Dynamic Systems and Applications 33 (2024) 1-11

EXISTENCE OF SOLUTIONS TO A GENERALIZED BOUNDARY
VALUE PROBLEM ON THE HALF-LINE

JOHN R. GRAEF!, HALIMA MAGHMOUL?, AND TOUFIK MOUSSAOUI?

'Department of Mathematics, University of Tennessee at Chattanooga,
Chattanooga, TN 37403, USA.
2Laboratory of Fixed Point Theory and Applications, Ecole Normale Supérieure,

Kouba, Algiers, Algeria

ABSTRACT. The authors study boundary value problems of order 2k for k € {1,2,...} on the
half-line and prove the existence of solutions using a minimization principle and the Mountain Pass

Theorem.
AMS (MOS) Subject Classification. 34B40, 34B15, 34B18.

Key Words and Phrases. Critical Point, Unbounded Interval, Minimization Principle, Mountain-

pass Theorem.

1. INTRODUCTION

We consider the existence of solutions to a family of boundary value problems on the half-line

of the form
(=1)FuR)(t) 4 (1) TuCR=2)(t) + (1) 2uCF=D(t) 4. ..
(P) (=) () + ult) = f(t,ult)), t € [0,+00),
u®)(0) = u®)(400) =0, i€{0,1,...,k—1}
where f € C(]0,+00) x R,R) and k£ € N*. While there have been numerous works for boundary
value problems on finite intervals, especially in the cases £ = 1 and k = 2, i.e., for second and fourth

order problems, there has been considerably fewer works for such problems on the half-line. And for

k > 3 there does not appear to be any such results in the literature on this type of problem.

In order to establish the setting in which to investigate our problem, we start by considering

the space

HE(0, +00) = {u € L0, +00) : ', u”, ..., u®) € L0, +00),
u(0) = 0,4/(0) = 0,...,u*Y(0) = 0}
together with its natural norm
+o0 +oo +oo 3
llul| = (/O (u<k>)2(t)dt+/0 (N2 (8)dt + - - - +/0 u2(t)dt> .
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In view of [5, Corollary 8.9] (or see [6, Chapter 8]) if u € H¥(0, +00), then
(1.1) u(+00) = v/ (+00) = - - - = uF "V (400) = 0.
Let po, p1, - -+, Pr—1: [0, +00) — (0, 400) be bounded and continuously differentiable functions with

M; = max(||pi|| 2, P}l 2) < 400, foreach i=0,1,...,k—1.

°
We also consider the spaces

Cl.po [0, 4+00) = {u € C([0,400),R) : , ligrnoopo(t)u(t) exists}

endowed with the norm

llulloopo = sup  polt)|u(t)l,
te[0,+o00)

and
Cry 10, +00) = {u € C*7H([0, +00), R) + lim po(tyu(t), lim pi(t)u' (1),

Jim pa()u”(t), .., lim pr—a(t)u* 1 (#) exist}
with the natural norm
[ulloop = sup po()|u()|+ sup pi(t)|[u'(t)]+ sup pa(t)]u”(t)]
tel0,+o00) tel0,4+o00) tel0,+o00)

+od sup pr_r (8)|uFTH().
tel0,+o00)

Let
10, +00) = {u € C([0,40),R) : . 1i£rn u(t) exists}
be endowed with the norm

lulle = sup [|u(t)].
tel0,4+o00)

To prove that HE(0,+00) embeds compactly into Cﬁ;l[(), +00) (see Lemma 1.10 below), we

need the following compactness criterion based on the work of Corduneanu [8, page 62].

Lemma 1.1. Let D C Cf;l[(), +00) be a bounded set. Then D is relatively compact if the following

conditions hold:

D is equicontinuous on any compact sub-interval of [0, +00), i.e., for any compact set J C [0, +00),
for any € > 0 there exists 6 > 0 such that for all t1, to € J, |t1 — ta] < & implies |po(t1)u(t1) —
polt2)u(tz)] < e, |pr(t)u'(tr) — pr(t2)u'(t2)| < e, ..., Ipe—1(t)ul* "D (1) — pe_a(ta)u® =V ()| < e
for alluw € D;

D is equiconvergent at +00, i.e., for every e > 0 there exists T = T(e) such that, t > T(e) implies
Ipo(8)u(t)— (o) (+00)| < &, [p1 (O (8) — (1) (o0)| < &, - ., Ipk1 (Ut ) (pr_1) D (+00)|
<e forallue D.

