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ABSTRACT. In this paper, we discuss certain conditions for uniform asymptotic stability and
uniform ultimate boundedness of solutions to two systems of Aizermann-type of differential equations
by means of second method of Lyapunov. In achieving our goal, some Lyapunov functions are
constructed to serve as basic tools. The stability results in this paper, extend some stability results for
some Aizermann-type of differential equations found in literature. Also, we prove some new results
on uniform boundedness and uniform ultimate boundedness of solutions of systems of equations

studied. Finally, we construct two numerical examples to show how valid our results are.
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1. Introduction

The systems of interest in this paper are the following
(1.1) X=FX)+BY +P(t,X)Y), Y=CX+GY)+P(t,X,Y),
and
(1.2) X=AX+FY)+P(t,X,Y), Y =CX +G(Y)+ P(t, X,Y),

where t € RT = [0,00); A, B and C are real n X n constant symmetric matri-
ces, I, G : R" — R" are C' functions satisfying F(0) = 0 = G(0) and P, P, :
Rt x R" x R™ — R". Systems (1.1) and (1.2) are n-dimmensionl analogue of some
Aizermann differential equations considered in [7], [11] and [13] when P, = 0 and
P, =0.
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The stability in the large of the systems

(1.3) t=azx+ f1(y), y = fo(x) +cy

T = fi(z) +ay, y="bx+ fay)

where a, b, ¢ are some positive constants, was first studied by Krasovskii[11] using the
direct method of Lyapunov. Later Mufti [13] used geometrical approach to study sys-
tem (1.3) and some others related systems, for asymptotic stability in the large of the
zero solution. Mufti [14] also examined the stability property of another Aizermann

equation of the form

(1.4) & =ay+xf(y), y=br+yg(z),

where a and b are some positive constants. Stability property of the zero solution
of the corresponding n-dimensional analogue of equation (1.4) was later considered
by Ezeilo [7]. Adeyanju et al.( [2], [3], [4] ) also established some sets of conditions
that ensured the stability of the zero solution and boundedness of all solutions to the

Aizermann systems of differential equations
X=FX)+BY +P(t,X,Y), Y =G(X)+ DY + P(t, X,Y),

and
X=FX)+HY)+P(t,X,Y), Y =CX + DY + Py(t,X,Y),

where t € Rt =1[0,00), X, Y € R™; B, C and D are real n X n constant symmetric
matrices, F,G, H : R™ — R™ are one time continuously differentiable functions(C*)
satisfying F'(0) = G(0) = H(0) =0 and P, Py : RT x R" x R" — R".

It is worthy of mentioning here that, the results contained in this work are among few
attempts in extending some known Aizermann scalar differential equations to their
corresponding n-dimensional analogue after those in ([2], [3], [7]) as far as we know

of literature available to us.

Thus, our motivation for this paper comes from the papers of Krasovskii [11], Mufti
[13] and Ezeilo [7]. In [7] the stability of system similar to systems (1.1) and (1.2)
was considered using second method of Lyapunov. Our goal is to also use this sec-
ond method of Lyapunov to study stability, boundedness and ultimate boundedness
of solutions of systems (1.1) and (1.2) which until now, remained open problems in

literature(see, Ezeilo [7]).



STABILITY AND BOUNDEDNESS THEOREMS OF SOLUTIONS OF CERTAIN... 3

2. Definitions and Preliminary Results

Below are some definitions and standard algebraic results needed to establish the

proofs to our main results.

Definition 2.1 ([20]). The zero solution of equation (1.1) or (1.2) is stable, if given
e > 0 and ty € I, there exists a d(to, €) > 0, such that whenever, || Xo|| < d(to,¢€),

HX(t,to,Xo)” <eforallt> to.

Definition 2.2 (]20]). The zero solution of equation (1.1) or (1.2) is uniformly stable,
if it is stable and the § in the definition of stability above is independent of .

Definition 2.3 ([20]). The zero solution of equation (1.1) or (1.2) is asymptotically
stable, if it is stable and in addition, there exists an « € [ty, 1], to < t; <ty <t such
that if || Xo|| < d(to, @), we have

| X (¢; to, Xo)|| — 0 as t — oo.

Definition 2.4 ([20]). The zero solution of equation (1.1) or (1.2) is uniformly asymp-
totically stable, if it is uniformly stable and if there is a § > 0 and 7'(¢), such that

whenever || Xy| < 0, we have
| X (5 t0, Xo)|| < € for all t > to + T'(¢).

Definition 2.5 (][20]). The solution of equation (1.1) or (1.2) is bounded if there
exists a # > 0, such that || X (¢;t9, Xo)|| < S for all ¢ > ¢y, where 8 may depend on

each solution.

