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COMPARISON THEOREMS FOR SECOND ORDER LINEAR AND
HALF-LINEAR DIFFERENCE EQUATIONS

YUTAKA SHOUKAKU

Fuculty of Engineering, Kanazawa University, Ishikawa, 920-1152, Japan.

ABSTRACT. In this paper, discrete comparison theorems of Sturm’s type is developed for a pair
of second order linear difference equations. In particular, we present here Sturm-Picone type and
Leighton type comparison theorems on second order linear difference equations. Our research is
motivated by famous book [15] dealing with a similar problem for second order linear differential
equations. Furthermore we extend and investigate the more general half-linear difference equation
by referring the famous paper [10]. Examples are given to illustrate the relevance of the results.
AMS (MOS) Subject Classification. 34C10, 34C15, 34K40.
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1. INTRODUCTION

Difference equations is discrete analogue of differential equations. Therefore,
second order differential equations discrete counterparts are analyzed paralelly. For
example, Sturm-Liouville problems is one of these examples. Sturm-Liouville problem
has an important role because of a lot of applications in mathematical physics. This
paper is devoted to the existence and location of the zeros of the solutions of second
order linear or half-linear difference equations. At first, we will consider second order

linear difference equations of the form

(Eq) lun] = AlanAuy,) + cptineg =0,

(Es) Llv,] = A(A,Av,) + Crvsg =0,

where A is the forward difference operator, that is, Au,, = U1 —Uyn, A%u, = A(Au,),
and o, € Z, a < 8. The sequences ¢,, C, are real-valued sequences on [«, §], and

an, C, are positive real-valued sequences on n € Z.

The second purpose of this paper we shall discuss about the second order half-

linear difference equations

(E3) o[un) = Aa, Ve (Auy)) + Vo (tpg1) = 0,

(Ey) L.[v,] = A(AV,(Avy)) + CoV . (v,41) =0,
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where U, = |s|""!s and 7 > 0 is a constant.

By a solution of (E;) (i =1,2,3,4), we mean a nontrivial real sequence x,, which
is defined for all positive integer n > ny and satisfies (E;) (1 = 1,2,3,4) for n > ng. A
solution x,, of (E;) (i = 1,2,3,4) is said to be oscillatory if for every positive integer
N > ng, there exists n > N such that z,, = 0 otherwise z,, is said to be nonoscillatory.
Indeed, this definition says that nontrivial solutions of equations (E;) (i = 1,2,3,4)
can have only simple zeros, where a solution z,, of (E;) (i =1,2,3,4) is said to have

a simple zero at ng > 0 if x,, = 0.

The second order linear difference equation
(1.1) A(a,Azxy) 4 cixper =0

have been investigated many authors [1-9,11-14]. The authors [4,7] proved Reid’s
roundabout theorem, Sturm-type separation theorem and Sturm-type comparison
theorem by using the concept of disconjugacy. A solution z,, of (1.1) is said to have
a generalized zero at m provided x,, = 0 if m = a, and if m > a either x,, = 0 or
TmTmy1 < 0. Equation (1.1) is said to be disconjugate provided no nontrivial solution

of equation (1.1) has two or more generalized zeros.

Reid’s roundabout theorem (see [2].) All of the following statements are equiva-

lent

1. Equation (1.1) is disconjugate on [a, (.

2. Equation (1.1) has a solution x,, without generalized zeros in the interval o, B+
1].

3. The Riccati difference associated with (1.1), namely,

2

R[wn] = AUJn + w—_: +Cn = Oa
Wp T G

where w, = a,Ax,/x,, has a solution w, on [«, ] satisfying a, + w, > 0 on

[, B].
4. The functional F is positive definite on U(c, ), where

B
F&a,pB) = Z [az‘|Afi|2 - Ci|§i+1|2]

and
U(&vﬁ) = {5 : [aa6+2] —R:&, :€5+1 = 0}7

where F is positive definite on U provided F(§) > 0 for all{ € U, and F(§) =0
if and only of € = 0.
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Let x,, and y, be solutions of equation (1.1) in [«, 5]. Let the Wronskian of x,

