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ABSTRACT. In this article we research the univariate smooth approximation ordinary and frac-
tional under differentiation of functions. The approximators here are neural network operators
activated by the symmetrized and perturbed hyperbolic tangent function. All domains here are of
the whole real line. The neural network operators here are of quasi-interpolation type: the basic
ones, the Kantorovich type ones, and of the quadrature type. We give Voronovskaya type asymptotic
expansions.
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1. Introduction

The author in [I] and [2], see *'Chapters 2-5” was the first to establish quantitative
neural network approximation to continuous functions with rates by very specific
neural network operators of Cardaliaguet-Euvrard and ”Squashing” types, by using
the modulus of continuity of the engaged function or its high order derivative, and
producing very tight Jackson type inequalities. He treats there both the univariate
and multivariate cases. The defining these operators ”bell-shaped” and ”squashing”

activation functions are assumed to be of compact support.

Again the author inspired by [I4], continued his studies on neural network ap-
proximation by introducing and using the proper quasi-interpolation operators of
sigmoidal and hyperbolic tangent types which resulted into [5] - [9], by treating both
the univariate and multivariate cases. The author also treated the corresponding

fractional cases [10], [T1].
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The author here presents symmetrized and perturbed hyperbolic tangent acti-
vated neural network Voronovskaya asymptotic expansions for differentiated functions

from R into R.
For a detailed study in neural networks you may choose [18]-[20].

A multilayer feed-forward neural network can be defines as follows (with m € N
hidden layers):
Let z € R®%; s € N, where z = (21, ...,25); aj,¢; € R% b; € R, with 0 < j < n,
n € N.
Here (a; - x) is the inner product, thus o ((o; - ) + b;) € R; and N, (x) € R®, by
¢; € R, as it is coming from N, (z) = i)cja ((aj - ) +b;).
=

We define:

ZCJ‘U (<%" ( cjo ({0 - ) +bj)>> +bj> :

Furthermore, we can define

n

N (@) = 3 _ejo (o - N2 () + b5)
=0
And, in general we define:
N,Sm’ (z) = c;jo (<04j : N,(Lm_l) (I)> + bj) , form e N,
=0
2. Basics

Initially we follow [12], pp. 455-460.

Our perturbed hyperbolic tangent activation function here to be used is
x

e)\a; o qe—)\

g V1>l rEeR

(1) 9o (7) :=

Here ) is the parameter and ¢ is the deformation coefficient.

For more details read Chapter 18 of [12]: ”¢-deformed and A-Parametrized Hyper-
bolic Tangent based Banach space Valued Ordinary and Fractional Neural Network

Approximation”.
"The Chapters 17 and 18’ of [I2] motivate our current work.

The proposed ”symmetrization method” aims to use half data feed to our neural

networks.
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We will employ the following density function

2) My (2) 7= 5 (g0 (7 +1) = g (= 1)) >

Vr e R; g, A > 0.
We have that

(3) Mg (—z) =M, (z), Ve eR; ¢,A >0,
and
(4) M, (—z) = My (z), Vo eR; ¢,A>0.

Adding and we obtain

(5) My (=2) + My (—2) = Moy (2) + My, ().
a key to this work.
So that
My () + My, (@)
(6) O (z) := :

2

is an even function, symmetric with respect to the y-axis.

By (18.18) of [12], we have

In __ tanh()\)
My (33) = =57,
(7) and
M, (—58) = tanh) -\ > 0.

sharing the same maximum at symmetric points.

By Theorem 18.1, p. 458 of [12], we have that

Yo Myy(x—i)=1, Ve eR, A\ ¢>0,

1=—00

(8) and
> Miy(z—i)=1 VzeR, \g>0.