Definition 2.6 (][20]). The solution of equation (1.1) or (1.2) is uniformly bounded
if, for any o > 0 and ¢y, € I, there exists a 5(a) > 0 such that if X, € S,, then
| X (5 t0, Xo)|| < B(c) for all £ > o, where « is the length of interval.

Definition 2.7 ([20]). The solution of equation (1.1) or (1.2) is ultimately-bounded
for bound M, if there exits an M > 0 and for every solution X (t,to, Xo) of (1.5.1),
there exists a T'= T'(a, X ), such that

| X (¢ to, Xo)|| < M
forall t >ty +T.

Definition 2.8 ([20]). The solution of equation (1.1) or (1.2) is uniformly ultimately
bounded for bound M, if there exists an M > 0 and if for any o > 0 and ¢y € I there
exists a T'(«) > 0 such that Xy € S, implies that

| X (t; t0, Xo)|| < M

for all t > to + T().
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Lemma 2.9. ([1], [6], [10], [15], [17])

Let A be a real n X n-constant symmetric matriz and
do < N(A) <A, (1=1,2,...,n),

where 6, and A, are positive constants representing the least and greatest eigenvalues
of matrix A respectively.
Then,

5u(X, X) < (AX, X) < Ay(X, X).

Lemma 2.10. ([7])
Let H : R™ — R™ be of class C* and suppose that H(0) = 0.

(i) Then for any X € R™,
1
H(X) :/ Jn(sX)Xds,
0

where Ju(X) is the Jacobian matriz of H(X);
(i) Let Jo(X) be symmetric and commutes with a certain real n X n symmetric
matriz E. Then

% 1<EH(5X),X>d8 = (EH(X)7X>7

for any real differentiable vector X = X(t) € R™.

Lemma 2.11. ([5], [8], [9])
Let A, B be any two real n x n symmetric positive definite matrices. Then, for
(i,5,k=1,2,....,n),

(i) the eigenvalues \;(AB) of the product matriz AB are real and satisfy

min \j(A)M(B) < M(AB) < max \j(A)M(B);

1<j,k<n T 1<Gk<n

(i) the eigenvalues \;(A + B) of the sum of matrices A and B are real and satisfy

{min A;(4) + min Ay (B)} < Ai(A+ B) < {max X;(A4) + max Ay(B)}.
Lemma 2.12. (LaSalle’s invariance principle) [18]
If V is a Lyapunov function on a set G and x;(¢) is a bounded solution such that
(@) € G fort > 0, then w(¢p) # 0 is contained in the largest invariant subset of
E={yeG: V(@D) = 0}, where G* is the closure of set G and w denote the omega

limat set of a solution.
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3. Formulation of Main Results for system (1.1)

In this section, we state and provide the proofs of our main results regarding the

system (1.1).

Theorem 3.1. Let J¢(X) and J,(Y') denote the Jacobian matrices gy{?, gg? of F(X)
and G(Y') respectively. Suppose further that:

(1) the matrices B, J;(X), J,(Y) are all symmetric and negative definite, while, C' is
symmetric and positive definite such that for some positive constants 61, 62, 03, 04, A1, Do, Az

and Ay, we have
01 < N(C) <Ay,

da < \i(—B) < Ay,
—Az < N(CJp(X)) < —d3,
1 < M(BJ,(Y)) < A

(i,j=1,2,...,n),
(i) matriz C' commutes with matriz Jp(X) while matric B commutes with matriz

JQ(Y);
(iii) Pi(t,X,Y) =0 and Py(t,X,Y) = 0.

Then, the trivial solution of system (1.1) is asymptotically stable.

Theorem 3.2. Suppose that assumptions in (iii) of Theorem (3.1) are replaced by
(iil) ||Pi(t, X, V)| < o(t), || Pa(t, X, Y)|| < 0(t), for allt > 0,X,Y € R", max ¢(t) <
0o, max0(t) < oo and ¢(t), 6(t) € L'(0,00), where L'(0,00) is the space of

integrable Lebesgue functions.

Then, solutions of system (1.1) are bounded.

Theorem 3.3. Further to the assumptions (i)-(ii) of Theorem (3.1), let
(i) [P (8 XY < o (O + [ X1}, (1P(8 X, Y < 62(0){1 + [[Y(I}, for all ¢ =

0,X,Y € R, max¢(t) < oo, maxfy(t) < oo and ¢i(t),0.(t) € L'(0,00),

where L'(0,00) is the space of integrable Lebesgue functions.
Then, any solution (X (t),Y (t)) of system (1.1) with the initial condition

X(0) = Xo,Y(0) =Y
satisfies
IX@| < K, YO < Ky

forallt > 0,X,Y € R", where K11 > 0 is a constant depending on B, C, 61(t), ¢1(t), Xo, Yo,
and on the functions Pi(t, X,Y), and Py(t, X,Y).

