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ABSTRACT. In this work we continue with the study of smooth activated singular integral oper-
ators over the real line regarding their simultaneous global smoothness preservation property with
respect to the L, norm, 1 < p < oo, by involving higher order moduli of smoothness. Also we treat
their activated simultaneous approximation to the unit operator with rates involving the modulus
of smoothness. The derived Jackson type inequalities are almost sharp containing elegant constants,
and they reflect the high order of differentiability of the engaged function. We involve five different

activation functions.
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1. Introduction

The global smoothmess preservation property of singular integrals has been stud-
ied initally in [6] and later in [14]. The rate of convergence of singular integrals has
been studied initially in [19], [17], [18] and later in [7], [12] and [13].

Here we continue with the study of smooth activated singular integral operators
over R acting on highly smooth functions. We study first their activated simultaneos
global smoothness preservation property with respect to ||-||,, 1 < p < oo, by using
higher order moduli of smoothness. Then we study their simultaneous pointwise and
uniform approximation to the unit operator with rates by using also the higher order
moduli of smoothness. The established estimates are almost optimal and contain
elegant constants. The modulus of smoothness in the estimates is with respect to the
higher order derivative of the engaged function. The discussed operators are not in

general positive.
Our main motivation is the classic monograph [15].
Received August 5, 2024 ISSN 1056-2176(Print); ISSN 2693-5295 (online)

www.dynamicpublishers.org https://doi.org/10.46719/dsa2024.33.04
$15.00 © Dynamic Publishers, Inc.



76 GEORGE A. ANASTASSIOU

Also of great interest and motivating the author are the articles [1]-[5]. In recent
intense mathematical activity by the use of neural networks in solving numerically
differential equations our current work is expected to play a pivotal role, as in the

classic case played the earlier versions of singular integrals.

For the history of the topic we mention about our monograph [15] of 2012, which
was the first complete source to deal exclusively with the classic theory of the approx-
imation of singular integrals to the identity-unit operator. The authors there stud-
ied quantitatively the basic approximation properties of the general Picard, Gauss-
Weierstrass and Poisson-Cauchy singular integral operators over the real line, which
are not positive linear operators. In particular they researched the rate of conver-
gence of these operators to the unit operator, as well as the related simultaneous
approximation. This is given via inequalities and with the use of high order modulus
of smoothness of the high order derivative of the engaged function. Some of these
inequalites are proven to be sharp. Also, they studied the global smoothness preserva-
tion property of these operators. Furthermore they proved the asymptotic expansions
of Voronovskaya type for the error of approximation. They continued with the study
of related properties of the general fractional Gauss-Weierstrass and Poisson-Cauchy
singular integral operators. These properties were established with respect to L,
norm, 1 < p < oo. The case of Lipschitz type functions approximation was given
separately and in detail. Furthermore they presented the corresponding general ap-
proximation theory of general singular integral operators with lots of applications to,

the under focused till then, trigonometric singular integral.

2. Background on General Global Smoothness Preservation and

Approximation

The next in this section are all coming from [15], Chapter 18, pp. 339-348.

Here we talk about the global smoothness preservation properties and differentia-
bility, also approximations, of smooth general singular integral operators O, (f;x),

defined as follows.

Let € > 0 and ¢ be Borel probability measures on R. For r € Nand n € Z*, we
put



GLOBAL SMOOTHNESS AND APPROXIMATION 7

that is ) a; = 1. Let f : R — R be Borel measurable, we define for z € R,
j=0

(2) Ore (f32) := /_oo (Z ajf (v +ﬁ)) dpe (1) -

=0
We suppose O, (f;z) e R,V z e R.

Let f € C(R), for m € N the mth modulus of smoothness for 1 < p < oo, is
given by

) o (1), = sup [AF ()],
where
(4) AP f(x) = (1) < T]n ) flx+jt),
§=0
see also [16, p, 44].
Denote
(5) Wi (f, 1) oo = win (f5 1) -

We mention the main global smoothness preservation result:

Theorem 2.1. Let h > 0, f € C' (R).
i) Assume O,¢ (f;x) €R, £ >0,V z € R and wy, (f,h) < co. Then

(6) Wi (Oref,h) (ZI%!) wa (f, ).

ii) Assume f € (C'(R)N Ly (R)), then

(7) W (©,.¢f, ), (ZI%I) win (f, 1), -

iii) Assume f € (C(R)N L, (R)), p>1. Then

(8) W (Oref, h) <Z|%!> win (1), -

Next we discuss about the derivatives of ©,¢ (f;z) and their impact to simulta-

neous global smoothness preservation and convergence of these operators.

