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ABSTRACT. Generalized Logistic neural network operators in infinite domain are interpreted as
positive linear operators and related general theory applies to them. These operators are induced
by a symmetrized density function deriving from the parametrized, deformed and symmetrized
Generalized Logistic activation function. We are acting on the space of continuous and bounded
functions on the real line to the reals. We study quantitatively the rate of convergence of these
neural network operators to the unit operator. Our inequalities involve the modulus of continuity
of the function under approximation or its derivative under initial conditions.
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1. Introduction

The author studied extensively the quantitative approximation of positive linear
operators to the unit since 1985, see for example [I]-[3], [6], which we use in this work.
He originated from the quantitative weak convergence of finite positive measures
to the unit Dirac measure, having as a method the geometric moment theory, see
[2], and he produced best upper bounds, leading to attained (i.e. sharp Jackson
type inequalities), e.g. see [1], [2]. These studies have been gone to all possible
directions, univariate and multivariate, though in this work we stay only on the

univariate approach over infinite domain.

Also, this author since 1997, he started the study of the quantitative convergence
of neural network operators to the unit, and he has been written since then numerous

of articles and books, e.g. see [3], [5], [6], are what we use here.

The wide range of neural network operators over R being treated by the author

all along, are indeed by nature positive linear operators.
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Here, for the first time in the literature, neural network operators in infinite
domain are treated as positive linear operators. Now the activation function comes

from the generalized logistic function.

So, methods of positive linear operators in infinite domain apply here to our
infinite summation defined neural network operators, producing new and interesting

pointwise and uniform results.

Of great inspiration always have been [§], [9]. For classic studies on neural net-

work we recommend also, [L0]-[15].

For newer work on neural networks we also refer the reader to [16]-]25].

2. Basics

Here we follow [5], pp. 395-417.

Our activation function here to be used is the g-deformed and A-parametrized

function

1 - @
( ) (pq,A (x) 1 + QA_)‘:E’

This is the A-generalized logistic function.

reR, g A>0, A>1

For more read Chapter 16 of [5]: ”Banach space valued ordinary and fractional
neural network approximation based on ¢-deformed and \-parametrized A-generalized

logistic function”.
This chapter motivates our current work.

The proposed ”symmetrization technique” aims to use half data feed to our neural

networks.

We will employ the following density function

2) Gor () = 5 (o (T +1) =g (1= 1)), T ER, 4,3 >0.
We have that
(3) Gy (—2) = G, (2).
and
(4) G%’/\ (—z) =Gyn(x), Yz eR
Adding and we obtain
(5) Gon (~2) + Gy (~2) = Gy () + G, (2), Y €R,
the key to this work.

So that

Gy (7) + Gy (2)

(6) W(z) =
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is an even function, symmetric with respect to the y-axis.

The global maximum of G, is given by (16.18), p. 401 of [5]
log 4 q AN —1
7 G = :
) ‘”( ) ) 2(A*+1)

And, the global max of G , is

log, —log,q Ar —1
(8) GN( ) _G27A< A >_2(AA+1)

both sharing the same maximum at symmetric points.

By Theorem 16.1, p. 401 of [5], we have that

(9) Y Gualw—i)=1, Vo eR A\g>0, A>1,
and
(10) Y Giy(w—i)=1, VozeR X\g>0, A>1

Consequently, we derive that

(11) iW@—@):vaeR

1=—00

By Theorem 16.2, p. 402 of [4], we have that

(12) /OO Gor(@)dz =1, \g>0, A>1,
similarly it holds

(13) /OO G;/\ (x)dr =1,

so that

(14) /Oo W (z)dz = 1,

therefore W () is a density function.
By Theorem 16.3, p. 402 of [5], we have:

Let 0 < B<1,and N € N with N'=# > 2. Then
(15)

o0

Z Gq,A(Nx—k)<2maX{q,1} !

