williams [4] functional wedge. We will search for
fixed points of T"in P(a, 7, R). Note that functional wedges are closed, convex subsets
of P. For t,s € [0, 1] define

D(t,s) = min{t, s}

and note that for y € P we can write Ty as

(Ty)(t) = / H(t, s)h(y(s)) ds

_ /04H(t,s)h(y(s)) ds+[4H(t,s)h(y(s)) ds+L H(t, $)h(y(s)) ds

and for ¢ € [0, 1] we can define the operator

0 = [T HEM) s+ [ k) ds

1

t(1—s)h(y(1l—s)) ds

1
1

= [ - ops) ds+ [ H1 - hiyts) ds +

0 t

0

= /0 s(1 —t)h(y(s)) ds —i—/t t(1—s)h(y(s)) ds+ | —tuh(y(u)) du

1

' sth(y(s)) ds

=

O\.‘.»‘MP—‘\ Nr.a\

= /0 s(1—t)h(y(s)) ds —|—/t t(1 —s)h(y(s)) ds +

W=

_ /tsh(y(s)) ds + /t th(y(s)) ds

_ 04 D(t,s) h(y(s)) ds
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and for t € [, 5] we can define the operator

(EKy)(t) = / " H(t, $)h(y(s)) ds

N
w00

= K s(1 —t)h(y(s)) ds +/t t(1—s)h(y(s))ds+ [ t(1—s)h(y(l—s))ds

= ﬁ s(1 —1t)h(y(s)) ds —0—/t t(1—s)h(y(s)) ds+ —tuh(y(u)) du

1
2

= [ s(1 —t)h(y(s)) ds + /t2 t(1—s)h(y(s)) ds + tsh(y(s)) ds

N
»M»—‘\ ww\ ww\
N

_ / "sh(y(s)) ds + /t ® eh(y(s)) ds

[ " D(t, )h(y(s)) ds.

Utilizing the operators J and K as well as symmetry we can write the operator 7' in

the form
(Jy)(t) +4t(Ky)(5) 0<t<;
(Ty)t) =< (Jy)(7) + (Ky)(t) <t<;
(Ty)(1 1 L<t<1

and in what follows we will show how fixed points of operators associated to J and K
will lead to a fixed point of the operator T which is a solution of our original boundary
value problem (1.1), (1.2). Moreover we will show how one can use the bisection
method to create an iterative scheme to approximate a solution of the conjugate
boundary value problem (1.1), (1.2).

2. Preliminaries

Let
11 . . .
Q=qyel 73| y is non-negative and non-decreasing ; ,

which is a cone in the Banach Space B, = C [%, %} with the sup norm, that is, for
y € B, let

[yllw = max |y(t)].
2

Furthermore, let

1
S = {y eC [0, Z] .y is non-negative and increasing with y(0) = 0} ,
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which is a cone in the Banach Space B, = C |0 [ ,4} with the sup norm, that is, for
y € B, let
lyll, = max [y(?)].
te[0.3]

Let

Q[TaR]:{?JEQ cr<y(t) < Rforallte H,ﬂ}

and

1
SR:{yES cy(t) < Rforallt e [O’Z]}

Our decomposition will involve operators A; : S — S defined by

(2.1) Aw(t) / D(t,s)h(y(s)) ds + 4tl = Jy(t) + 4t

for each non-negative real number [, and operators D,, : ) — @) defined by
(2.2) m+/ D(t,s)h(y(s)) ds = m + Ky(t)

for each non-negative real number m.

Lemma 2.1. Let 7, R be positive real numbers, | € [0, R], and

(A1) h:[0,R] — [0,8R] be differentiable;
(A3) |W(a)| <7 <32 for all a € [0, R).