Theorem 2.2. Let f € C" ' (R), such that f™ exists, n,r € N. Furthemore suppose
that for each x € R the function f© (z + jt) € Ly (R, ue) as a function of t, for all
1=0,1,...,n—1; j =1, ...,7r. Suppose that there exist g;; > 0,1 =1,...,n;j=1,...,r,
with g; j € L1 (R, pe) such that for each x € R we have

9) |fD (2 + )| < giy (),
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for pe-almost allt € R, all i = 1,...,n; j = 1,2,...,7. Then f9 (v + jt) defines a
pe-integrable function with respect to t for each x € R, alli =1,...,n; j = 1,...,r,
and

(10) (Ore (f;2)" = O, (f52)

forallx e R, alli=1,...,n.

We have

Theorem 2.3. Let h > 0 and the assumptions of Theorem 2.2 valid.
i) Suppose that w,y, (f(i), h) < o0, alli=0,1,...,n, then

r

(11) W (<@r,§f)(i) h) < (Z Iaj!> wm (F9,0),

=0
for allt=0,1,...,n.
ii) Assume f € (C(R)N Ly (R)), i=0,1,...,n, then

(12) Wn ((@r,ﬁf)(i) : h)l < <Z |Oéj’> wm (f9, 1),

for allt=0,1,...,n.
iii) Assume f € (C(R)NL,(R)),p>1,i=0,1,...,n, then

r

(13) W (<@r,gf>(“,h)p < (Z |aj|) o (FD, 1),

J=0

1=0,1,...,n.

Next we mention some simultaneous approximation results of operators ©,.¢.

Theorem 2.4. Let f € C"*7(R), n,p € Z* and w, (f™*),h) < 00, V h > 0 for

1=20,1,...,p. Suppose ffooo |¢]" (1 + %) dpe (t) < o0o. Set 0y, := ;ajjk, and existing
]:

Che = ffooo thdue (t), k =1,...,n € N. We consider the assumptions of Theorem 2.2

valid for n = p there. Then

. . " f£(i+k)
Onc (1)~ 190 @) - E e | <
k=1 ' 00,T
(n+1) 0 r
(14 a (0E) [ (1 ) e,

When n = 0 the sum in the left of (14) collapses.

We mention
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Theorem 2.5. Let f € C"*7(R), with f™*) € L,(R), n € N, i =0,1,...,p € Z*.
Let p,g > 1: %—1—% = 1. Assume ffooo ((1 + |£i|>rp+1 _ 1) |t|”p*1 dpe (t) < oo, and
ke €R, k=1,...,n. We consider the assumptions of Theorem 2.2 as valid for n = p
there. Then

<

, , " ki)
(@%Qﬁ@%”—f@uﬁ—§:i4%£9%%@
k=1 '

1
((n— 1)) (q(n—1)+1)7 (rp+ 1)

(15) ![w<(r+%>m —1)mw1dwaipéwwﬂ”%®¢

We also mention

Proposition 2.6. Let f) € (C(R)N L, (R)),i=0,1,...,p € Z* ;p,g > 1: %—i—% =1
P

Assume that [ (1 + l%') dpe (t) < oo. We consider the assumptions of Theorem

2.2 valid for n = p there. Then

(16) Q%U@K%(/Z<P+%)mﬁ%@){

forall e =0,1,..., p.

We need

Theorem 2.7. Let f € O™ (R), with f®*) ¢ L;(R), n € N, i =0,1,....p € Z*.
r—+1
Assume that [°7_ ((1 + %‘) - 1) 1t dpe (t) < oo, and cre € R, k = 1,...,n.

We consider the assumptions of Theorem 2.2 valid for n = p there. Then

—_

= (n—1!(r+1)

1,x

(a7) Uﬁ<@+§y —Qw“w%mkwwmﬁaa

forallt=0,1,...,p.