Theorem 3.4. Under the assumptions of Theorem (3.2) or Theorem (3.3), all the

solutions of system (1.1) are uniform-ultimately bounded.
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4. Proof of Main Results on system (1.1)

We shall make use of the continuously differentiable scalar function V' = V(X,Y)
defined below to establish the proofs of our main results.

(4.1) 2V(X,Y) = (X,CX) — (BY,Y),

where matrices B, C are as defined in Theorem (3.1). The following Lemmas are

essential to prove our main results.

Lemma 4.1.
Suppose, under the assumptions of Theorem (3.1) there exist some constants Ky and
K5 both positive such that the function V' defined by equation (4.1), satisfies

(4.2) KX O+ 1Y ()17} < 2V(X,Y) < Ka{ | X]1° + [V}
and

V(X(t),Y(t) — +oo as || X]* + ||Y|]* — oo.
Furthermore, there ezists a positive constant K3 such that for any solution (X (t),Y (t))
of (1.1) we have

V< K {| X017+ 1Y ()7},

forallt>0,X,Y € R".
Proof. 1t is obvious from equation (4.1) that V(X,Y) = 0 when X (¢) =Y (¢) = 0. By
applying assumptions in (i) of Theorem (3.1) and Lemma (2.9) to the terms contained

in (4.1) , we can always find some positive constants d; and d2 such that
(CX. X) > & x|

and
—(BY,Y) 2 &Y.

Thus,

2V > 61| X2 + &Y%
If we take K7 = min{d, do}, then, we obtain,
(4.3) 2V > K {||IX[]° + [|Y]*}.
forall t > 0,X,Y € R™ Thus, it follows from (4.3) that V(X,Y) = 0 if and only
if | X|I*+|Y]|> =0 and V(X,Y) > 0 if and only if | X||* + ||Y]|* # 0, which now
implies that

V(X,Y) — oo as HXH2 + HYH2 — 0.

We also proceed to get the upper bound for the function V(X,Y). From the assump-

tions listed in (i) of Theorem (3.1) and Lemma (2.9), we have

2V < AL(X, X) + Ay(Y, V).
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On setting

K2 = maX{Al,A2},
we obtain
(4.4) 2V < K {IIX1° + [V %}

Thus, inequality (4.2) follows immediately on combining inequalities (4.3) and (4.4).

In what follows, we obtain the derivative of V' with respect to t along the solution
path of (1.1) such that it satisfies

. d
Vg = EV(X’ Y)lan < —Ka

provided that || X |2 + ||Y]|> < K3, both K4 and K5 are some positive constants. The
derivative of V along (1.1) is

Vliey = (CX,F(X)) - (BY,G(Y))
= / (CX, Jp(51X)X)dsy — / (BY, J,(51Y)Y )dss.

In view of the assumptions listed (i) of Theorem (3.1) and Lemma (2.9), there exist

some positive constants 03 and d4 such that:
(CX, Jp(s:X)X) < —05] X|I?

and
—(BY, Jy(s:1Y)Y) < =6, Y|*.

Therefore,

IA

Vi < ~(lXI 40P [ s,
< —{8[IX]17 + Y IIP}-
Let K3 = min{ds, d4}, then we get,
(4.5) Vi < — Ks{IX]I> + IY]*}
<- K,

for all t > 0,X,Y € R", where K4 > 0 is constant. This completes the proof of
Lemma (4.1). O

Lemma 4.2. Suppose under the assumptions of Theorem (3.2) there exists some
positive constants K3 and Kg such that for any solution (X,Y) of the system (1.1),
the function V' defined by equation (4.1), satisfies

Vi < =K {IXIPHIYIPHAH X IR XY ) I+ Ao (LY )| Po(E, X, Y],

forallt>0,X,Y € R".
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Proof. 1f we follow the same pattern used in the proof of Lemma (4.1), but in this
case, P1(t,X,Y) # 0, and P»(t,X,Y) # 0, we obtain
Vigy < —Ks{| X [+ | Y |’} + (CX, Pi(t, X,Y)) — (BY, P5(t, X, Y))
(4.6) < —K{l X [P+ Y [P} + AJX Pt X, Y+ Do Y[ Pt X, V).

By applying the following identities
XN < 1+ [ X" and Y]] < 1+ [[Y]"
in (4.6), we obtain
Vign < —Ea{l| X P+ Y [IPHHALLHIXPHIP (8 X Y) [+ {LHY I Pa(2, X, V),
forall t>0,X,Y € R"

This completes the proof of Lemma (4.2). O

Proof Theorem (3.1)
It is clear from inequalities (4.3) and (4.5) of the proof of Lemma (4.1) that the triv-

ial/zero solution of the system (1.1) is stable.