We also need the following concepts from critical point theory to continue our analysis (see, for
example, [1, 3, 10]).

Definition 1.2. Let X be a Banach space, {2 C X be an open set, and J : {2 — R be a functional.
We say that J is Gateaux differentiable at u € € if there exists A € X’ (dual space) such that

lim J(u+tv) — J(u)
t

t—0

for all v € X. Now A, which is unique, is denoted by A = J/(u).

= Av
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The mapping which sends to every u € Q the mapping J(,(u) is called the Gateaux differential
of J and is denoted by J;,. We say that J € C*(X,R) if J is Gateaux differentiable on Q and Jf is

continuous at every u € €.

Definition 1.3. Let X be a Banach space. A functional J : Q — R is called coercive if for every
sequence (ug)gen C X,

|lukll = 400 implies |J(ug)| — +oo.
Definition 1.4. Let X be a Banach space. A functional J : X — (—o00, +00] is said to be sequen-

tially weakly lower semi-continuous (swlsc) if

J(u) <liminf J(u,)

n—-—4oo

for all sequences u,, — u in X as n — +oo.
q

The following minimization principle can be found in a number of places including the mono-

graph of Badiale and Serra [3].

Lemma 1.5. (Minimization Principle.) Let X be a reflexive Banach space and J be a functional
defined on X such that:

lim  J(u) = 400 (coercivity condition),
llu]| =00

J is sequentially weakly lower semi-continuous.

Then J is bounded from below on X and achieves its greatest lower bound at some point ug.

Next, we define the well-known Palais-Smale condition.

Definition 1.6. Let X be a real Banach space and J € C'(X,R). If any sequence (u,) C X
for which (J(uy)) is bounded in R, and J'(u,) — 0 as n — +oo in X’ possesses a convergent

subsequence, then we say that J satisfies the Palais-Smale (PS) condition.

We can now state the famous Mountain Pass Theorem

Lemma 1.7. (Mountain Pass Theorem.) Let X be a Banach space, and let J € C*(X,R) be such
that J(0) = 0. Assume that J satisfies the (PS) condition and there exist positive numbers p and «
such that:

J(u) = a if ||ull = p,

there exists ug € X such that ||upl| > p and J(ug) < a.

Then there exists a critical point u* of J satisfying

J'(u") =0 and J(u") = Inf max J(v(1)),

where

['={y e C([0,1], X) : 7(0) = 0,7(1) = uo}-

In order to provide the appropriate variational setting for our problem, we multiply the the
equation in Problem (P) by v € S, integrate over (0, +00) using integration by parts, and apply the

boundary conditions and conditions (1.1), to obtain

/+oo |:(—1)ku(2k)(t) + (—1)k71u(2k72)(t) + (—1)k72u(2k74)(t)
0

+oo
4 (=DM () +u(t)] v(t)dt = /0 Ft, u(t))v(t)dt,
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and so from the definition of H}(0, +oc) and (1.1), we see that
+oo
/ [u(k)(t)v(k)(t) + uF D@ ED @)
0
+oo
(1.2) +u' ()0 (¢) + u(t)v(t)] dt = / (@t u(®))v(t)dt.
0

This leads quite naturally to the notion of a weak solution to Problem (P).

Definition 1.8. By a weak solution of (P) we mean a function u € HE(0,+o0) such that (1.2)
holds.

In order to study Problem (P), we consider the functional J : H(0, +00) — R defined by

1 +eo
T = gl = [ Peutar
where
F(t,u) = / f(t, s)ds.
0
Next, we need to establish some embedding properties for our spaces.

Lemma 1.9. The space HE (0, +00) embeds continuously into Cﬁ;l[o, +00).

Proof. For u € HE(0,+00) and i = 0,1,...,k — 1, we have

[pi (£)ul? ()] = [pi(+o0)u? (+00) — ps(t)u (1)]

“+o0 )
/t (piu®) (s)ds

+o0 +oo
| s @+ [ nnt s

<(/ +°°<p;<s>>2ds)% (/ +°°<u<i><s>>2ds)%
+ ( /t o pf(s)dsf ( /t +Oo(u(i+1)(s))2ds>%

< max {||pill L2, [Ipill 2} ull < Milul],

<

_|_

where M, = max{||p;||L2, |p;||z2}. Hence, ||t|lcop < M||u||, where M = max{M; :i=0,1,...
1}. The continuity of the embedding follows directly. O

We next show that the above embedding is in fact compact.