) . N kD) (o
O (1)@ — 19 (1) = S L s
k=1 )

We also need
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Proposition 2.8. Let f) € (C(R)NL; (R)),i=0,1,....p € Z*. Assume
ffooo (1 + %) dpe (t) < oo. We consider the assumptions of Theorem 2.2 valid for

n = p there. Then
[CRTIRETE

W eralf () )

forall e =0,1,..., p.

3. Background on Activation functions
Here all come from [10].

3.1. About Richards’s curve. Here we follow [9], Chapter 1.

A Richards’s curve is

(19) o) =1

which is strictly increasing on R, and it is a sigmoid function, in particular this is a

;v eR, u>0,

generalized logistic function. And it is an activation function in neural networks, see
9], chapter 1.

It is
(20) xkrfoogo () =1 and wgrfloogo (x) =0.
We consider the function

1

(21) Gz)=5(ple+1l)—p@-1), z€R,
which is G(z) > 0, all x € R.

It is

1
(22) p(0)=5 wl)=1-9(-2),
and
(23) G(z)=G(—x),VxeR.
We also have
et —1

24 - -
(24) G (0) 2(er+1)
We also get

and G is a bell symmetric function with maximum

(26) GO)=5——F
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Theorem 3.1. It holds

(27) iG(z—i)zl, Vel

1=—00

Theorem 3.2. It holds

(28) / G (z)dr = 1.
So G is a density function.

We make
Remark 3.3. So we have

1

(29) Ga)=5 e+ —p(@-1), YreR

i) Let x > 1. Thatis 0 < 2z — 1 < = + 1. Applying the mean value theorem we
get:

]_ M@*/“?

30 Gx)==20(n)=¢'(n) = ———, u>0,
(30) (2) = 52¢"(n) = ¢" (n) A3t ¥
where 0 <z —-1<n<azxz+1

Notice that
(31) G(z) < pe ™ < pe @ v g > 1.

ii) Let now x < —1. Thatis x — 1 < z+ 1 < 0. Applying again the mean value

theorem we get:

(32) Cla)=52 () =¢ ) = LT
=32 =¥ =
wherexr —1 <n<z+1<0.
Hence, we derive that
(33) G(z) < pe ™™ < pe @Y v g < —1.
Consequently, we proved that
(34) G (z) < pe @V Vg e (=00, —1JU[l,+00) =R — (=1,1).
Let 0 < ¢ <1, it holds
(35) G(%) <u67“(%71), Vao>§& orVa<-—£

Clearly, by Theorem 3.2 we have that

(36) %/ZG(%)@:L

So that %G (%) is a density function, and let dyug (z) := %G (%) dx, that is pe is a

Borel probability measure.
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We give the following important result.

Theorem 3.4. Let 0 < £ <1, and

1 o
(37) Che = E/ e (g) dr, k=1,..,n € N.

Then cj. ¢ are finite and cj — 0, as § — 0.

Infact it holds

(38) Chel < [1+2p " ek €8 < o0,
fork=1,...,n.
Next we give.
Theorem 3.5. It holds
oo t T
(39) / ¢l <1 + |§—|) due (t) < oo; r,m €N,
for
1 x
(40) due (x) = EG <g) de, 0<&<1.

Also this integral converges to zero, as & — 0.

%/_O;|x|" (1+%>TG<§> dr <

(41) 2 (T4 2p et nl) + (1+ 2~ ek (n 4 ] ¢ < oo.

Infact it holds

3.2. About the ¢g-Deformed and A\-Parametrized Hyperbolic tangent func-
tion g, . We consider the activation function g, and study its related properties,

all the basics come from [9], ch. 17.

Let the activation function

(42) ()= o9 S0 s eR
T) = S r €R.
gq,)\ 6)“73 + qe*)‘l“’ ,q )
It is .
—q
0) = ——=
and
(43) Ggr (—1) = —g1 (x), VxeR,
with

g\ (—i-OO) =1, gy (—OO) = —1.

We consider the function

(44) M,y () == i (Gor (2 4+ 1) — gon (z — 1)) > 0,
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Vo eR, ggA > 0. We have M, (£o0) = 0, so that the z-axis is a horizontal
asymptote.