For a(l,0) = 0, define the recursive sequence
a(lyn+1) = Aa(l,n)
for A, given in (2.1), then
a(l,n) = a*(l) € Sy
and for ko = 53,

la*(@) = a(l;n)]l, <

Proof. Let y,z € Sk and for each s € [0, 1], let w(s) be between y(s) and z(s) such
that
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Hence
A~ Al = mas / D(t, $)h(y(s)) ds + 4t — /Hts)h(z(s)) ds — 411
< max / D(t,5) [h(y(s)) — h(=(s))| ds
= [ D) o)~ et
</ " s () 0(s) — 2(5)] ds
< T/Oisuy—zu,,ds:@
and

N,

lAy|l, = max D(t,s)h(y(s)) ds + 4tl

T
32

subset of the Banach space B,. Therefore by the Banach contraction principle there
is an a*(l) € Sk such that a(l,n) — a*(!). Thus

Therefore A; : Sg — Sg is a contraction since < 1 and Sg is a closed, convex

:/OiH(t,s)h(a*(z)(s)) ds+ 4tl, e {Oﬂ

Also, for any natural numbers n and j by mathematical induction we have

la(l,n+j+1) —all,n+34)|, = [[Aall,n+7)— Aall,n+35—1)],
kalla(l,n +5) —a(l,n+ 75— 1),
< Kla(l,n+1) —a(l,n)|.

IN

IN
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hence, for any natural numbers n and p, applying the triangle inequality, we have

la(t,n+p) —alt.n)l, < Y lall.n+j+1) —al,n+ )l

p—1

Z Klla(l,n+1) —a(l,n)],

IA

IA

Z killa(l,n+1) — a(l,n)|,

= 1) —

(1 k) la(tn+1) —a(t,n)]l,
k7

< _

< (1 ka) lla(l,1) — a(l,0)],

_ ( /fak) la(l, 1),

< a .

- l—k;a

Hence letting p — oo we have that

o) ~ at.m)l, < 75

This ends the proof.

Lemma 2.2. Let p,r, R be positive real numbers with 0 <r < R, m € [0,

(A1) h:[0,R] — [0,8R] be differentiable;
(A2) h(z) > 167 for x € [rR];
(A4) | (b)] < p <22 forallb e [0, R].

For by = r define the recursive sequence

b(m,n+ 1) = D,,b(m,n)
for D, given in (2.2), then

b(m,n) = b*(m) € Q[r, K]

and for k, =

32’

6% (m) — b(m,n)||, < 1R_k1}€b.

11
472

Proof. Let y,z € Q[r, R] and for each s € [
such that

%} , and

]

|, let w(s) be between y(s) and z(s)
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Hence

|IDmy — Dzl = max
t€l3 3

m+/ D(t, $)h(y(s)) ds — m — /H(t,s)h(z(s)) ds

< nmx/' Dt 5)|h(y(s)) — h(=(s))] ds

te[4 1

1

= [T DG 5) ntyls) — A(=(s))] ds

1
4

< [ S (w(s)) (y(s) — 2(5))] ds

2 3plly — 2|lu
< slly— =l ds = Wl

N

=

4

[1Dmyll. = max

and

a(Dpy) = min
tel1:5

m+f D(t, $)h(y(s)) ds‘

= m—i—/; D(%,s)h(y(s)) ds

= %16 d
(Z)ﬁ rds=r.

4

v

Therefore D,, : Q[r, R] — Q[r, R] is a contraction since 2¢ < 1 and Q[r, R] is a closed,
convex subset of the Banach space B,. Therefore by the Banach contraction principle
there is an b*(m) € Q|r, R] such that b(m,n) — b*(m). Thus

b*(m)(t):er/;H(t, (b (m)(s)) ds, te B%}
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Also, for any natural numbers n and j by mathematical induction we have
[b(m,n+j+1) =b(m,n+j)llu = [[Dmb(m,n+j) = Dpnb(m,n+j — 1)
< kpllb(myn+5) —b(m,n+ 5 — 1)

< <K b(m,n+ 1) = b(m, ).

hence, for any natural numbers n and p, applying the triangle inequality, we have

p—1
[b(m,n+p) = b(m,n)ll < Y lb(m,n+ G+ 1) = bm,n + j)|
j=0
p—1 _
< > Kllb(m,n + 1) = b(m, n)]|.
j=0
< K |[b(m,n + 1) — b(m, n)|.
j=0
— () Ibmsn+ 1) = bm, )|
= 1~k m,n m,n) |y
< (=) o, 1) = bm,0)]
f— 1 _ kb m? m7 u
. Rk
= 1k
Hence letting p — oo we have that
6% (m) — b(m,n)||, < 1]"2_’“5}%'
This ends the proof. ]