Consider the set W define by
W ={(X,Y):V]un(X,Y) =0}

By using LaSalle’s invariance principle, we observe that (X,Y) € W implies that
X =Y = 0. Hence, this shows that the largest invariant set contained in W is
(0,0) € W. Therefore, we conclude that the zero solution of the system (1.1) is
asymptotically stable and this completes the proof of Theorem (3.1).

Corollary 4.3. As a corollary to Theorem (3.1), in view of inequalities (4.3), (4.4)
and (4.5) of Lemma (4.1),

(i) the trivial solution of the system (1.1) is uniformly stable.

(i1) and the conclusion of the proof of Theorem (3.1) based on LaSalle’s invariance

principle, the trivial solution is uniformly asymptotically stable.

Proof of Theorem (3.2)

From the conclusion of Lemma (4.2), we have

Viey < =K{l X 17+ 1Y 17+ A1+ [XIPHIP(E XY+ Ao {1+ [YIPYHIP(E, X, Y|

(4.7)
< Agf(t) + Aco(t) + Ach(B)]| X ||* + Ao0(8) [ Y],

From inequality (4.3), we have that

VI < VI + X[ < 2KV and [ X2 < Y7 + (| X]]° < 2K,V
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On putting these into (4.7), we obtain
(4.8) Vi < A0f(t) + Ach(t) + 2K H{A0(t) + Acp(t)}V.

Letting 65(t) = Aqf(t) + Acop(t) in (4.8) and integrate between 0 to ¢, (¢ > 0), gives

V(t) <V(0) + Ay /t 0s(s)ds + 209K ! /t Os(s)V (s)ds.

0

Setting
Wy =V(0)+ A, /00 Os(s)ds and Wy = 28, K,
then, :
V(t) < Wi+ W, /OO V(s)0s(s)ds.
On applying Gronwall-Bellman inequality [56], we have

(4.9) V(t) < Wyexp(Ws /OO 0s(s)ds) < K,

where Ky is a positive constant.

Thus, using estimate (4.3) in (4.9), one can easily conclude that all solutions of

system (1.1) are bounded and this completes the proof of Theorem (3.2).

Corollary 4.4. Under the assumptions of Theorem (3.2) all solutions of system (1.1)

are uniformly bounded.

Proof of Theorem (3.3)
The proof of this theorem is as follows. From the proof of Theorem (3.2), we know

that
Vi < =Es{ll X 7+ Y 17} + Qo [Vl Po(t, X, V) + Al XN 1P (2, X, V).
Using the assumption (iii) of Theorem (3.3), we obtain
Viay < 20OV I{L+ Y1} + Acor (DX {1+ 1X]]}
< D0 (O{IVIT+ V17 + Achn (OLIX + X7}
Applying these two identities
Y <1+[[Y]* and [|X] < 1+ [IX]7,
we have
(410) Vg < Dbi(t) + Achr(t) + 280010V + 28001 (1) | X,
for all t > 0, X,Y € R™. Now, from the inequality (4.3), we have

IYI* < IXIP+ IY]1* < 2K V(E X, Y)
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and
X117 < IX[1P + Y])* < 2KV (5 X, Y).
On applying these facts in (4.10), we get

Vi) < Agf1(t) + Aegr (1) + 4K {2201 (1) + Actr (£)}V (X, Y)

(4.11) Vi < 06(t) + 4K 0s()V (X, Y),
where 05 = A0y (t) + A1 (). The integration of both sides of (4.11) between 0 to ¢,
(t > 0), gives

V(t) < V(X(0),Y(0)) + /t Os(s)ds + 4K " /t 0s(s)V (s)ds.

Letting
W3 =V (X(0),Y(0)) —I—/ 0s(s)ds and W, = 4K !,
0
then,
V(t) < Wi+ W4/ V(s)0s(s)ds.
0
By applying Gronwall-Bellman inequality [16], we have
(412) V(t) S W3 eXp(W4/ QG(S)CZS) S Kg
0
where Ky > 0 is a constant. On using (4.3) in the inequality (4.12), we obtain
XTI + Y] < 2Ko Ky = Kig

and this implies
IX|* < Ko and [[Y|]* < Ko

This completes the proof of Theorem (3.3).