It holds
(45) My (—x) =M., (z), Vz€R, ¢ >0,

and
Mi, (—x) =My (x), VzeR.

q’
The M, maximum is

Ing tanh ()
4 M i Il W4 '
(6) q,)\<2)\> 5 s A>0
Theorem 3.6. We have that
(47) > Mpa(w—i)=1, Vo R, VA q¢>0.
Theorem 3.7. It holds
(48) / M,y (z)dx =1, X q>0.

So that M, 5 is a density function on R; A, q > 0.

Remark 3.8. i) Let x > 1. That is 0 <z — 1 < 2 + 1. By mean value theorem we
obtain

1 1 4ghe? & 2q e
(49) M(I,)\ (‘/E) - Z [gq,A (I' + 1) - gq,A (SU - 1)] - Z ’ 2 ' (€2>\E + q)2 - (62/\§ + q)27

forsome 0 <r—1<&<ax+1;A,¢>0.

But e?*¢ < €2 4 ¢, and

29\ (e +¢q) 2g\ 20\ 2g\
(50) Mg (z) < (2 1 ) T < (@1 ) S oRE-n

x> 1.
That is
(51) M,y (r) < 2ghe™2@ED 0y > 1,
Set p := 2\, then
(52) M,y (z) < que @D Vg > 1.
ii) Let now z < —1. Thatisx — 1 <z + 1 < 0. Again we have

2\

(53) Mq’)\ (.T) < m,
r—1<é<x+1<0;Mq9>0.

We have
P2M—1) o 26 62,\(x+1)7
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and

(54) B N e )
Hence

(55) 1 1

62)\5 + q < 62)\(x—1) + q
Therefore it holds

2\ 2\
(56) M,y (x) < T < a1 L < -1
That is
57 M,y (z) < 2g ™MDy g < 1,
( 0
Set = 2\, then
(58) M,y () < que @DV p < —1.
We have proved that
(59) My (x) < que =Y,
Vae(—oo,—1]U[l,4+00) =R —(-1,1).
Let 0 < ¢ <1, it holds
AP
(60) M, 7 <que ™M) Vo> orVr <€

By Theorem 3.7 we have

1 [ x

So that %Mq, A <§> is a density function and let

(62 du(2) 1= gty () o

that is p¢ is a Borel probability measure.
We give
Theorem 3.9. Let
(63) Cre 1= %/Z a" M, 5 (g) de, k=1,..,n€N.
Then ¢ ¢ are finite and ¢, e — 0, as & — 0.
In fact it holds

1
(64) [Crel < {1 + (q+ —) u_ke“k!] & <oo, k=1,...n.
q

It also follows
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Theorem 3.10. [t holds (\,q>0; r,neN;0<¢<1)
o () v (6)
— t 1+— ) M, — | dt <
e).N AN

1 1

(65) 27! Hl + (q + —) ﬂ_”e“n!} - {1 + (q + —) p et (n r)!” £ < o0,
q q

and it converges to zero, as & — 0.

3.3. About the Gudermannian generated activation function. Here we follow
8], Ch. 2.

Let the related normalized generator sigmoid function:

8 [* 1
66 = — —dt R
(66) Fa)= 2 [ oot aeR
and the neural network activation function:
1
(67) 1/1(1:)::Z(f(x+1)—f(x—1))>0, z € R.

We mention
Theorem 3.11. [t holds
(68) /00 Y () de = 1.
So that ¢ (x) is a density function.

By [8], p- 49, we found that

2
_ > 1.
(69) ¢(x)<7rcosh(x—1)’ Ve
But
1 2 2
70 = — 2 7(:571)
(70) cosh(z —1) e 14 e (@1 ST e ’
Vel
Therefore it is
4 4
(71) Y (x) < —e~@D) = —ee ¥, Va>1.
T T
So here it is
1
dpe () = gw (%) dr, 0<§<1,

the related Borel probability measure.

We give the following results.
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Theorem 3.12. Let 0 < ¢ <1, and

1 o
(72) Veg 1= Z/—oo e (%) de, k=1,..,neN.

Then ¢ are finite and yie — 0, as § — 0.

Theorem 3.13. It holds

L)oo
(73) f/_Oom (”g v(g) i<
rmneN; 0<¢< 1.

Also this integral converges to zero, as & — 0.