For [ € [0, R] let

1
1

) = [ b (5 o) ds = [ shia (s as,

and define the real valued function g by

(2.3) o(l) = / D Gs> BB (m(D))(s)) ds.
Theorem 2.3. Ifl € [0, R] and | = g(l), then
M 0<t<l
yi(t) = ¢ b (m)(t) §<t<g
y(1—1) 3<t<1

is a solution of (1.1), (1.2).
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Proof. Since

and

Y (t)

O%
=
Vo)
SN~—
=
~~
=)
*
—~
o~
SN~—
~
Vo)
S~—
S~—
.
Vo)
+
I
~
ENTS
—
i
Vo)
SN——
=
—
=
*
B
—
=
SN—
—
w
SN~—
SN~—
U
»
o
IN
~
IN

=
IN
~
IA
N s

3 D(t, s)h(a*(1)(s)) ds + ff t (b (m(1))(s)) ds 0
foi D (t,s) h(a*(1)(s)) ds + f; D(t,s)h(b*(m(1))(s)) ds
3 D(t, $)h(y.(s)) ds + ff D(t, s)h(y.(s)) ds
Ji D (t8) (g (s)) ds+ [ D(t, $)h(y.(s)) ds } <t

=

IN A
~ ~
IN A

N—= =

e}

<t

VAN
M= =

IA

VANVAN
N —= =

and since Ty, (t) = Ty, (1 —t) for t € [1,1] we have that

Ty.(t) = (1)

for all t € [0, 1]. Therefore y. is a fixed point of the operator 7" and thus a solution
of the boundary value problem (1.1), (1.2). O

3. Main Results

At this stage we have verified the existence of a solution of the boundary value
problem (1.1), (1.2) using iterative techniques, provided we can find a fixed point of
the real valued function g by applying Theorem 2.3. In our main results we will show
that the real valued function g under the conditions in Theorem 2.3 has a fixed point,

so we know that our boundary value problem will have a solution and we’ll show how
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to use the power of iteration to get as close to a solution as desired iteratively. Note

that the quantity

1

1 1 1
m(l) = / "D (Z,s) h(a*(1)(s)) ds = / " sha*(1)(s)) ds

0 0
is calculated from the a*(l) part of our solution on the interval [O, ﬂ, which we will
want to approximate. For each natural number n, from Lemma 2.1 we have that
a(l,n) € Sk with
RE}
1 -k,

la*(@) = a(l,n)]l, <

where k, = 35 and our approximation of m(l) will be derived from the approximations

of a*(1) by the elements a(l,n). Let

mMMZKfDGJ)WW@@D%Z/%MWWWDw,

0

the next lemma gives an error bound on our approximation of m(l) by m(l, p).

Lemma 3.1. Let p, 7,7, R be positive real numbers with 0 < r < R, such that

(A1) h:]0,R] — [0,8R] be differentiable;
(A2) h(z) > 167 for x € [r, R];

(A3) [W(a)] <7 <32 foralla €[0,R];
(A4) [ (b)] < p <2 forallbe [0,R].

For k, = 35 and a natural number p,

TREP
(32— 3u)(1 — k)

16*(m(1)) = 0" (m(l, p)) |l <

and

TREP
im(l) —m(l,p)| < 320 — k)

Proof. Let p be a natural number and for each s € [0, 1], let w(s) be between a*(1)(s)
and a(l,p)(s) such that

h(a*(1)(s)) = h(a(l, p)(s)) = h'(w(s))(a"(1)(s) — a(l, p)(s))

by the mean value theorem, thus from Lemma 2.1 we have
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/0 Y sh(a*(1)(s)) ds — /0 Y sh(a(l, p)(s)) ds

N

< / s|h(a*(1)(s)) — hla(l, p)(s))| ds

N

< /0 s |l (w(s))(a"(1)(s) — a(l,p)(s))| ds

r / "slla* (@) — a(l,p)]l ds

7lla* (1) —a(l,p)ll»
32
TREKP
ko)