Proof of Theorem (3.4).
From Lemma (4.2) we have that the derivative V1) of the function V defined in
(4.1), satisfied

Vi < =Es{ll X 7+ Y 17} + Qo [Vl Po(t, X, V) + Al XN 1Pu (2, X, V).
From the assumption (iii) of Theorem (3.3), we obtain
Vigs < = K{ll X 17+ 1Y 1P} + Aot OIXHL + 12X} + Aebu )Y ({1 + Y]}
<= Ka{l X P+ 1Y P} + Acon OLXN + IXI7} + A0 (OLNY I+ Y]
Now, suppose K13 = max{A., Ay} and 0 < oy = max{#;(t), ¢1(t)}. Then, we obtain
Vigy < —Ks{l| X I+ Y [P} + ar K {| X |+ 1Y 1} + Knaa{[1X] + (V)%
On using the fact that
1 1
{1+ 1Y} < 22 {1 X117 + V)73 2,
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we have

Viany < —{Ks — Kna I X[ + IV 1P} + 22 Koo {| X | + Y]}
By letting ap = 1(K3 — K1) > 0, ay < K3Kp;' and a3 = 220, K1y, we have
(4.13) Vipy < =20o{ | XI12 + [V]} + as{|| X ? + [Y]*}2.
If we choose (|| X2+ [|[Y[2)2 > a4 = 2a30; ', then the inequality (4.13) implies that
(4.14) Vi < —ao{||X[* + IV}
Then, if we choose (|| X2 + ||V]|?)2 > max{ozz_%,oq} in (4.14), we obtain,

Ve < —1.

The conclusion of the proof of Theorem (3.4) follows exactly the Yoshizawa techniques
employed in [19] or Meng [12]. Following the approach used in [12] or [19], we can
establish that for any solution (X(¢),Y(¢)) of the system (1.1), we ultimately have

X1 + YOI < K,

for some positive constant Kjp. This means that, for any solution (X(¢),Y(t)) of

system (1.1), we cannot have
(4.15) X1+ Y @)1 = of,

for all ¢ > 0. But suppose on the contrary that (4.15) was true for all ¢ > 0. Then,
by (4.14), we should have

V|(1.1) < —apa? <0 forall t >0,

which clearly means that V(X (¢),Y(t)) — —oo as t — oo. This contradicts the
conclusion of Lemma (4.2) that V' is non-negative. Thus, there exists a ¢; > 0 such
that

(4.16) IXE) I + Y ()] < of.
In view of the conclusion of Lemma (4.1), there exists a constant as > a4 such that

(4.17) max V(X)Y) < min V(X,Y).
X1V [ =af IXI2+Y [[2=o2

Then, it will be proven that any solution (X (¢), Y'(¢)) of (1.1) satisfying (4.16) must

necessarily satisfy
(4.18) I X2+ [[Y]]? < a2, for t >ty,

thereby validating our claim.
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Let’s assume that (4.18) is not true. Then in view of (4.16) there exist t5 and s,
t1 <ty < t3, such that

(4.19) IX(E) 1 + [V (82)[* = of

(4.20) I X ()1 + 1Y () ]|* = o2
and such that
(4.21) af < (IXOIP+ 1Y ®)[°) < af

for to < t < t3. By (4.14), inequality (4.21) implies that V(t3) > V(t3) and this
contradicts the claim that V(t3) < V(t3) (t2 < t3) which is obtained from (4.17),
(4.19) and (4.20). Hence, any solution (X (¢),Y (t)) of (1.1) must satisfy (4.18). This
completes the proof of Theorem (3.4)

5. Formulation of Main Results for system (1.2)

The main results for system (1.2) are given below.

Theorem 5.1. Let J;(Y), J,(Y) denote the Jacobian matrices ggj, g—gﬁ_ of F(Y)
and G(Y) respectively, (1,7 = 1,2,...,n). Suppose further that:

(i) the matrices A, J¢(Y'), J,(Y') are all symmetric and negative definite, while, C' is
symmetric and positive definite such that for some positive constants d., d¢, 05, 66, Aey Ay, As

and Ag, we have
de < N(C) <A,
<A

o < Ai(=J5(Y))
—A5 < N (AC) <
—A¢ < /\i(—Jf(Y)Jg(Y)) < 0,
(i=1,2,...,n).
(ii) the matriz A commutes with matriz C, while matriz J;(Y) commutes with matriz
JQ(Y);

(i) Pi(t, X,Y) =0 and P(t,X,Y) = 0.
Then, the trivial solution of system (1.2) is asymptotically stable.

Theorem 5.2. Let the assumption (iii) of Theorem (5.1) be replaced by

(iil) ||Pi(t, X, V)| < ¢a(t), ||Po(t, X, Y)|| < 02(t) for allt > 0, max ¢o(t) < oo, maxby(t) <
0o and ¢o(t), 05(t) € L*(0,00), where L* (0, 00) is the space of integrable Lebesque

functions.

Then, solutions of system (1.2) are bounded.

Theorem 5.3. Further to the assumptions (i), (ii) of Theorem (5.1), let
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(vi) [Pt X, Y < os(O{1 + ([ X1} [P, X, V) < O5(0){1 + [V} for all t >0,
max A3(t) < oo, max ¢3(t) < oo and 65(t), ¢3(t) € L'(0,00), where L*(0,00) is

the space of integrable Lebesque functions.
Then, any solution (X (t),Y (t)) of system (1.2) with the initial condition
X(0) = Xo,Y(0) =Yg

satisfies

[X®I <D, YOI <D
for allt > 0 where D > 0 depends on A, C, ¢3(t),03(t),to, Xo, Yo, and on the
functions Py(t, X,Y) and Py(t, X,Y).