W(xn, yn] = det oo —det | ™ ).
Tn+1  Yn+l Az, Ay,

If #,, and y,, are linearly independent solution of (1.1), then W{z,, y,] # 0 for |o, f].

and v, by

Sturm separation theorem (discrete) (see [2].) Two linearly independent solu-
tions of equation (1.1) cannot have common zero. If a nontrivial solution of equation
(1.1) has a zero at t; and a generalized zero at ty > t1, then any second linearly in-
dependent solution (1.1) has a generalized zero in (ty,ts]. If a nontrivial solution of
equation (1.1) has a generalized zero at t; and a generalized zero at ty > 1y, then any

second linearly independent solution has a generalized zero in [ty,ts].

Sturm’s comparison theorem (discrete) (see [2|.) Suppose a, > A, and ¢, <
C,, for n in the interval [o, 5]. If (E1) is disconjugate on [a, f], then (Eg) is also
disconjugate on (a, 5+ 1).

In [3], authors proved Sturm-type comparison theorem on finite or infinite inter-
vals by using the concept of recessive solution. They defined tha iff there exist two
linearly independent solution x,, and y, of (1.1) such that 2* — 0 as n — oo, then
x, is called recessive or sub-dpminant and y,, is called dominant. However, it seems
that the discrete analogue of comparison theorem is not yet studied. For this reason,
our research is motivated by continuous case. It is a famous book [15] dealing with

the comparison theorems for self-adjoint equations
lu] = (a(z)u'(z))" + c(x)u(x) =0,
Llv] = (A(z)v'(z))" + C(z)v(x) = 0

on a bounded open interval a < z < B and o?,ff € R, where a, ¢, A and C are

real -valued continuous functions and a(z) > 0, A(x) > 0 on [&, 8]. In this book he

present following theorems:

Sturm-Picone Comparison Theorem (continuous) (see [15].) Suppose a(x) >
A(x) and c(x) < C(x) in the interval o < x < (. If there exists a nontrivial real
solution u of lfu] = 0 such that u(a) = u(B) = 0, then every real solution of L[v] =0

has at least one zero in («, 5).

Sturm separation theorem (continuous) (see [15].) The zeros of linearly inde-

pendent solutions of l[u] = 0 separate each other.

From the above theorem we see that if u and v are two independent solutions,

then zeros of u and v appear alternately.

In the third section the foregoing results are generalized for linear equations (E;)

(i = 3,4). The following equation is the discrete version of the second order half-linear
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difference equation
(1.2) Aap,V,.(Azy)) + ¢V, (241) =0,

By defining the concept of disconjugacy, generalized zero, positive definite for (E;)
(1 = 3,4) as former (see [2]), these generalizations will be derive a following Reid’s

roundabout theorem, the results was proved in [13,14].

Reid’s roundabout theorem (see [13].) All of the following statements are equiv-

alent

1. Equation (1.2) is disconjugate on [a, ().

2. Equation (1.2) has a solution x,, without generalized zeros in the interval o, B +
1].

3. The Riccati difference associated with (1.2), namely,

U, (wy,)
R n =A n n l———= nIO,
[wy] w, + w ( \Ifr(wnﬂ)) +c

where wy, = a,V,.(Ax,) /Y, (z,), has a solution w,, on [«, ] satisfying a,+w, >

0 on [a, B].
4. The functional F is positive definite on U(c, 3), where
B
F(&a,p) = Z ;| A&G]" = cil€ia]]
and

U(Oé,ﬁ) = {5 : [a7ﬂ+2] - R: ga :€6+1 = 0}7
where F is positive definite on U provided F(§) > 0 for all§ € U, and F(§) =0
if and only if € = 0.