1=—00

Consequently, we derive that

o0

(9) Y P(r-i)=1, VzeR

i=—00

By Theorem 18.2, p. 459 of [12], we have that

ffooo M, (z)dx =1,
(10) and
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so that

(11) /OOQ)(Q:)d:U:L

—00

therefore @ is a density function.
By Theorem 18.3, p. 459 of [4], we have:

Let 0 <o <1, and n € N with n'=® > 2; ¢, A\ > 0. Then
(12)

o0

1 B 3
> M, (nx — k) < 2max {q, _} =207 _ p 2]

q
k= —o0
nx — k| >nlme

where 7' := 2 max {q, %} et
Similarly, we get that

(13) S M, (ne — k) < Tem

k=—o0

Consequently we obtain that

(14) Z O (nxr—k) < T6_2)‘"(1_a),
k= —o0
D nz — k| >nlme
where T := 2 max {q, %} etA,

An essential property follows:

Theorem 2.1. ([13]) It holds
1

(15) O () < <q + —) ey g >,
q

We need,

Definition 2.2. In this article we study the smooth Voronovskaya type asymptotic
expansion properties of the following interpolation neural network operators acting

on f € C(R) (continuous functions):

(i) the basic ones

(16) B, (f,z):= Z f(%)cb(nx—k), VexeR, neN,

k=—00
(ii) the Kantorovich type operators

(17) C, (f,z) = i (n/k.nf(t)dt)q)(nx—k’), VexeR neN,
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0
(iii) let 0 € N, w, >0, > w, =1, k € Z, and

r=0
’ ko r
1 0 = Sl =+ =,
(18) ok (f) ;wf<n+n9>
we consider also the quadrature type operators
(19) Dy(fx)=> 0u(f)®(nz—k), Ve eR neN.
k=—o00

Here Cp (R) are the continuous and bounded functions on R.

3. Main Results
We start with the basic operators.

Theorem 3.1. Here 0 < 3 < 1, n € N large enough, v € R, f € CY (R), N € N,
with fN) € Cp(R), 0 < e < N. Then

1)

o B 1@ =3 b (- a7) @ vo (e ).

J=1

the last (@) implies

N 0 (g .
e B () - ) - S LB, (- ap) <x>] 0,

7j=1
asn — oo, 0 <e < N.
2) when f9 (z) =0, j =1,..., N, we derive that

(22) "N (B, (f,z) — f(x)] = 0, asn — 00, 0 <e < N.
Of interest is the case B = %

Proof. By Taylor’s theorem we have (z € R)

@ 7(5)- i 20 () [P o - o) B
It follows
f (E) & (ne— k) = é fu;fx)cb (nz — k) (ﬁ - x)J +
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Hence
°° N rG) (g :
(24) B, (f,z) = Z f (%) O (nx— k)= Z / j!( )Bn (( —x)J) (x)+
o0 k E_ \N-1
k;OO@ (nz — k) / (f™M () — ) () %dt.
Call
oo k kN1
(25) =X w-n) |0 - @) <gN f)l)! dt

<2l f™ N o k (i)
<2[f™, > (ne = k) =5
= —00

: %— J:| < n%

T
We found that

1

(27) R |]§_x\<niﬁ <2 Hf(N)Hoo NIpBN-

(i) case £ < z: then

(28) |R| < Z ¢ (nx — k) /C (f(N) (t) — fO () (?]\;f)l)‘
k= —o0
L
< w0 [ U@
k= —o0 "
e
<20 f™|, 3 ® (na — k) (@ ;\“ﬁ)

{ i<
| E 1
“n $|<nﬂ
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1
< 2| 3w
Consequently, we have proved that
2[|F™
(29) Bl sl = Ny

Next, we see (£ > )

IR| < Z ® (nx — k) /n (™ @) = fN () (?j\;f)l)l di
k=—00
< Z (ID(nx—k)/n ‘f(N) (t) — f™) (@‘ (?]\;f)l)l dt
k= —oc0
i
(30) <2[f™ )3 21y }Wx)
{ : %—_ﬁ_Zn%
(N) >
_ 2|,|r'fNN|'|OO Z (I)(nx—/{;) (k—nx)N.
k= —o0