IN

<

32(1 -
By Lemma 2.2 there exist b*(m(l)), b*(m(l,p)) € Q[r, R] such that
)

b*(m(l)) = Dimyb*(m(l)) and  b"(m(l, p)) = Dm@pb™(m(l, p))-

For each s € [1,1], let z(s) be between b*(m(1))(s) and b*(m(l, p))(s) such that
h(b" (m(1))(s)) = h(b"(m(l,p))(s)) = I'(2(5))(b"(m(1))(s) — b"(m(l,p))(s))

by the mean value theorem, hence

IN

IN

IN

16%(m(1)) = 0" (m(l, )|

m(l) + D(t s)h(b*(m(1))(s)) ds

N

max
te[4 1]

m(l) =m(p)l + maX / D(t, 5) [h(b"(m(1))(s)) = h(b*(m(l, p))(s))| ds

I

[m(l) = m(l, p)] +u/ sl[o"(m (1)) = 0% (m(l, p))|lu ds

3y (1)) — b (m(L, )
m(l) — m(l.p)| + -

TRE; L 3ullbr(m() — b (m(l p)ll
32(1 — kq) 32 '

=

Therefore

TRE?P

67 m(0)) = B0, P)l < s A
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This ends the proof. m

In the following theorem we will show that the function ¢ is continuous.

Lemma 3.2. Let p, 7,7, R be positive real numbers with 0 < r < R, such that

(A1)
(42)
(43)
(A4)

[0, R] — [0,8R)] be differentiable;
(x) > 167 for x € [r, R];
W (a)] <7< 32 for all a € [0, R];
(W (b)] < p <22 for all b€ [0,R].

h -
h

Then the function g given in (2.3) is uniformly continuous on [0, %]

Proof. If we let 1,7 € [0,2£], then by Lemma 2.1 there exist a*(l),a*(j) € Sk such
that

a*(l) = Aa™(l) and a*(j) = Aja*(1).
For each s € [0, 1], let w(s) be between a*(1)(s) and a*(j)(s) such that
h(a*(1)(s)) = h(a™(§)(s)) = B (w(s))(a"(1)(s) = a*(j)(s))

by the mean value theorem, thus
la* () — a*(5) |

Dt (@ (1) ds + 44l - /Dtsh( “(7)(s)) ds — 4tj

N g

= maX
tefo, 1

IN

max/ D(t,s)|h(a*(1)(s)) — h(a*(5)(s))| ds+ |l — 7

IN

/0 s W (w(s)) (@ (1)(s) — a*(7)(s))] ds + |1 — J]

NG

IN

r [T sl @) = @Gl s+ -
0

_7lla* (1) — a* ()]l .
= 3 + [l — jl.

Therefore
32|l — 7|

la (@) = a” ()l < 55—

and for
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we have

< s / sla*(®) — a* (), ds

7llan — aj.|l,
32

7|l — j|

32 -7

<
By Lemma 2.2 there exist b*(m(l)), b*(m(j)) € Q[r, R] such that
b*(m(l)) = Dm@b*(m(1)) and 6" (m(j)) = Dm(;b*(m(j)).
For each s € [1,1], let 2(s) be between b*(m(l)) and b*(m(j)) such that
(b (m(1))(s)) = h(b"(m(5))(s)) = I'(2(s)) (6" (m (1)) (s) = b"(m(4))(s))
by the mean value theorem, hence

16*(m (D)) = 0% (m(5)) |

= max_ |m(l D(t, s)g(b* )ds —m D(t, s)g(b*(m ds
s )+ it 10" / )

< fm \+tr€n;&>§/ D(t. ) |5 (m(D))(s) — h(b“(m()(s))] ds

< Jm)) - <>|+[ 19/ ()b (mD)(s) — b (m())(s))] ds

< m@) = mG) +a [ s m(D) - b (m() ds

)= m) + B0 G

Tl 3l ) — b )l

- 32— 32 '

Therefore

3271 — j|

I m(D) = 5 (m()l € =y
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and from the work embedded the argument above we have

o) =9l = | [7 0 (G5 ) n i) ds = [* 0 (os) 0 mi) 61 s
3l (0(0) — ()
- 32
3ur|l — J|
S BmonB2—3)
Therefore ¢ is uniformly continuous on [O, %%] O]

We have shown that if [ = g(l) then there is a solution given by y, in Theorem
2.3. In the following Theorem we show how the bisection method can be used to

iterate to a fixed point of the real valued function g.