Lemma 1.10. The embedding HE (0, +o00) — Cf;l[(), +00) is compact.

Proof. Let D C HE(0,+00) be a bounded set. Then by Lemma 1.9, it is bounded in Cﬁ;l[(), +00).
Let R > 0 be such that for all u € D we have |Ju|]| < R. We will apply Lemma 1.1.

To see that D is equicontinuous on every compact interval of [0, +00),let u € D and t1,t2 € J C

[0, +00), where J is compact. Applying the Cauchy-Schwarz inequality for each i = 0,1,...,k — 1,
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gives

pi(t1)u® (t1) — pilt2)u? (t2)] =

as|t1—t2 |—>O

/ " (o (s)ds

ta

<

/ 1 PL(8)uD (s) + ps(s)ulY (s)ds

ta

<(/ :l<p;<s>>2ds)% (/ :1<u<i><5>>2d5>%
=( e)as) : (/ :l(u(”l)(s))st)%
< max l( / :lp?<s>ds)% (/ :1<p;<s>>2ds) ] ol

< Rmax l( /tjp?(s)ds)% ( /t;(pxswds) ] —0

Now to see that D is equiconvergent at +oo, let ¢ € [0,4+00) and w € D. Since pg, p1, - .-
pr_1 are bounded, using the fact that (psu)®(+o00) = 0 for i = 0,1,..

Cauchy-Schwarz inequality, a similar calculation shows that

pa®)(t) - (piu®)(+00)] < Rmax l( / - p;%‘(s)ds)% (/ +°o<p;<s>>2ds) ] 0

3

.,k — 1, and applying the

as t — +o0o. Hence, D is relatively compact. Applying the Arzela-Ascoli theorem completes the

proof of the lemma.

The following corollary follows directly from the above lemmas.

Corollary 1.11.

Cf;l[(), +00) embeds continuously into C p,[0, 4+00).

The embedding HE(0, +00) < Cj ,, [0, +00) is continuous and compact.

Remark 1.12. As a consequence of Corollary 1.11(ii), there is a constant N such that

In this section we prove our main existence results. Our first theorem is as follows.

Theorem 2.1. Assume there exist a constant 0 € [0,2) and a function a € C([0,+00),R) with
€ LY(]0, +00),R), such that

a(t)

ph(t)

(2.1) lim sup ’
|u|—+o0 |u|

[tlloc,po < Nfull.

2. EXISTENCE OF SOLUTIONS

F(t,u)

< a(t) uniformly with respect to t € [0, 400).

Then the boundary value problem (P) has at least one weak solution.

Proof. By (2.1), there exists Ry > 0 such that

F(t,x) < a(t)|x|’ for all t € [0, 4+00) and all |z| > R;.

O
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If we combine this with the continuity of F(¢,z) — a(t)|x|® on [0, +00) x [—R1, Ry], it is clear that
there exists a function Cy € L'([0, +00), RT) N C([0, +00), R*) such that

(2.2) F(t,z) < a(t)|z|’ + C1(t) for all t € [0, +00) and all z € R.

To see that J is well defined, take u € HE(0, +00); then,

+oo +oo
/ |F@u@ﬂﬁs/' lla@llu(®)® + Ca(1)] dt
0 0
+oo

+oo
< / la(t)||u(t)|’dt + Cy(t)dt
0 0
-
“+oo
<)

<N?|—
0

oA ’| po(t)u(t)|?dt + |Cy| 1
0

a(t)
po(t)

l|lul|? + |Cy| L.
1

]ﬁmumﬂam

L

Therefore,

) =g = [ Fatea

1 +eo
< g+ [ P

1
< §||u||2 +N° |
0

lull” +Cilzr < oo,

Ll
which is what we wanted to show.