In case £ < x, we get
n

o

R| < > ® (nx — k)

an

< > ® (nz — k) : |f ™) (@) — f™) (1)) (t(]; 3)1)! dt
k= —o0 "
{ Inz — k| > n'=#
(31) <2||f™ 3 & (nz — k) & ;v?)

k
Cnw — k| > nt=8
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2 || fV) s
:% Z ® (nx — k) (nx — k)™ .

k 00
e — k| > ntf

Consequently, it holds

EO N T i N

5= npNNI

Next, we treat

> & (jnz — k) |nx — k|~ .

m Z e*?)\(‘ﬂl*kl*l) \nx - k’N _
k= —o0
Inz — k| > n'=F
(33) pe? > ekl g — kY = (x).

k= —o0
L nw — k| > nt™?

Notice that (set 7 := 2))

[nz—k| A
Hna—k| - (M > iz — kN 1
(34 =S = ()

A=0

Therefore we have

(nma;— k|) e

|nac k|

(35) (7 |nz — k)N < 2V Nle” , or

Elnz—k|
2

2N
Ina — k)N < —Nle 2
™
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Hence it holds

o0

(+) < Lpem2V N1 > o Tilna—k| AR
1]

k= —o0
Cnx — k| > nt7P

LN N 3 e~ Bline—kl | <
1]
k= —o0
Cnx — k| > ntP
%QeEQNN! (/ egxda:) =
K nl=F—1
2 o0 T _fe
(36) L 226N N ( / e—‘z‘wdﬁ) =
[T ni=f_1 2
o oN+2 > - H oN+2 —yntA-1Y) _
v o (/nua | ydy) Tk e“N'< g > -

1

q+1)
H M oNt2 mp 5 (' P-1) ( a 2€2>\N!ef)\(n1*ﬁfl)'

/~_LN+1 AN

Thus we have

o q + l N
(37) Z @ (|nx — k|) |na — k| < </\—N‘1>262AN!6A(TL =
k=—00
D ne — k| > n'FP
And, it is
2 f(N) o
(38) |R| ||%_x|2n < ( Hj\]lnl\}f} 262/\]\/" )\( 1)
M 1 2,\ _>\( 1— 5_1>
T pN)A\N q+ .

We proved that

Hf H 22 —)\( 1=6-1)
(39) Bl oy < w3 ( q> |
Finally, we derive that

(40) Bl < Bl |jx pjea, FIBIjx 45 <

2||f || 4“]‘1(1\’)“oo (q—i—l) A P-1)

nPN NI nNA\N q
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So, for large enough n € N we get

(41) R < 2l I/l
- nfSNND
Hence it holds
1
(42) 71=0 ().
and
(43) IR =0(1).

And, letting 0 < ¢ < N, we derive

B _ 4™l (2
(44) — < I 5 ) 0, as n — oo.
Le.
1
(49 7= (s ).
proving the claim. O

The Kantorovich operators follow.

Theorem 3.2. Let 0 < 8 < 1, n € N large enough, x € R, f € CY (R), N € N, with
fM e Cp(R),0<e<N. Then

1)
(4) T . 1 1 N—¢
(46)  Cu(fix) — f () =§;f e (=) @) +o ((;*m) )
the last (40) implies
1 N £ (2) ;
1) e |G - 10 - e () <x>] S0,

asn — oo, 0 <e < N.
2) when fU)(z) =0, j =1,.... N, we derive that

: N—_z C (f,z) — f(x)] =0, asn — 00, 0<e <N.

(3 +75)

Of interest is the case f = %

(48)

Proof. One can write

(49) Co (f,2) = i (n/oif(tJr%)dt)G(nx—k).

k=—o00

Let now f € CN (R) with f™) € Cp (R), N € N.
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We have that

(50) f@+§)—ﬁ?www0+§—xY+

and

Hence
Co(fiz) =) (n/of <t+§> dt> & (na — k) =
N 0) (z) ;
(52) > A0 (=) )+
N . H% N N t+3—s -
k2;¢mw—@<nl [T 00 - g ) e %)ﬁ).