Theorem 5.4. Under the assumptions of Theorem (5.2) or Theorem (5.3), all the

solutions of system (1.2) are uniform-ultimately bounded.

6. Proof of Main Results on system (1.2)

The main tool in the proofs of our theorems is the Lypunov function V =V (X,Y)
defined by

(6.1) W(X,Y) = (X,CX) — 2 / P(sY), Y)ds,

where C' is as defined in Theorem (5.1).

Lemma 6.1. Suppose, under the assumptions of Theorem (5.1) there ezist constants
Dy and Dy both positive such that the function V' defined by equation (6.1), satisfies

D{X|?+ Y]} <2V(X,Y) < DA X)* + Y]}
and
V(X,Y) = 400 as | X|]* + [|[Y]|* = oo.

Furthermore, there exists a positive constant D3 such that for any solution (X,Y) of
(1.2), we have
V < —Ds{|| X[ + Y]},

forallt>0,X(t),Y(t)) € R"

Proof. Clearly, for X(t) = Y(t) =0, t > 0, V(X,Y) = 0. Using Lemma (2.10) in
(6.1), we have

W(t,X,Y) = (X,CX) -2 / 1<F(3Y),Y)ds

1 1
= <X, CX> — 2/ / <Jf(81$2Y>Y, Y>81d81d82.
0 Jo
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On applying assumptions of Theorem (5.1) and Lemma (2.9), we have

(=Jp(s19:Y)Y.Y) > 6|V

and
(X,CX) > 6. X
Thus,
1l 1 pl
//<—Jf<8182Y)Y,Y>81d81d822(5f||Y||2/ / 81d81d82
o Jo o Jo
1
= —0¢||Y?
61
and hence,

2V(X,Y) > 0| X[ + 67 Y%
Thus, for some constant D; = min{dy, d.}, we obtain
(6.2) 2V(X,Y) = Di(| X))+ [[Y]?)

forall t > 0,X,Y € R". It then follows from (6.2) that V(X,Y) = 0 if and only
if | X2+ |Y]|> =0 and V(X,Y) > 0 if and only if || X||> + ||[Y]|* # 0, which now
implies that

V(X,Y) = o0as | X|*+[[Y]]* = occ.

Similarly, by the assumptions of Theorem (5.1) and Lemma (2.9), we have

(=Jp(s152Y)Y,Y) < Ag||Y)?

and
(X, 0X) < A X
Therefore,
1,1 1,1
//<—Jf(8182Y>Y,Y>81d81d82SAJC“YHZ/ / 81d81d82,
o Jo 0o Jo
1
= —A||Y%
NINg
Hence,

2V(XY) < Af[lY7 + AcfIX
Thus, for some constant Dy = max{Ay, A }, we have

2V(X,Y) < Do X112+ Y1)
for all £ > 0, X, Y. Therefore,

Di{[IXI1* + Y117} < 2v(t) < DAl X1 + 1Y%}
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We now proceed to obtain the derivative of V' with respect to t along the solution
path of the system (1.2) such that it satisfies

. d
V|(1.2) = %V(X’ Y)|(1.2) < —Ds

provided that || X||*+ ||Y]|> < Dy, both D3 and D, are some positive constants. From

the Lyapunov function defined in (6.1), we obtain the derivative V|(1_2) as

Vg = (AX,CX) — (F(Y),G(Y))

_(AX.CX) — /0 1 /O (52 ), Jy (52Y )Y Vsads.
From the assumptions of Theorem (5.1) and Lemmas (2.9) - (2.11), we have
Vi < 05| X[J> = 6] V]I
Thus, there exists a constant D3 = min{ds, dg} > 0 such that
Vi < =Ds{lIX° + Y]}

for allt > 0, X,Y € R". This completes the proof of Lemma (6.1). ]

Proof of Theorem (5.1).
From the proof of Lemma (6.1), it is established that the trivial/zero solution of the
system (1.2) is stable. Finally, we apply LaSalle’s invariance principle to conclude

the proof of the theorem as follows.

Consider the set W defined by

W={(X,Y):V(X,Y)=0}.
By using LaSalle’s invariance principle, we observe that (X,Y) € W implies that
X =Y = 0. Hence, this shows that the largest invariant set contained in W is
(0,0) € W. Therefore, we conclude that the zero solution of the system (1.2) is
asymptotically stable and this completes the proof of Theorem (5.1).