3.4. About the ¢-deformed and M-parametrized logistic type activation
function. Here all come from [9], Ch. 15.

The activation function now 1is

(1) fur (@)= T TER

where ¢, A > 0.
The density function here will be

(75) G () = % (Pgr (z+1) —pgr(z—1)) >0, z € R
We mention

Theorem 3.14. [t holds

(76) /00 Gy (z)dr = 1.

By [9], p. 373, we have
Gy () < gre™@D v g > 1

So here it is

(77) e () = £Gi (g) dr, 0<E<1,

the related Borel probability measure.

We give the following results.

Theorem 3.15. Let

— 1 o0
(78) Ope 1= g/ "Gy (g) de, k=1,...n€N.

Then Sy¢ are finite and O¢ — 0, as & — 0.
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Theorem 3.16. It holds

(oo
(79) ng)ng = 5/_00 |t’ (1+ § Gq7,\ 5 dt<OO7

where \,q > 0; r,neN; 0 < &< 1.

Also Ig, e — 0, as £ = 0.

3.5. About the ¢g-Deformed and [-Parametrized Half Hyperbolic Tangent
function ¢, 3. Here all come from [9], Ch. 19.

The activation function now is

1—qe Pt

(80) Pq,8 () = T4 et ViteR,
where ¢, 5 > 0.

The corresponding density function will be

1

(81) Q,5(z) = 2 (pgp(x+1)—@up(zr—1))>0, Ve

It holds
Theorem 3.17.
(82) / O, 5 (r)dr = 1.

By [9], p. 481, we have that
(83) D, p5(z) < Bge PV Vo>
Thus here it is

1 T

(34) g (2) = g5 (5 ) dn, 0< <1,

the related Borel probability measure.

We state the following results.
Theorem 3.18. Let
1 [ . x
(85) Ehg = ¢ P, 5 3 dr, k=1,..,neN.
Then ¢ are finite and e e — 0, as & — 0.
Theorem 3.19. It holds

| t\" t
(86) I@qﬁ7§ = Z/OO |t| (1 + %) CDqﬁ (g) dt < o0}

where ¢, >0; r,neN; 0 <& < 1.

Also Is, ;6 — 0, as & — 0.



88 GEORGE A. ANASTASSIOU

4. More on Activation Probability measures

Here all come from [11].

We mention the following results.

Theorem 4.1. Letp>1,reN,0< <1, neN, l:=max(r,n), [-| ceiling of the
number, and h :=2 (I [p] +1). It holds

(7))o

(87) 2" {1+ [142u"e"h]} < +o0.

Proposition 4.2. Let r € N. It holds

NGO

(88) 27 1+ [T+ 2u e rl]] < +oc.

Theorem 4.3. Letr,n e N, 0 < & < 1. It holds

() e

(89) 2 (14 [1+2u~ el (r 4+ n)Y]] < +o0.

Proposition 4.4. Let r € N, p > 1, A :=r [p] € N. Then

() e

2271+ [T+ 2p e ]| < +oo0.
Similar results are needed and follow.

Theorem 4.5. All as in Theorem 4.1. Then

rp+1
(e ()
2h {1 + {1 + (q + é) M—heﬂh!}} < 400,
Theorem 4.6. Let r,n € N, 0 <& < 1. Then
L e (e
2t [1 + [1 + (q + é) p el (1 n)'” < +o0.

where g, A > 0.
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Proposition 4.7. Let » € N. It holds

() ()
or—1 [1 + {1 + (q + é) ;f’"e“r!” < 400.

Proposition 4.8. Let r € N, p > 1, A :=r[p]|. Then

INEORROE
A1 [1 + {1 + (q + é) ,u_’\e“)\!” < +o0.

We continue with more related results.

Theorem 4.9. Letp > 1, re N, 0< & <1, n € N. Then, there exists A\; > 0 such
that:

(95) : / (( |t|)rp+1 - 1) L") (é) dt <\ €R.

More needed results are listed.

Theorem 4.10. Let r,n € N, 0 < £ < 1. Then, there exists Ay > 0 such that:

L () P P

Proposition 4.11. Let » € N. Then

(97) 5/ ( |t|) (2) dt < A3 € R.