Therefore we can write

11

Nr0) (g .
(53) Gt = 1) = Y e ((—ap) (@) -
where
(54) "
R := kz_ooq)(nx—k) (n/on (/x ' (f(N)( ) — [ (2)) (t—:ﬁ:ig' ds) dt) :
Call

(55) Aww:n/”(/H"uwwﬁ—fwmw)“+ﬁ_s)dgdu

where k € Z.
I) Let |2 —z| < L (0< B <1).
i) ift—l—%Zx, then

> t E_g Nt
A (k)] < n/o (/ |f(N) (s) — ) (Q;)‘ (t +]<; ) ds) dt

(56) SQHf(N)Hoon/nn—_
0



GEORGE A. ANASTASSIOU

12
N (R LT
<afpoo [ UL E
1y )N
<afj ooy Ltk
(i) if t + £ < =z, then
1 " pk N—1
|A<k>|Sn/0 /Hk(f(N’(S)—f(N)(x))( (]g_‘j;! ds| dt
" AN oy () (3_(t+%)>N_l
gn/o (/Hﬁ\f () = S0 ()| gy ) e
Pl —t— BN
) <2y n [
w (o — A 1)”
R e

L_|_l
<o) G ta)

Therefore, when ‘% — x| < n%, then
5 d)”
A (k)| < 2Hf<N>Hm%-

(58)
Clearly now it holds
1 )N
(59) |R| |\f*$’<ﬁﬂ <2 ||f(N)||oo (n Ny!m)
IT) Let |& — 2| > 4.
i)if t + £ >, then
g (t—l—%—x)N
) w1 <2 oo [
(ke i)”
<afpoo " U,
E_ gl L N
i) if ¢ + £ < 2, then
L T E\\N—1
" (N) () (5_ t+ﬁ))
AR)] Sn/O (/Hﬁ!f (@) = £ (5) | gy |
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1 k N E lN
<2y [FUEZED ooy (imslvd)
0

N! N
Hence when |£ — z| > % then

2/,

(62) AR < e

Al LA N
v = (1= RY), vEez

(Inz — k| + 1)V

Clearly, then

m\
WK

‘RH“ o2k S O (nx—k)|AK)| | <
k= —o0
{:]nm—k\znl—ﬁ
N o0
2 Jz‘f{vaH > <I>(\nx—k|)(1+\m:—kyN> _
— oo
{:\nx—k!Zn -8

2N | (V) ~

% 2 @ (jnz — k) +
= —00

| s e — k| > nl-8

® (jnx — k) |na — k|

WK

(63)

IN

—0Oo0

k
Cna — k| > nt7P

vy (@, (D)

N NG
nNN! 62)\n1*5+ )\Nq 262)\]\”6 )‘( 1) ‘

We have found that

N || )
220

2 = pN!

g+ -
(64> ’R‘ ‘|k + < q) 262)\N!€—)\(n /31)] .

62)\77/173 )\N
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Therefore, it holds

B IRl s ope, + 1Bl ooy, <

(it o)

NI

(65) 20 £

N N 1
ol Tl O N ) PP
VNI e TN

For large enough n € N we have that

4 f(N) 1 1 N
(66) R < % (- ; _) |

Hence it holds

(67) \R;:O((%+%)N>,

and
(68) IRl = 0(1).

And, letting 0 < ¢ < N, we derive

B M (1 1Y

(69) 1 LN—ES N EJFﬁ — 0, as n — o0.
(n+n5>
Le.
1 1 N—¢

70 R| = 4=
(70) Kl o<(n+nﬂ) )
proving the claim. O

We continue with the quadrature operators.