Sturm separation theorem (discrete) (see [13].) Two linearly independent solu-
tions of equation (1.2) cannot have common zero. If a nontrivial solution of equation
(1.2) has a zero at t; and a generalized zero at ty > t1, then any second linearly in-
dependent solution (1.2) has a generalized zero in (t1,ts]. If a nontrivial solution of
equation (1.2) has a generalized zero at t; and a generalized zero at ty > 1y, then any

second linearly independent solution has a generalized zero in [ty,ts].

Sturm’s comparison theorem (discrete) (see [2|.) Suppose a, > A, and ¢, <
Cy in the interval n € |o, B]. If (Es) is disconjugate on |o, 8], then (Ey) is also
disconjugate on (o, 4 1).

Picone identity concerning the second order half-linear differential equation
lr[u] = (a(x) ¥ (u/(2))) + c(2) ¥y (u(z)) = 0,
Ly[o] = (A(x) ¥, (v'())) + C(2) ¥, (v(z)) =0

can be found in [9] and there was given following comparison theorem.
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Sturm-Picone comparison theorem (continuous) (see [10].) Ifa(z) > A(z) and
C(z) > c(z) on a given interval I and there exists an u such that l.[u] = 0, then any

solution of L,[v] = 0 either has a zero in (a, ) or it is a constant multiple of u.

In this paper our purpose is to derive the discrete version of comparison theorems
similar to continuous version of comparison theorems for second order linear or half-

linear difference equations.

9. COMPARISON THEOREMS FOR LINEAR DIFFERENCE
EQUATIONS

Based on the book [15], we establish the following comparison theorems.

Theorem 2.1 (Sturm). Suppose a, = A,, and ¢, < C,, in the interval n € |o, B+ 1].
If there exists a nontrivial solution u, of lu,] = 0 such that u, = ugy; = 0, then

every solution of L[v,] = 0 has at least one zero in (a, 5+ 1).

Proof. Suppose to the contrary that v, does not vanish in (a,( + 1). It may be
supposed without loss of generality that v, > 0 and also u, > 0 in (o, 5 + 1).
Multiplication of (E1) by v,41, (E2) by u,1, subtraction of the resulting equations,
and summing yields

B B

(21) Z{A(CLZAUz) cVit1 — A(azsz) : ui+1} = Z(CZ - Ci>ui+1’0i+1.
On the other hand, the left part of (2.1) is equal to
B B
Z{A(alAul) * Vi1 — A(CLZA'%) . ’U/i+1} = Z A(alAuz UV — a; UG A'U,L> .

Since the sum on the left side is the forward difference of a;(Au;v; — u;Av;) and
C; — ¢; > 0 by hypothesis, it follows that

(22) al(Aul UV — Uy A”UZ) @—H > 0.

1=
However, u, = ug11 = 0 by hypothesis, and since u; > 0 in (o, 8 + 1), Au, > 0 and
Augyy < 0. This inequality Augyy < 0 holds because the equation (E;) is rewritten
as
@ip1 AU 41 — a;Au; + ciuigg = 0,
and so, substituting the above into ¢ = 3 yields
aﬂ—HAuﬁ—i—l = CL@AUB < 0.
Thus the left inequality of (2.2) is negative, which is a contradiction. O

Theorem 2.2 (Sturm-Picone). Suppose a,, > A,, and ¢, < C, in the interval n €
la, 5+ 1]. Then the conclusion of Theorem 2.1 is valid.
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The proof will be deferred since this is a special case of a theorem of Leighton(Theorem
2.5) to be proved later. The following lemma will be stated in terms of the quadratic

functional defined by the equation

B
(2.3) Tlun) = (AAu? — Couf ).

=

The domain D of J is defined to be the set of all real-valued functions u,, € C[a, f+1]

such that u, = ug; = 0.

Lemma 2.3. If there exists a function u, € D, not identically zero, such that J[u,] <
0, then every real solution of Llv,| = 0 except a constant multiple of u, vanishes at
some point of (o, B+ 1).