Now

1 Foo 1 a
J(u) = 5||u||2 —/0 F(t, u(t))dt > 5||u||2 - N0|Z?|L1||u||0 —[C1s-
0

Hence, lim J(u)= o0 since 0 < § < 2, and so J is coercive.

lluf—o0
Finally, to show that J is sequentially weakly lower semi-continuous, let (u,) be a sequence in
HE(0, +00) such that u, — u as n — +oo in HE(0, +00). Then there exists a constant A > 0 such
that ||u,| < A for all n > 0 and ||u|| < A. In view of Corollary 1.11(ii), (po(t)un(t)) converges to
(po(t)u(t)) as m — 4oo for t € [0, +00). Since F is continuous, we have F(t,u,(t)) — F(t,u(t)) as

n — 4o00. Also,

|F(t, un ()] < la(t)l[un(t)]” + C1(t)

%QWwMﬁW+a@

<| S0 1y, + 0
Po(

< 8Ol oy 1 v
po(t)

po( )
so by the Lebesgue Dominated Convergence Theorem, we have
—+oo —+oo
lim F(t,un(t))dt :/ F(t,u(t))dt.
n—-—400 0 0
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Since the norm in a reflexive Banach space is sequentially weakly lower semi-continuous,
lim inf ||u, || > |lul.
n—-—4oo

Hence,

n—-4oo

—+oo
liminf J(u,) = hminf (—|un|2 / F(t, un(t))dt>
— 100 0

—+oo
= lim inf —HunHQ / F(t,u(t))dt
0

n——+oo

+oo
> Sl = [ P = T)

and so J is sequentially weakly lower semi-continuous.

From the Minimization Principle, Lemma 1.5, J possesses a critical point that in turn is a weak
solution of Problem (P). O

b
Theorem 2.2. If there exist functions b and ¢ € C([0,+00),R) with ¢, = € L'([0,+o0),R) such
26)
that
F(t,x) <b(t)|x|* + c(t) for all t € [0,4+00) and all z € R,

with
b 1
(2.3) N? || <z,
ol 2

then the boundary value problem (P) has at least one weak solution.

Proof. We will prove this through a series of claims.

Claim 1: J is well defined. For u € HE(0, +00), we have
—+o0 —+oo —+oo
[ rldes [ pollu@Pac [ lei
0 0 0

b(t
g/ 2” ]| po(t)u®) dt + |c]on
0
bO’
< / dtflul%, + el 1
. |20 o
<N |2l 4 fel .
Polrs

Thus,

) = [h? - [ - Pt )

1 oo
< g+ [ i)

1
< §Hu|\2+N2 [lull® + |e|zr < +oo.

2
Polre
Claim 2. J is coercive. We have

+oo
T = gl = [ Feutar
b

1
> Ll = 37 | S|l — el
olrLt
1 b
> (53 |5] )l = el
Do lpr
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so J is coercive by (2.3).

Claim 3. J is sequentially weakly lower semi-continuous. An argument similar to the one used

in the proof of Theorem 2.1 shows this.

Thus, by Lemma 1.5, J possesses a critical point that is a weak solution of Problem (P). O

Our final existence result is contained in the following theorem.

Theorem 2.3. Assume that:

There eist positive functions c1, ¢z € L*(0,+00) and p € [0, 3) such that
(i) 0 < F(t,x) < pxf(t,x) fort € [0,+00) for all z € R, and

(ii) F(t,z) > e1(t)|z|# — ca(t) for allt € [0, +00) and z € R\{0}.

For any constant R > 0 there exists a nonnegative function gr € L*(0,400) such that

f (t, poL(t)M < gr(t).

There exists a function v € L*(0, +00) with v* = [sup )|(pg”y)(t)| < 1 such that
te|0,+o00

sup
y€[-R,R]

1
F(ta ;T(t)x)

PE < A(t) uniformly with respect to t € [0, 4+00).
x

lim sup
|z|—0

Then the boundary value problem (P) has at least one nontrivial weak solution.