. ¢) pOr=2)
= —00
{ D |No — k| > N8

where \,q >0, A > 1; v := 2max{q,%}.

as

Y

= ’}/A_)\<N176_2)
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Similarly, we get that

o0

(16) Z G%,)\ (Nx — k) < VA_)‘(Nliﬁ_z).
k= —o0
|Nw — k| > N8

Consequently we obtain that

(17) > W (Nz — k) < yAV77-2),

k= —o0
[Nz — k| > N8

where v := 2max {q, %} .
Here [-] denotes the ceiling of the number, and |-] its integral part.
We make

Remark 2.1. Let x € [1,00), and we apply the mean value theorem. We have that

Gor () = 5 (Pua (4 1) = gy (g = 1))

1 gA\In A

(18) 590 (6)2 =), () = T A

where 0 <z —-1<é< a4+ 1.
We obtain that

(19) Gax () < (AN A) A™ < (gAIn A) AAED g >,
Similarly it holds

(20) Gé«\ () < (é)\lnA) A >

And, fimally it holds

1
(21) W (z) < (q - 5) (Aln A) A0 g >

DN | —

where ¢, A > 0, A > 1.

We also make

Remark 2.2. We would like to estimate (N, m € N):

>
> W (|[Nz —k|) [Nz — k™ <

k= —o0
D |Nx — k| > N8
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(22) 1 q -+ 1 ()\ In A) i |N£C . k‘m A*/\(|Nxfk|71) _
2 q

k= —o0
[Nz — k| > N1=F

1 1 >
3 (“ 6) (Aln A) > [Nz — b e ANNa—H=1)
k=—00
D [No — k| > NP
1 1 A S m _—A(In A)|Nz—k|
5 q—l—g A(lnA) A Z I[Nz — k|™e =: (x).

k= —o0
D [Nw — k| > NP
For convenience set p:= Aln A > 0.

Notice that

6!

2 m!

0
o |Nz—k| m
(23) R <# 2 > >(M|Nx_k|> -
6=0

Therefore we have

(24) (,LL |N§ — k|) < mleu\N;fk\7 or
(25) (u| Nz — k)™ < 2mm!ew, or
om ulNo—
(26) ‘Nﬂj — k‘|m < —mle ‘Nz L
Mm
Hence it holds
1 1
(%) < = (q—i— —) A(ln A) AN
2 q
> 2m Aln A|Nz—k|
o5 ,~AInA[Nz—k| _
2 Ay €
k=—oc0
D |Nx — k| > N1-F
1 1 om > Al A|No—k|
27 - — | A(lnA) AA—————m! - =
27) 2<Q+q) () A ™ > e

k= —o0
:[Nz — k| > N1=F°

43
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N —

1 Aromm)
+ —
(q q> Am=1 (In A)"! 2

k=—o0
D |No — k| > N8

< n 1) Ar2m) (/OO _AlnA_
_ e 2
1 q) A1 (In A)m*1 N1-6_1

2 1 A)‘Qmm! & Aln A )\lnA
SR N [ (),
( ) AlnA (q q) Am—1 (ln A)m_l ( N1-8_1 2

e

—2nA|Ng— k|

) -

(q + %) ANyl (/oo e—ydy> _

A7 (In A)™
(q + %) AN F L

N1-6_1

A7 (In A)™ (_e_yﬁvolfﬁ—l) =

g+ 1) AN2mtig) -
( )\g)(lnA)m () =

(q + %) Ar2mHm]

(29)

X (I A)” () =

(q + %) ANmF L
Am (In A)™

Thus, we have proved:

o0

(800

> W (INw — k[) [Nz — k|™ <

k= —o0
[Nz — k| > N1=F

1) om+1,,)
(q; q(? 2A)ﬂ:n.z‘lé(N ),
™ (In

where m, N e N; g, A >0, A>1,0< <1

(30)

We also make

Remark 2.3. We also estimate (v := 2max {q, é})