Proof. Suppose to the contrary that there exists a solution v, # 0 in (o, 5+ 1). Now,

since
2
(2.4) AUt {A (ﬁ)} - An( Un )(Aun)Q
Un Un+1
2
_2AnunAunAvn LA (u,Avy,)
Un41 UnUn+1
and
A u2 A 2
(2.5) A (M) = DHA(A, A,
Un, Un+1
+AnAvn(un+1 + u,)Auy, A (unAyn)27
Un+1 UnUn+1

so it is obvious that

2 2
AWWM{A(%)}+A<é&A@)
Un Un

o 2
:/%V%)mw+ﬁmwm Un) At Ui (4, A

Un+1 Un+1 Un+1

2
= A, (M) (Auy,)? + @A(AHA%)
Un+1 Un+1

2

u
= An(Aun)2 + n_H<L[Un] - On+1?]n+1).
Un+1
Hence, for all v, and u, € D, the following identity is valid in («, 5 + 1):

2 2
(2.6) AU [A (%ﬂ FA (w)
v

n /U’I’L

2
u
= A (Aun)? = Crpi(tng1)? + L L,
Un+1
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Since L[v,] =0inn € (a, 5+ 1), sum of (2.6) has
z z 2
U
i=y

1=y
(AZU?A’UZ) ?
+ [ ———
V4

=y

for arbitrary y and z satisfying a <y < z < .
1) If v, # 0 and vgyq # 0. It follows from (2.3) that and hypotheses u, = ugi1 =0

that

(2.8) T[] = i/xiwvm [A <Z—)] B

(2

Since A; > 0, J[u,] > 0, equality if and only if A ( ) is identically zero, i.e., u; is a
constant multiple of v;. The latter cannot occur since u, = 0 and v, # 0, and hence
J[u,] > 0. The contradiction shows that v,, must have a zero in (a, § + 1).
2) If v, = vg11 = 0. According to the result of [4. Chap 1] and [12], we consider
solutions wu, satisfying

Uple] = VUyle] = €

for ¢ > 0 is sufficiently small. Then it show that ¥ — o and

Uyl = Uq and v, — v, as € — 0.

a[g]

So we obtain

Aa[s AU e) AU Av e
= : ,
v le] U e
& eua[s] log<1+va[51) a[ ] 1
U le]
which leads to
A, g]u BVAUINE A @ A
) [e] Uy le] AV ]
im = lim ol Zalt x” =0
e—0 Vg le] e—0

ua[g] log (1+1)a[5] ) Yo lel 1

Ugylel

by applying ?H(l)(l + §)% = ¢ and lim = 1. Similarly, we choose ¢ > 0 is
H

£—0 £

sufficiently small, then ugi; and vge ., satisfies
Uglel41 = Vglel41 = &
which lead to
Uglel 41 — Ugt1 and Vglelpq — Vg1 as € — 0.

And so, we have

lim Aﬁlf+1“ €141

e—0 U,B[f +1

A/U/B el 41
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It then follows from (2.7) in the limit y,z — «, 5 + 1 that (2.8) is still valid, and
J[u,] > 0. Hence we obtain the contradiction J[u,] > 0 unless v, is a constant

multiple of w,,.

3) If v, =0, vgy1 # 0 or v, # 0, vgy1 = 0. It is clear from the foregoing proof that
(2.8) still holds and accordingly that v, has a zero in (a, 5+ 1).

This complete the proof of Lemma 2.3. O

Remark 2.4. It is obviously that J[u,] = 0 if and only if

A(E)ZAUZ"%_U’”A%:O_

U; ViVi41

Hence, it notes that this case occurs if and only if

u . A/l) .
qui:: i a
V5
or equivalently,
U; V;
(2 . 9) ’L+1 — Z+1
U; V;

Product (2.9) i = 1 to n — 1 as follows:

n—1 n—1
H (Uz‘+1> . H <Uz‘+1)
- 9
U; Pl V;

i=0
Uo

Uy, = | — | Uy
Vo

Consequently, J[u,] = 0 means that corresponds to the case where Au; = u; - Av; /v,

which implies

i.e. u, is a constant multiple of v;.