Proposition 4.12. Let »r € N, p > 1. Then

(98) 5/ (1+|t|) ()dt</\4€R

More needed results:

Theorem 4.13. Letp > 1, r e N, 0 < ¢ <1, neN, g\ > 0. Then, there exists
p1 > 0:

(99) 6/ (( W)rpﬂ — 1> 1t Gy (é) dt < p; € R.

Theorem 4.14. Let r,n € N, 0 < & < 1. Then, there exists ps > 0:

(100) 5/ (( ‘t’) —1>|ty"1 q,\<£)dt<p2€R
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Proposition 4.15. Let » € N. Then

I " t
Proposition 4.16. Let r € N, p > 1. Then
I 1L\ t

Furthermore we have the following:

Theorem 4.17. Letp > 1, r e N, 0 < ¢ <1, n € N; q,8 > 0. Then, there exists
wl > 0:

0 rp+1
(103) %/_OO ((1 + %') - 1) it D, 4 (é) dt < 1.

Theorem 4.18. Let r,n € N, 0 < & < 1. Then, there exists 1o > 0:

00 r+1
(104) %/_w ((1 + %) — 1) " @, (2) dt < 1hs.

Proposition 4.19. Let » € N. Then

1 [ " t
(105) Z/ (1 + ‘5—’> d, 3 (E) dt <3 € R.
Proposition 4.20. Let »r € N, p > 1. Then

1 [ [t t
(106) E 1+ z (I)qwg E dt <, e R.

5. Main Results

Here we describe the activated approximation and simultaneous approximation
properties of the following activated singular integral operators which are special cases
of ©,¢ (f,x), see (2). Their definitions are based on Sections 3, 4. Basically we apply

our listed results in Section 2.

Definition 5.1. Let f : R — R be a Borel measurable function and «; as in (1),
reR 0<&L 1L

We call
1)

(107) Orre (f,2) = %/_Z (; a;f(z +jt)> G (é) dt,

2)

(108) @277«75 (f, x) = 1/OO (Z Oéjf ($ —|—jt)> Mq7A <E) dt, q,\ >0,
L\ & :
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(109) Ouelfir)=¢ [ (Z of (@ +jt>> " (2) i,

(110) Oure (f ) = / (Zajf x—l—gt) (é) dt, q,\A >0,

(111) Osre (f, ) f/ (Zajf :U—i—jt) qg(g)dt q,8 > 0.

We start with activated global smoothness presentation results.

Theorem 5.2. Let h >0, f € C(R); j*=1,2,3,4,5.
i) Assume Oj« ¢ (fix) €R, € >0,V z € R and wy, (f,h) < co. Then

(112) Win (O e fy 1) (Zlaﬂ) W (f, h)

ii) Assume f € (C'(R)N Ly (R)), then

(113) Wi (O e, 1), (Zw) wan (1),

iii) Assume f € (C(R)N L, (R)), p>1. Then

(114) Win (O e fr ), < <Z|%|> wm (f, h),

Proof. By Theorem 2.1 O]
Next comes about differentiation of ©;«,. ¢ (f;x), j* =1,2,3,4,5.

Theorem 5.3. Here all are as in Theorem 2.2, with djie to be %G (%) dt, %Mq,A (%) dt,

%1/} (%) dt, %quk (%) dt and %(I)qﬁ (%) dt, respectively for j* =1,2,3,4,5.
Then f9 (x + jt) defines a pg-integrable function with respect tot for each x € R,
allt=1,...n;5=1,...,r, and

(115) (O (f32))" = O e (f;2),
forallz e R, alli=1,...,n; 7 =1,2,3,4,5.

Proof. By Theorem 2.2 O]
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It follows activated simultaneous global smoothness preservation of ©;«, ¢ oper-
ators, j* =1,2,3,4,5.

Theorem 5.4. Let h > 0 and the assumptions of Theorem 5.3 are valid; j* =
1,2,3,4,5.

i) Suppose that w,, (f(i),h) <00, alli=0,1,...,n, then

(116) Wi, (( e ) ) (ZI%I) wm (f9, 1)

forallt=0,1,...n
ii) Assume f € (C(R)N Ly (R)), i=0,1,...,n, then

(117) o ((©500e) 1) < (le)wm V),

forallt=0,1,...,n
iii) Assume f € (C(R)NL,(R)),p>1,i=0,1,...,n, then

(118) W, (( i rgf ) <Z |ij’> Wm ), ) J

i=0,1,...n

Proof. By Theorem 2.3 ]
We need the following.