Theorem 3.3. Let 0 < 3 < 1, n € N large enough, x € R, f € OV (R), N € N, with
fM e Cp(R),0<e<N. Then

1)
(4) T . 1 1 N—¢
M Du(h) =) = D () <x>+o<(ﬁ+ﬁ) )
the last implies
1 N6 (g ;
I [Dn ERCES PN (D) <x)] =)

asn — o0, 0 <e < N.
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2) when f9 (z) =0, j =1,..., N, we derive that
1
N—¢
(7 +77)

n

Of interest is the case B = %

(73) Dy, (f,x) — f(z)] =0, asn — o0, 0 <e < N.

Proof. We have that

ki o= fO®@) (ki J
(74) f(vﬁ)_g . (5+E—x>+
i (t+ -0
[T 0= @) e
and
: koo YO (@)~ (ko 7
(75) ;’wzf(ﬁ—i—ﬁ):; j' ;wi (E+E_x) +
! wta ki )Nt
R A
Furthermore it holds
N £0) (z) ,
(76) Du(f.) = f (@) = 30 "D (= 2)) (1) = R (@),
j=1 ‘
where
(77)
- S T N CH e )
R()= 3 #(ue =) (3 w [T 0 = ) @) B
Call
r kyi kg iy N-1
(78) v (k) == 2 w/ (f™ () = f™ (2)) & (1{}’“_ 0 dt.
I) Let |£ — 2] < %
i) if % + ir > x, then
. +
SCES SEITEIN (o =l =)
1N
(79) <afyoo), Lz ral N!") -
i) if £ 4 L <z, then
r k4 k i N-1
STCIED ST Y A T OIS Rty
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r ' _ (ko i)V
< z;wi[wi ‘(f(N) (z) — f(N) (t)){ (t (n + m)) "

< zr:wlz Hf(N)HOO (z—(E+ #))N

N!
b )"
50 <oy, Lrtal
Therefore, when ‘% — a:| < n—lﬂ, then
s d)"
(81) 1y (k)] < 2||f(N)||OO(BT~
Clearly now it holds
L+ )"
(52) R

II) Let |[£ -z > &
i)if £ 4+ L >z, then

. (N) (%4_7%“_3:)]\7
k)| < Zwﬂ”f ||OO N
i=1 ’

(5=l + 3"
N!

(83) <2 f™

—1)!
k
1) <ol oudE= )
r— k11
<20y Lz=il =2
So, in general we obtain
_ k41 N
|v(k)|§2||f(N)Hoo<‘x }‘V|! d
2[5 (e — K+ DY
B nh N! -
2V ||V
(85) — (1+\nx—k!N>, Yk ez
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Clearly, then

80 R@) s < > eme-bhH| <
k= —o0
{ Cna — k| > nt7P
N | £(NV) ©
QJL‘C—N!HOO 3 @ (e — k) (1+ [ — V)
k= —o0
{ Cnx — k| > nt7P

< (as earlier)

o el R I S ) PP
(87) < SN | e 2N (nt=2-1)

Therefore, it holds

R@)] <R @) |s_yjes, + R@)] |s_yfsy <
(it an)”
(88) 2V

N lr| [ 7 <q+1> o
nVN! 62)\n1*ﬁ ANq 262>\N!e )‘( 1)

For large enough n € N we have that

4 f(N) 1 1 N
(89 pe< W0 (L 1)

Hence it holds

(90) |R<x>|=0<(%+%)lv),

and
(91) [R(z)] =0(1).

And, letting 0 < ¢ < N, we derive

4| £V €
(92) : |R(1$>L[E < Hf ' Hoo l—l—iﬁ — 0, as n — oo.
<_+ _B) N! n o n

17
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Te.

(93) |R¢m|=o<(%+;%)Ns>,

proving the claim. O
We need,

Definition 3.4. A function f : R — R is absolutely continuous over R, iff f|j4 is
absolutely continuous, for every [a,b] C R. We write f € AC™ (R), iff f*~Y € AC (R)

(absolutely continuous functions over R), n € N.