Proof. We wish to show that J satisfies all the conditions of the Mountain Pass Theorem, Lemma
1.7 above. It is obvious from the definition of J that J(0) = 0. To see that J satisfies the Palais-
Smale condition, let (uy)nen be a sequence in H} (0, +00) such that nEIJIrloo J'(un) = 0 and (J(uy))
is bounded, say |J(uy)| < K for some K > 0 and all large n. Note that

+oo
(J' (un), un) = ||un||2—/0 F & un () un (t)dt.
From (F1)(i), we have

1 Foo
K > J(uy) = 5|\un|\2 —/0 F(t, u,(t))dt

+oo
> Sl = [ 010 1)
> 5l = | = (), )

1

> (5 _/L) wn|? + 1T (1), )
1

> (5= ) = 7"

Since lim J'(uy) = 0, there exists ng € N such that ||J'(u,)|| <1 for n > ng. Therefore,

n—-—4oo

1
K> (=) P+ sl for > o

which implies that (u,) is bounded in H}(0,4+o0). In fact, if (u,) is unbounded, there exists

(un,) C (uy) such that . lim ||wy, || = 400, and then we would obtain
— 400

(1
K=z lm (5 - ﬂ) [, [I? + pellm, | = +o0,

which is a contradiction.
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Since H(’)C (0, 400) is a reflexive space, passing to a subsequence if necessary, we can assume that
up — u in HE(0, +00) and that (uy,) is bounded in HE (0, 400). Thus, we have

(J (un) — J'(u), upn —u) = (J (un), up —u) — (J' (u), u, — u)
<N (ua)lllfun = ull = (J'(w), un —u) — 0

as n — +o0o. Moreover, by Corollary 1.11, lilf [l — wllipo = 0 and |Junllip, < R for all n € N.
n—-1+oo

We also have u, — u in Cj,, [0, +00) which implies that

flt,un(t)) — f(t,u(t)), for all t € [0, +00).

From (F2) we see that

|f(t,un())] < sup
y€[-R,R]

(525 | < om0 € 20 450),

so by the Lebesgue Dominated Convergence Theorem, we have
+oo +oo
/ f(t, un(t))dt — / f(t,u(t))dt as n — +o0.
0 0

Note that for large n, we have

0> (J'(u) = J'(u), = ) = ||, — ul]?

+oo
—/0 (f(tun(®)) = F(t, u())(un(t) — u(t))dl.

Hence, lirf |lun — u| = 0. Thus, (u,) converges strongly to u in HE(0,+00), and so J satisfies
the (PS) condition.

Next, we show that J satisfies the first geometric condition, namely, Lemma 1.7(1). In fact, by
(F3) there exist > 0 and € > 0 such that

1
’F (t, 3:)’ < (y(t) — e)|x|? for |z| < r and t € [0, +00).

Therefore, by using the continuous embeddings of HE (0, +00) into L2[0, 4+00) and HE (0, +o0) into
Cl.po [0, 400), and the facts that |u|p2 < ||u]| and ||u]lcc,py < N||u|, then for ||u|| = p small enough
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and a = (3 — 7" +¢ [sup : Ipo(t)]?)p? > 0 we have ||uc,p, < Np <7, and so we obtain
te|0,+o00

+oo
T = gl = [ P

Loy [T 1
:;w\jé F(t, s (pou) (1)t

+o0
sl = [ 00 =2l ponorar

Y

Y

+oo
sl = [ 60 = (o ute)ar

Y

1 2 2 oo 2
3 llull _te;?fo@qp()(t)' (”Y(t)—f))/o u(t)[dt

Y

1
g llul® = ( sup  |(pg)(t)] —¢  sup |po(t)|2> Jul7
te[0,+o00) tel0,+o00)

Y

1 *
§Hu|\2—(”y —e sup [po(t)]*)]ul?
te[0,+o00)

1 %
_ (5 _ (7 —& sup |po(t)|2>> ] 2.
te[0,+00)

This implies that condition (1) in Lemma 1.7 is satisfied.

Finally, we need to show that .J satisfies the second geometric condition in Lemma 1.7 holds.
For all u € Hf(0,+00) with u # 0, s > 0, the fact that 4 € [0, 3), and condition (F1)(ii) imply

+oo
J(su) = %S2Hu|\2 — /0 F(t, su(t))dt

1 oo 1 1
s5§mW—/'<q@meﬁ—@@Mt
0
1 1 +oo 1 +oo
< §S2Hu|\2 — sw / cl(t)|u(t)|ﬁdt—|—/ co(t)dt — —o0
0 0

as s — +o00. Therefore, there exists sg large enough so that J(spu) < 0 < .. Consequently, condition
(2) in Lemma 1.7 is satisfied, so J possesses a critical point that is a nontrivial weak solution of

problem (P). This completes the proof of the theorem. O

As a final remark, we wish to point out that condition (F1)(i) is the famous Ambrosetti-

Rabinowitz condition [2].
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