Corollary 6.2. As a corollary to Theorem (5.1),
(i) the trivial solution of system (1.2) is uniformly stable;

(i) the trivial solution is uniformly asymptotically stable.

Proof of Theorem (5.2)
We have from the proof of Lemma (6.1), but now P;(t, X,Y) # 0, (i = 1,2) that

Viaey < =Ds{| X[*+ |Y[*} + (CX, Pi(t, X, Y)) = (F(Y), Py(t, X, Y)).
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But
1
< / (T (s1Y)Y, P(t, X, Y))|ds,
0
<AfIYIIIPE X, Y|
and
< AcIXNIP(E X YL
Therefore,

Vipay < AJXNPE XY+ Ag Y Po(t, X, V)
Using the inequalities
X[ < 1+ [[X]* and Y] < 1+ [[Y]?
in V|(1‘2), we have
Vlaa) < Aot {1 + [ X7} + Asbs(){1 + [IY]*}

< Aega(t) + As(t) + A ()| X + A1) Y]
From the inequality (6.2), we have the following facts,

X2 < |1 X)* + IY]]* <2D7'V(X,Y)

and
V(2 < IX]12 + Y]] < 2D7'V(X,Y).
Thus,
V|(1,2) < Acpa(t) + Apbs(t) + 2D H{ Ao (t) + Ay (H)}V(X,Y)
(6.3) Vlaa) < 0:(t) +2D7 ' 0:(t)V(X,Y)

where 67(t) = A pa(t) + Apba(t).
Integrating both sides of (6.3) between 0 to ¢, (¢ > 0), produces

V(t) <V(0)+ /t 07(s)ds + 2D;! /t 0:(s)V (s)ds.

0
Suppose we let

W5 =V (0) + /OO 07(s)ds and Wy = 2D,
then, '
V() < W+ W; /OO V(5)6r(s)ds.
By applying Gronwall-Bellman inequality [106], we have

V(t) < W5 exp(We / 0:(s)ds) < D,
0
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where Dg > 0 is a constant. From the estimate (6.2) and the assumptions on 60(t),

we conclude that all solutions of (1.2) are bounded and this completes the proof of

Theorem (5.2).

Corollary 6.3. Under the assumptions of Theorem (5.2) all the solutions of system
(1.2) are uniformly bounded.

Proof of Theorem (5.3)
In proving this theorem, we follow the same pattern as in the proof of Theorem (5.2).
We know from the proof of Theorem (5.2) that

Vi SANXNIP(E X Y|+ AVl Po(t, X, Y|
<Acps() XL+ (X[} + A0V I+ [V}

<Ak (O{IXN + IXI7F + Agbs(t) LY ]+ Y17
Using the inequalities
X[ <1+ [[X]]* and Y] < 1+ [[Y]*
in V\(Lg), we have
V < Acs(t) + Agbs(t) + 28:05(8) | X|I* + 24 405() [ Y |1
From the inequality (6.2), we have the following facts,

X117 < I1XI17 + V)" < 2Dy V(X Y)

and
1Y]]? < || X[+ [[Y]]* < 2D 'V(X,Y).
Thus,
V < Acgs(t) + As0s(t) + 2D7 H{Aps(t) + Asbs()}V (X, Y)
(6.4) Vg < 0:(t) + 2D '0:(1)V(X,Y)

where (97(t) = AC¢3(t) + K2093(t).
Integrating both sides of (6.4) between 0 to ¢, (¢ > 0), produces

t t
V(t) <V(0)+ Af/ O7(s)ds + 2AfD11/ 0-(s)V (s)ds.
0 0
Suppose we let
W, =V(0)+ Af/ 07(s)ds and Wy = 2A; D7,
0

then,
V(t) < W5+ W / V()05 (s)ds.
0
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By applying Gronwall-Bellman inequality [16], we have
(6.5) V(t) < Wsexp(Ws /OO 0;(s)ds) < Dy.
0
where Dy is a positive constant. On using (6.2) in the inequality (6.5), we obtain
IX]1* + Y[* < 2Dy Dy = Dyg
and this implies
IX[|* < Dyp and [[Y|[* < Dio.

The proof of Theorem (5.3) is now complete.

Before we provide the proof of Theorem (5.4), the following lemma is essential.