Definition 3.5. Let v > 0, n = [v] ([-] is the ceiling of the number), f € AC™ (R).
The left Caputo fractional derivative ([17], [21], [15], pp. 49-52) of the function f is
defined by

(94) DY f(a) = = )/w@—¢ﬁﬁ“fM@ﬁw

F'n—v
Vx € [a,00), a € R, where I" is the gamma function.
Notice DY, f € Ly ([a,b]) and D¥, f exists a.e. on [a,b], V [a,b] C R.

a

We set D° f (x) = f(z),V x € [a,0).
We need

Lemma 3.6. (see also [4]) Let v > 0, v ¢ N, n = [v], f € C" ' (R) and ™ ¢
Ly (R). Then DY, f (a) =0 for any a € R.
Definition 3.7. (see also [3, [16, I7]) Let f € AC™ (R), m = [a], a > 0. The right

Caputo fractional derivative of order o > 0 is given by

(95) D?f@ﬂz;%gg%y/(z—wmﬂ*fmwdda

Ve (—o00,b],beR. Weset DY f(x)=f(x).
Notice D¢ f € Ly ([a,b]) and Dy f exists a.e. on [a,b], V [a,b] C R.

Lemma 3.8. (see also [4]) Let f € C™'(R), f'™ € Lo (R), m = [a], a > 0.
Then Dy f (b) =0, for any b € R.

Convention 3.9. We assume that
D¢, f(x) =0, for x < x,

(96) and
Dg _f(xz) =0, for x > .

We mention

Proposition 3.10. (see also [4]) Let f € C" (R), n = [v], v > 0. Then DY f (z) is

continuous in x € [a,0), a € R.



NEURAL NETWORK APPROXIMATIONS OVER INFINITE DOMAINS 19

Also we have

Proposition 3.11. (see also [4]) Let f € C™ (R), m = [«a], @ > 0. Then Dy f (z)

is continuous in x € (—o0,b], b € R.

We further mention

Proposition 3.12. (see also [4]) Let f € C™ 1 (R), f'™ € Ly, (R), m = [a], a >0

and let ,29 € R : x > 9. Then D, f (r) is continuous in .

Proposition 3.13. (see also [4]) Let f € C™ 1 (R), f'™ € Lo, (R), m = [a], a >0

and let ,29 € R : x < xy. Then D§ _f () is continuous in z.

Proposition 3.14. (see also [4]) Let f € C™(R), m = [a], a > 0; x,z9 € R. Then

D¢, f(x), DS _f (x) are jointly continuous functions in (z,zo) from R* — R.

Fractional results follow.

Next we treat the fractional case of Voronovskaya type asymptotic expansion for

the basic operators.

Theorem 3.15. Leta >0, N = [a], a ¢ N, f € ACN (R), fN) € L (R),0< <

1, z € R, n € N large enough. Assume that both || D¢, fl| . (; 00) » Dg_fHoo (oo] 0T
finite, 0 < e < a. Then
1)
N .
£9 (@) ~ 1
O BN~ @) =3B (=) @) +o (s )
j=1

the last (@) implies

N
(98)  nfNTIB, () (@) = f(x) = )
asn — 0o, 0 <e < N.
2) when N =1, or fU (2)=0,j=1,..., N —1, we get that
N9 B, (f) (z) — f(x)] = 0, asn — 0o, 0 <& < N.
Of interest is the case f = %

Proof. Let z € R. We have that DS_f (z) = D2, f (x) = 0.
From [15], p. 54, we get the left Caputo fractional Taylor’s formula that

(99) F (%) :;Vz:;f(j;!(x) (% —m)j+

= ' (g - J) D) - Do )
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forallx§§<oo.

Also from [3], using the right Caputo fractional Taylor’s formula we get

W )EERC)-

for all —c0 < % <.