Lemma 2.3 extends Leighton’s result slightly by weakening the hypothesis J[u,| <
0 to J[u,] < 0. In addition to (2.3) consider the quadratic functional defined by

B
(2.10) Jlun) = (@l = )

=

for u, € D. The variation of j[u,] is defined as V[u,| = jlu,| — J]u,], that is

B
(2.11) Viw] = Y- { (@ = A)Au + (Ci = ey, |

=

with domain D.

Theorem 2.5 (Leighton). If there exists a nontrivial real solution wu, of lfu,] = 0
in o, B+ 1] such that u, = ugyr = 0 and V{u,] > 0, then every real solution of
L[v,] =0 has at least one zero in (a, f+ 1).

In the following result the hypothesis V[u,] > 0 is weakened to V[u,] > 0.
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Theorem 2.6. If there exists a nontrivial real solution u, of l[u,] =0 in o, B + 1]
such that u, = ugy1 = 0 and Vu,] > 0, then every real solution of L[v,] = 0 has one

of the following properties:

(i) vy, has at least one zero in (o, f + 1),

(ii) v, is a constant multiple of u,,.

Proof. Since u, = ugy1 = 0 and [[u,] = 0, it is clear that

B B
Z Uiy * l[uz] = Z Ujt1 (A(azAuz) + Ciui+1)

- Z{A(Ui Ca; Ay;) — a;(Au;)? + Cz‘u?ﬂ}v

which implies that

B B

So it is obvious that j[u,] = 0. The hypothesis V[u,] > 0 of Theorem 2.6 is equivalent
to J[u,] < jlu,]. Hence the hypothesis J[u,] < 0 of Lemma 2.3 is fulfilled, and v,

vanishes at least one in (a, § + 1) unless v, is a constant multiple of w,,.

Under the hypothesis V[u,| > 0 of Theorem 2.5 alternative (ii) of Theorem 2.6
implies J[u,] = 0 by (2.3), and hence V|[u,] = 0. The contradiction establishes
Theorem 2.5. [l

Since 1910, when the original paper of Picone was published, this identity has
been extended to various equations (not only to ODE’s but also to PDE’s and to
dfference equations). Now, we will formulate the discrete version of the so-called

Picone identity.

Lemma 2.7 (Picone’s identity). Let u, and v, be defined on [a, B + 1| and assume
vy #0 forn € (a, 4+ 1). Then for n € [a, f + 1], the following equality holds:

A {% [vnanAun - unAnAvn} }

n

= (a0 — An)Aup + (Cp — ca)upyy

2
U, .
+ (’l}n:i) {Un-i-l . l[un] — Up41 - L[Un]} + Anvnvn+1 |:A (E):|
holds for n € [a, f].

The Sturm-Picone theorem 2.2 follows immediately from Theorem 2.5 since the
hypotheses a,, > A, and ¢, < C, of the former imply that V[u,] > 0. Likewise the
following improvement of Theorem 2.2 is an immediate consequence of Theorem 2.6

and Lemma 2.7.
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Theorem 2.8. Suppose a, > A, and ¢, < C,, inn € (o, B+ 1). If there exists
a nontrivial real solution u, of lu,] = 0 such that u, = ugs1 = 0, then every real

solution of L]v,] = 0 except a constant multiple of u,, has at least one zero in (o, f+1).

The next result requires the slightly stronger hypothesis that L is a ”strict Stur-
mian majorant” of [. This means, in addition to the conditions a,, > A, and ¢, < C,,,
that either

e ¢, # C, for some n in (a, B+ 1), or
e (if ¢, = C,) that a, > A, and ¢, # 0 for some n.

Theorem 2.9. Suppose that L is a strict Sturmian majorant of . Then if there exists
a nontrivial real solution wu, of l[u,] = 0 satisfying u, = ugy1 = 0, every real solution
of L[v,] =0 has a zero in (a, f+ 1).