Theorem 3.3. Let i, 7,7, R be positive real numbers with 0 < r < R, such that

(A1) h:[0,R] — [0,8R] be differentiable;
(A2) h(x) > 16r for x € [r, R|;
(A3) |W(a)| <7 <32 foralla € [0, R];
(A4) |W(b)] < p <2 forallb e [0,R].
Then there exists a 1 € [O, %} such that g(¢) =1 for g in (2.3), and thus
aW)(t) 0<t<!
p(t) = 4 D'(m@))(t) §<t<3
Yo (1 —1t) 1<t<1

is a solution of (1.1), (1.2). Moreover, there is a sequence {1}, C [0, %] such
that

Y —
with

R
|¢_¢n| < ont2”

Proof. If we let | € [O, %}, then

g(l) = / D Gs) h(b* (m(1))(s)) ds > G) / 16r ds =1 > 0

g(l) = / D (}Ls) h(b*(m(1))(s)) ds < G) / SR ds = g.

Hence g : [O, %} — [O, %} is a continuous real valued function. By the intermediate

value theorem applied to

and
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there exists a ¢ € [0, %} such that f(¢)) = 0, which implies that

g() =
and by Theorem 2.3
a(P)(t)  0<t<i
y(t) = § B (m@)(E) § <<
v (1 —t) 1<t<1
is a solution of (1.1), (1.2). Let
co =0, dozgand Py = co—iz—do

then recursively define the sequences {c, }52, {dn}7>, and {¢,,}5°, by

Cnt1 + dy
Cn+1 = wna dn+1 = dn and 77/}”+1 = %

Cnt1 +dy
Cnil = Cnydpi1 = Yp and Y, 11 = %

if g(1,,) < ,. Observe that for each natural number n that
h(c,) > ¢, and h(d,) < d,

thus by the intermediate value theorem there is ¥ € [c,, d,] such that h(¢) = 1. By
induction we have that

dp—1 — Cn—1 do — ¢ . R

dn — n = 9 T on T ontl
and since 1, is the midpoint of the interval [c,, d,] and ¢ € [c,,d,] we have that
R
W - wn‘ S 2n+2'
This ends the proof. n

Our first approximation of the real valued function g(l) given by

(3.1) o= [ b (§:5) n0 (i) o) s

will be by the function g(l, p) defined by

PN

32) o) = [ (55) 107 mit o 0

4

and this will be approximated by the real valued function

(33) s = [ (i ) h(b(m(l, p). p)(s)) ds.

4

Below we provide the tools to determine the sequence 1),, which converges to 1) where
g(®¥) = 1. The key to find the sequence {1} is being able to provide a condition
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that when verified tells us that g(¢n, p, p) — 1, and g(1,,) — ¥, are both non-negative

or are both non-positive.

Lemma 3.4. Let n be a whole number, p be a natural number and suppose that

19(¥n) = 9(¥n, 0, P)| < |g(¥n; p,0) — n
then
if 9(Vn, p,p) > Uy, then g(1hy) > 1y,

and

ifg(wn,p,p) < % then g(wn) < ¢n

Proof. Either g(¢n,p,p) > ¥, or g(n, p,p) < ¥n.

Claim 1: if g(¢, p,p) > 1y, then g(w,) > 1b,. Since
Un = 9, 0,0) < 9(¥n) — 9(n, 0, 0) < g(¥n, 0, ) — U

we have ¢, < g(¢,).

Claim 2: if g(
PSin, p,p) < 0, then g(¢,) < 1. Since

9(n, 0, p) — Un < g(¥n) — 9V, 0,0) < U — g(Un, 0, P)

we have g(¢n) < . O

In the following lemma we provide the justification for g(v,,) — g(¥n, p,p) — 0 as
p— > o0, hence the left side of the inequality

|g(¢n) - g(¢n,p7p)‘ < |g(¢n’p7p) - 7vZ)n|

from Lemma 3.4 goes to zero as p goes to infinity.