Hence it holds

won s (Deewn =3 e (E )

W / (§ - J) (D2 (J) = D2, f (2)) dJ,

for all z < & < o0, iff [na] <k < oo,

3

and
(102) f(%) (nx —k szf i ¢ (nx — k) (%—x)j#—

. a—1
M L) o)
for all —oo < & <z, iff —oo <k < |nz].
We have that [nx] < [nz] + 1.
Therefore it holds

(103) i f(%) (nz — k Z

k=|nz|+1 j=0 : k=|nz|+1

i ® (nx — k) k

k=|nz]+1 /
I' () .
and

TR ST ) PRI SELC) PR o

k=—00 Jj=0
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Adding the last two equalities (103]), (104)) we obtain

N1 oe() (o .
w05 B = £ )= Y (- a) () = o),

where
(106) R, (z) :== Ry, (z) + Ran (),
with

> d(nx—k) .

. k=|n=] n E B “ o o

01) oy (o) = [T (Eea) o 0) - D s
and

L]

> P (nz—k)

08 Ry (o) = [0 8) ()= D) a

Furthermore, let

(109) Oin () := ﬁ/

for k = [nz| +1,...,00

and
10 )= s [ (0 5) (D2 £ ()= D2 f (@) dJ,
I'(a) Je n
for k = —oo, ..., |nx] .
Let !% — :U} < n%@, we derive that
(1) o1 @] € 1D% ) 7 T
k=|nz|+1,.. 500,
and
(112) 1620 ()] < || DS_f]|.. m]m
k= —o0,.., |nx|.

Also we obtain that

(%_ ) k:LnxJ—i—l,,OO

(113) 01 () < ND%eflloepoco) T 1)

and

(114) 60n ()] < || D3]], % k= —oo,..., |nz].

21



22 GEORGE A. ANASTASSIOU

Therefore, it holds

1 < —
(115) | R ()] |yxf§|<n—ﬂ = na,Bl" (a + 1)
k = Lnl‘J + 1, ..., 00,
and
1Dz-7|
x 00,(—00,z]
<
(116) | Bon ()] ]p )<y < 55 atl) ’
k= —o0,.., |nx|.
Next, we estimate
i ()]} s s <
1021 S )
) — - — <
F(a—i—l) Z (nx — k) (n x) <
k= |nz]+ 1
. }QJ — —‘ = nﬁ
(by N = [a])
D et Bz~ k)~ k1™

nel (o + 1) kz

D 1 o0
% (q + 5) Ae*t Z e= 2=kl g — k)N < (as earlier)
k= —o0
Cna — k| > nt8
o) (2,
n*l («
Hence, it holds
(119) [Run (2)] |}, <
D, (q + 1 )
nl («o

Furthermore, we get that

Dol [nal e
f r(o}él+1) ) 3 @(nx—k)<$—5> <
k
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De o
|| f“ (—o0,z]) Z & (‘Tll’ . k|> |n:c i k’a <

nol (« + 1)

k= —o0
Cna — k| > ntP

(120)
Dy f >
(H T y;o’_l(__;;’x])> Z ® (|nz — k|) [nz — k| < (as earlier)
k= —o0
Cnw — k| > nt8
a 1
Y (L) FPR
- nol (o + 1) AN ' '
That is
|z (a+3)
z 00,(—00,3]) q 2X “A(n1=F-1)
121 2¢e“*Nle .
(121) ( nol (o + 1) ) AN
We have proved that
1 (63
(122) IR, (z)] < D) U}Dx-fHoo, oI5l [m]

1 a+ N
nap(a+1)< v >2@2AN' e 27 Y 25 A

For large enough n € N, we derive that

2 (105 oy 1% F |

(123) Ry ()] < T (a+1)no?
That is

(124) | R, ()] = O (%) )

and

(125) Ry ()] =0(1).

And, letting 0 < ¢ < «, we obtain

R 21Dl 1P o] (1
(126) (ﬁ)S T(a+1) oy — 0, asn — oo.
Ie.
1
(127) Ra@) =0 (aa ).

proving the claim.
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