This follows from Theorem 2.5 since V[u,| > 0 is a consequence of the strict

Sturmian hypothesis.

In the special case that the difference equations (E1) and (Es) coincide, we obtain

the classical Sturm separation theorem as a special case of Theorem 2.8.

Theorem 2.10 (Sturm Separation Theorem). The zeros of linearly independent so-

lutions of (E;) separate each other.

The following example illustrates that Theorem 2.5 (or Theorem 2.6) is stronger
than the Sturm-Picone theorem 2.2 (and also Theorems 2.8 and 2.9).

Example 2.11. We consider

(2.12) AUy, 4 Upyq = 0,
(2.13) A?v, + 20,41 = 0.

In this example, a,, = A, = ¢, = 1 and C,, = 2. It can be checked that the conditions
of Theorem 2.1 is satisfied, and the u, = sin (%n) of (2.12) satisfies up = uz = 0.
Therefore, every solution of (2.13) has a zero in (0, 3). In fact, (2.13) has an oscillatory

solution v,, = cos (%n), which satisfies v; = 0.

Example 2.12. In the case that a, = A, =c,=1land C, =n+1—-k, 0< k< %,
0 < n < 3, the difference equations (E;), (E2) become

(2.14) A%, + g =0,
(2.15) A%, + (n+1—k)v, =0,
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™

respectively. The solution u,, = sin (3

(2.11) reduces to

n) of (2.14) satisfies ug = uz = 0. The variation

Vi, = i(i—k)sinQ (gz)

3 /3
= S (S—% .
2(2 >>0

According to Theorem 2.5, every solution of (2.15) has a zero in (0,3). This cannot
be concluded from the Sturm-Picone theorem 2.2 (or from Theorems 2.8 and 2.9)
since the condition ¢, < (), does not hold throughout the interval 0 < n < 3.

3. COMPARISON THEOREMS FOR HALF-LINEAR DIFFERENCE
EQUATIONS

This work was motivated by some papers [2], [13], [14] dealing with the com-
parison theory of the second order half-linear difference equation. In [2] we can get

following lemmas playing an important role in the proof of Theorem 2.16.

Lemma 2.13 (Picone type identity [2]). Let u, and v, be defined on [, 5 + 1] and
assume v, # 0 forn € [a, B+1]. Then forn € [o, B+ 1], the following equality holds:
U,
(2.16) A {m [\Ifr(vn)an\lfr(Aun) - \I/r(un)An\I/r(Avn)] }
= (an — Ap)|Aup "+ (Co = o) [ [

. (\P“_) {0 i) L] = W (1) - L[]}

T(Un—f—l)

+An< n )H(un,vn)

Un+1

holds for n € [, ], where

Unp, |Aun|r+1 . Un-&-l\IjT(Avn) |Un+1lr+1 Un-i-l\I[T(Avn) |Un|T+1-

Un+1 Unqlr(vn—&—l) Unqu(vn)

Lemma 2.14 (see [2]). Let u,, v, be defined on [a, f + 1] and assume v, # 0 for
n € (a,f+1). Then H(uy,,v,) > 0 forn € |a, B], where equality holds if and only if
Au, = (u,Avy) /vy,

H(tp,v,) =

Remark 2.15. If we put r = 2 (i.e. linear case), we obtain

2
H(unyvn) = <Aun - Avnun) .

Un

For our next result based on the identity (2.16) we define the following:

8
Tl = (Al A" = Cilnia )

=
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Theorem 2.16 (Wirtinger). If there exist a solution v, of L,[v,] = 0 such that v, # 0
forn € [a, B+ 1], then for all n, € D

(2.17) Jr (] =0,

where equality holds if and only if 0, is a constant multiple of v,.