Lemma 6.4. Suppose that, under the assumptions of Theorem (5.3) there exists
a positive constant, Dqy such that for any solution (X,Y) of the system (1.2), the
function V' defined by equation (6.1), satisfies

Vlaa < = D{IX@OI? + 1Y (O} + Ac(L + [ XD At X, Y
+Du(1+ [Vt X, V)
forallt > 0,X(t),Y(t) € R"
Proof. If we follow the same argument as in the proof of Lemma (6.1), but in this
case, P;(t,X,Y) #0, (i =1,2), we obtain
Vlpa < = Du{[IX7 + Y ]P} + (CX, Pi(t, X,Y)) = (F(Y), Pa(t, X, Y))
<= DAL X P+ 1Y P} + A XA X V) + A YR8, X, Y]
By applying the inequalities
Y < T+[[Y[* and [|X] < 1+ [ X
in the above, we obtain
Viag < = Daf[| X I + Y 1P} + AL + [ X[PH Pt X, Y|
HAH{L+ [YPHIP(t, X, Y
== Dy{[| X P + Y [P} + A{1 + [ X[PHIPi (2, X, V)|
+Du{l + [V H Pa(t, X, Y]],

where Dy = Ay, forall ¢ >0,X,Y € R".
This completes the proof of Lemma (6.4).
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Proof of Theorem (5.4)
From Lemma (6.4), we have that the derivative V of the function V defined in (6.1),
satisfied

Vligg < =D{ll X [P + 1Y 7} + DullY[[I|P(t, X, Y) | + A X |21 (8 X, V)
From the hypothesis (vi) of Theorem (5.4), we obtain,

Vigg < =Da{ll X P + 1Y P} + DubsY {1 + Y11} + Acoa() | XL + [ X1},
< =Do{l X P + 1Y 17} + Acks(O{I X[+ 1X17} + DubsOLY [+ [V ]7}
Now, suppose D5 = max{A.; D11} and 0 < a5 = max{603(t); ¢3(t)}. Then, we obtain
Vigy < =Da{ll X I + 1Y P} + as Daa{ | X[ + Y[} + Dazas {| X[ + [[Y]*}.

Using the following inequalities in the above
{IXT+ 1Y} < 22 {111 + 1Y )17} =,
we have,
Viaa < ={Ds = DiaasHIX[? + [V [*} + 22 Droas{ | X|[* + [V |[*}2.

Taking Qg = %(D4 — D12065)7 oy < D4D1_21 and a7y = 2%0651)12, we have

: 1
(6.6) Vlpe) < =2a6{[|X]* + 1YI*} + ar{ | X" + [IY]]*}=.
If we choose (|| X2+ [|[Y|?)2 > as = 207057, then the inequality (6.6) implies that
(6.7) V|(1.2) < —ae{|| X[ + Y|P}

_1
Suppose we take (|| X2+ [|Y[[?)2 > max{ag 2, s}, then (6.7) becomes
V|(1.2) < -1

The conclusion of the proof of the theorem follows exactly as in ([12],[19]) or the proof

of our Theorem (5.4).

7. Examples

We provide in this section, two examples to show the correctness of our main

results.

Example 7.1. First, let P1(t,X,Y) =0, (t, X,Y) =0in (1.1) and n = 2 such that

() () ()-(2)
X9 T Y
B tan™' z; — 1.0124 B siny; — 211
FX) = ( —0.1x, ) GY) = ( sin Yo — 2o ) ( )
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¢= ( é 1(.)1 ) '
From the above, the following systems of first order differential equations are obtained.
4 = tan"' x; — 1.01z, — 2y,
Tog = —0.1x9 — yo,
Y1 =21 +siny; — 2y,

1o = L.1xo + sinys — 29s.

The Jacobian matrices of vectors F'(X) and G(Y') are respectively

L7101 0 -2
Ji(X) = ( T+ o ) and J,(V) = ( oSt 0 .

0 0 Cos 9y — 2
Also, the product matrices J¢(X)J,(Y) = J,(Y)J;(X) and BC = CB are

cosy1—2
Tr(X)J,(Y)={ M= 1.01 cos y1 +2.02 0
’ —0.1cosyp +0.2

0 -—1.1

It easy to show by some elementary calculations that the eigenvalues of matrices
B,C, Ji(X), and J,(Y) satisfy:

> = Jy(Y) J5(X),

J.=1<M(C) <A, =11,

8 =—1.01 < X\(Jp(X)) < Ay =—0.01,

§g=—=3 < N(J,(Y)) <A, =—-1

Therefore, matrices B, J¢(X), J, are symmetric and negative definite while matrix C'

is symmetric and positive definite. Hence, all the conditions of Theorem (3.1) hold.

Example 7.2. In addition to Example (7.1), let,

1
[t2 + (21 + 22)% + (Y1 +y2)? + 1)?

P(t,X,)Y) =

and
2

! + sin®(x1 + x2) + sin®(y1 + yo) + 1J2

P2(taX7 Y) =
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Then,
17 X,Y)) = 1
P R w4 )+ ()’ + 1
< 1
~(2+1)
= o(t)
<1.
Similarly,
V2
1Pt X Y = ———— — ,
et + sin”(xy + xo) + sin”(y; + y2) + 1
< V2
~ (et+1)

e(t)7
<V2.

Also, all the conditions of Theorem (3.2) are satisfied by this example.

1]
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