Lemma 3.5. Let n be a whole number and p be a natural number then

(64 —3u)TRK.  Rky™
J— < .
19(¥n) = 9(¥n, p,p)| < 230t 1%
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Proof. From Lemma 2.2 we have

IN

IA

|9(n; p) = 9(n; p, D)

REIT!
11—k

‘b*(m(wmp)) G) = b(m(¥n, p),p + 1) G)'
-y

(m(¢n, p);p+ D,

where k;, = % and from Lemma 3.1 we have

<

<

19(¢n)

u:h—‘\
i

—-g(ﬁ%,pﬂ

D (l’s) h(b*(m (1)) (s)) ds — /é D G,s

4 1
4

i) + | T (L) o omiwa ) s

1

)= [0 (G5 ) WO p(S)) ds = () = ()

4

v (1) =) (§) = (o) - m

16 (m(n)) = 0" (m(¢n, D)l + [(M(Pn) — m(thn, )|
TREP TREE (64— 3u)TRRY

()

(32—

Therefore

l9(¢n)

31— Fa) | 32(1— ko) 32032 — 1) (1 — F)

= 9(Wn;p,0)l < |9(¥n) — g(n; )| + [9(
(64 — 3u)TRKP

¢nap) - g(w’mpvp”
Rk§+1

= 32(32 - 3u)(1 — ku)

This ends the proof.

Note that for every whole number n we have that

Jim |g(tn) = g(4n, p,p)| = 0.

1—ky
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In the Theorem below we summarize the iterative scheme which will converge to
a solution of (1.1), (1.2).

Theorem 3.6. Let i, 7,7, R be positive real numbers with 0 < r < R, such that

(A1) h:[0,R] — [0,8R] be differentiable;
(A2) h(z) > 16r for x € [r, R];

(A3) |K(a)] <7 <32 for all a € [0, R];
(A4) [ (b)] < p <2 forallbe [0,R].

Then there exists an iterative scheme converging to a solution of (1.1), (1.2).

Proof. For natural numbers n and p let

a(thn, p)(t) 0<t<4
Ynp(t) = ¢ b(m(Yn,p), p)(t) § <t <3
Ynp(l—1) 1<t<1
From the work in Lemma 3.2 we have
— <oy
o' () — @)l < 20—
and from the work on Lemma 2.1 we have
D
* _ < a
||a’ (wn) a’(¢n7p)||l/ = 1 _ ka

for k, = 35, thus we have

la*(¥) — a(¥n, p)[l < Nla™(¥) = a*(¥n)llo + la*(¥n) — altn, )|
321 —b,| | REP
32—171 * 11—k,

IN

From the work in Lemma 3.2 we have

327W B wn’
(32 —7)(32 — 3p)

6% (m(3)) = 0 (m(¢hn)) || <

and from the work in Lemma 3.1 we have

TREP

16°(m(¥n)) = 0" (m (Y0, p)) [l < (32— 30)(1 — o)

and from the work in Lemma 2.2 we have

RE?

||b*(m(q7[)mp)) — b(m(¢n;p)=p)||u < 1— kjb
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thus we have

16"(m () = b(m (¢, p), P) |l
16" (m () = 0" (m (b)) |+ (17 (m(n)) = &% (m(n, P)) |

+16" (m (Y, p)) — b(m(Yn, p), ) l|u
327[1) — 1y TREP RE}
S Bmon@®@-30 B30k 1k

IN

Therefore

19 = Ynpll < max{]|a® (V) — a(tn, p)|lu, [0*(m(¥)) — b(m(¥n, p), p)lu}-
For ¢, = % let NV,, be a natural number such that
327—|¢_¢n| 32|¢_¢n| €n
max , < —
(32—-7)(32—=3u)" 32-—71 2
and let P, be a natural number such that

A TREP N RE}  REP €n
X —_—
32301 —ka)  T—ky 1 ks

< .
2
For every natural number n define

Zn = YN,,P,

thus

19« — znll < max{lla®(v) — a(¥,,, Pu)lly, [[b°(m(4)) = b(m (¥, Pn), Po)llu} < €n

so {z,} is a sequence of functions that converges to y, a solution of (1.1), (1.2). This
ends the proof. O
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