Definition 5.5. We call

dpize = ¢ M é) dt,
(119) dge = 1 (g dt,
dpuse = %Gq é

Also we need.

Definition 5.6. We set

Cl)k’g = Cz,&’
Cok¢ = Chigs
(120) 3.k = Vhits

C4,k,5 = gk,ﬁ; and

Co.k& = Ekg-

Next come simultaneous activated approximation results.
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Theorem 5.7. Let f € C"*7(R), n,p € Z* and w, (f™,h) < 00, V h > 0 for
1=0,1,....p; O = i a;j®. We consider the assumptions of Theorems 2.2, 5.3 valid
for n = p there. T;L:’rll

- n (k) (g
©rmre (f32) = 10 0) = S T s <
k=1 ) 00,T
W, f(n—&-z)’g 0o . ¢ r
(121) %/ | (1+%> dyisee ().

When n = 0 the sum in the left of (121) collapses; 7* = 1,2,3,4,5.

Proof. By Theorem 2.4, Definitions 5.5, 5.6, and Theorems 3.4, 3.5; Theorems 3.9,
3.10; Theorems 3.12, 3.13; Theorems 3.15, 3.16; and Theorems 3.18, 3.19 O

We continue with the next L, result.

Theorem 5.8. Let f € C"*7(R), with f**) € L,(R), n € N, i =0,1,...p € Z*.
Let p,qg > 1: % + % = 1. We consider the assumptions of Theorems 2.2, 5.3 valid for
n = p there. Then
D g — [ (2)
(Oje e (f;2) = fD (2) = > T OkGikg
k=1
1

((n—1)) (q(n—1)+ )7 (rp+ 1)

(122) [/OO ((1 - ﬂ)m+1 — 1) "7 dpjee (t)] ;g%w (£, €)
oo & J r 'S)p

for 7 =1,2,3,4,5.

<

p?x

Proof. By Theorem 2.5, Definitions 5.5, 5.6, and Theorems 3.4, 3.9, 3.12, 3.15, 3.18;
and Theorems 4.1, 4.5, 4.9, 4.13, 4.17. O

A related results follows:

Proposition 5.9. Let f@ € (C(R)N L, (R)),i=0,1,...p € ZT;p,q > 1: i—l—i = 1.

We consider the assumptions of Theorems 2.2, 5.3 valid for n = p there. Then

H(@j*ﬂ“»ﬁ (f))(i) _ @

<
P

(123) wr (f9,€), (/_Z <1 + %)p dijee (t)); ,

forall i = 0,1,...,p; j* = 1,2,3,4, 5.
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Proof. By Proposition 2.6, Definitions 5.5, 5.6, and Propositions 4.4, 4.8, 4.12. 4.16,
4.20. O

Next we cover the case p = 1.

Theorem 5.10. Let f € C" (R), with f™*) ¢ Li(R), n € N, i =0,1,...,p € Z7.
We consider the assumptions of Theorems 2.2, 5.3 valid for n = p there. Then

i i - SO (2
O rc (Fi) — 10 (@) - 3 e
k=1 )

< 1
T (n=D(r+1)

1,z

(124) [ | ((1+ 'E—') - 1) " dpee <t>] o (F9€).

foralli=0,1,....p; 7*=1,2,3,4,5.

Proof. By Theorem 2.7, Definitions 5.5, 5.6, and Theorems 3.4, 4.3; Theorems 3.9,
4.6; Theorems 3.12, 4.10; Theorems 3.15, 4.14; and Theorems 3.18, 4.18. O

We finish with a basic simultaneous activated approximation result.

Proposition 5.11. Let f) € (C(R)N Ly (R)),i=0,1,...,p € Z*. We consider the

assumptions of Theorems 2.2, 5.3 valid for n = p there. Then

[CIETHRE

<

1

(125) o 0.8, [ [~ (1+ 1) 0]

—00

forall e =0,1,...,p; 7 =1,2,3,4,5.

Proof. By Proposition 2.8, Definitions 5.5, 5.6, and Propositions 4.2, 4.7, 4.11, 4.15,
4.19. O
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