Proof. From Picone’s identity (2.16) applied to the case a, = A,, ¢, = C, and

U, = N, we obtain

A {nn AV (AD,) = 0V (1) - AHM}

U, (vy,)
Un 77n+1\117‘(77n+1)
— A, H(np, vp) + sl ] — 2t Zrliinet) 7o, 1
<Un+1) (77 ) T+ [77] \Ijr(vn—i—l) [ ]

By using the fact that v, is a solution of L,[v,] = 0 and using the fact that
A A (A0} = AAn T AT (Ag,)

= An|Ann|T+1 + 77n+1{lr [nn] - qujr(nnJrl)}a

we have
(2.18) Ap Ay | = Clnp |
An\Dr(Avn)} ( Up )
= A WV () ———F——— +An H ny Un)-
{n (7n) T (0,) -~ (s Vn)
If both v, # 0 and vgyy # 0, then summing (2.18) from « to  and using Lemma 4,
we obtain 5
Z {An|Ann|T+1 - Cn|77i+1|T+1} Z 07

which implies inequality (2.17). If v, = 0, then Av, # 0. By a similar argument as
before we consider solutions v, satisfying v, = € for € > 0 is sufficiently small.

Then it follows that ol — a and v, — v, as € — 0. We have

ale

. le] . 1
lim ¥, (770‘6 ) =limV, - =1.
e—0 Vel e—0 . log (1+v ) 1 [e]
e alel ale] _
€]

So it is obvious that

lim 7,0 Agiel W (Avgie ) Vs (M) = 0.
e—0

UQ[E]

Likewise, if vge 1 = 0 then

i Nglel

Uglel+1
for Bl — (e — 0). Thus, summing (2.18) for [l¥), Bl 4-1], letting £ — 0 and using
Lemma 2.14, we again obtain (2.17). Obviously, equality in (2.17) holds if and only if
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H(nn,v,) = 0, which according to Lemma 2.14 is possible only if An,, = 1, - Av, /v,

or equivalently, if 7, is a constant multiple of v,,. O

Corollary 2.17. If there exists an n, € D such that
(2.19) Jr[ma] <0,

then every solution v, of L.[v,] = 0 has a zero in (o, B + 1) except possibly when

vp, = cny for some nonzero constant c.

Now we define
B
Vel = > { (@i = A)| A + (G = o) mia 7+ |

then the following comparison theorem is obtained, which is the main result of this

section.

Theorem 2.18 (Leighton). If there exists a nontrivial real solution wu, of l.[u,] =0

on |a, B+ 1] such that uy, = ugy; =0 and
(2.20) Vi [un] =0,

then every real solution v, of L.[v,] =0 has a zero on («, 5+ 1) except possibly it is

a constant multiple of u,,.

Proof. Assume for the sake of contradiction that (E3) has a solution which is nonzero
on (a, B+ 1). Then from Picone’s identity (2.16) it follows that

(2.21) A{

Unp,

U, (v,,)

[\I/T(vn) Can W, (Auy) — W, () Anxpr(mn)} }

Un

= (an — An)|Aun|T+1 + (Cn — cn)|un+1|r+1 + An < ) H(“n» Un)'

Un41
where we have used that wu,, and v, are solutions of (E3) and (E,), respectively. As

in the proof of Theorem 2.16 we can show that the function. O]

Corollary 2.19 (Sturm-Picone). Suppose a,, > A,, and ¢, < C,, onn € (a, B+1). If
there exists a nontrivial real solution u, of l,[u,] = 0 such that u, = ugs1 = 0, then
every real solution of L,[v,] = 0 except a constant multiple of u,, has at least one zero
on [, 5+ 1].

Example 2.20. We consider a pair of half-linear equations
(2.22) A(|Auy|" P Auy) + 272 [t 1 | g = 0
and

(2.23) A(|Av, | T Av,) + 272 v |T oy = 0,
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where » > 0. The solution u,, = sin (%n) of (2.22) satisfies ug = us = 0. Since the

conditions of Corollary 2.19 holds, every solution of (2.23) has a zero in n =1, or v,

s

Zn) is a solution of (2.23) satisfies

is a constant multiple of u,. In fact, v, = Cos(

'111:0.
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