> W (INz —k|) (1 + [Nz — k)™ <

k= —o0
[Nw — k| > N17°

IN
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(31) gm=1 > W (|Nz—k|)(1+|Nz— k™) =

k= —o0
[Nz — k| > N1=F

(

gm=1 > W (|Nz — k|) +

k=—o00
| :|Nx—k]2N1‘ﬂ

- (by (@, ()
> W (INz = k) [Nz = k[" b <

(q + %) 2mFlm)

gm—1 A—A(Nl_B—Q) A_%(Nl—ﬂ_gg)
! T may”
We have proved that
3 W (INz = k) (1 + | Na — k)" <
k= —o0
[Nz — k| > N17F°
q+ l) 2mtim|
(32) g1 Ly ATANIT2) ( : Az (V=8

A (In A)™
where m, N e N; g, A >0, A>1,0< (< 1,7:2max{q,%}.

We need

Definition 2.4. In this article we study the smooth approximation properties of the
following interpolation neural network operators acting on f € Cpg (R) (continuous

and bounded functions):

(i) the basic ones

(33) By (f,x) = i f(%)W(Na:—k), VeeR, NeN,

k=—o00
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(ii) the Kantorovich type operators

k

(34) Cy (f,z) = io: (N/Nf(t)dt)W(Nx—k:), VeeR, NeN,

k=—o00 N

0
(i) let # € N, w, >0, > w, =1, k € Z, and

r=0
’ k r
4] = Sl =+—=,
(35) e (f) ;wf<N+N0>
we consider also the quadrature type operators
(36) Dy (f.z):= Y 6n(f)W(Nz—k), Vz€R NeN
k=—00

We will be using the first modulus of continuity:

(37) wi(f,0):= sup |f (@)= f{y)l, 6>0,
z,yeR:
lz—y|<é

where f € C'(R) which is bounded and or uniformly continuous.

The space C, (R) are the uniformly continuous functions on R, and Cy,p (R) the

uniformly and bounded functions on R.

We notice that By (1) = Cx (1) = Dy (1) = 1, and By, Cy, Dy are positive
linear operators, and they map Cg (R) into C (R); for the last see (6] and [5], Ch.
15, Theorem 15.15, p. 391.

3. Auxilliary Results
We need the following important results.

Lemma 3.1. Let herex € R, j e N; 0O < g <1, A>1, ¢,A > 0; N € N with
N8 > 2. Then

0< By (|- —af ) (2) <

1 1 <q+%> 2j+1j!

(38) R Gy A7 A2 (NI8) o (V) < oo,
and
(39) 0< HBN (y-—xyj) (a:)Hoo <4 (N) =0, as N — oo.
Proof. We have that

By (- o) (@)= 3 '%—ij<Nx—k>=
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Z ’——x W (Nzx —k)+
{ k:_
2~ x| < 35
> k J ()
(40) > ‘N—w W (Nz—Fk) <
{ e
v — %] = 75
1 1 > ;

k
{ D |Nw — k| > N8

1 i+1 71
1 i (q + q) 27+ 41 A_%<N176_3)

T CH Y (In AY

< +00.

Lemma 3.2. All as in Lemmal31. Then

0<Cy (1 =) (@) < (%%)Z

ot [ ey (D)2 ey
(41) i vA + N (o A A =: 1y (N) < 400,
and
(42) 0< HCN <|-—x|j) (x)HOO < (N) =0, as N — oo.

Proof. We have that

CN<|—x|j> ZWNx— (N/O}Vt

k=—o00
- k 1Y’
N _ _ _ —
k:ZooW( x k:)(N x+N>
e k 1\’
> W(N:c—k)(ﬁ—:c—FN) +
{ k=—o0
Hy ol < 5

47
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> k 1\’
(43) > W(N:c—k)(ﬁ—x +N) <
{ k= —o0
Hy =2l = 5
11\ 1 > N
<W+N) + 37 > W (INz — k) (INz — k| + 1) <
k= —o0

[Nw — k| > N8
(44)

i : 1) 9j+1,1
1 1y 2! ~A(N1-5-2) <q + q) 27 —3(N1=F-3)
(Nﬂ - N> N {7‘4 vy ) =

Lemma 3.3. All as in Lemmal31d. Then

and
(46) 0< HDN (\.—xyf) (x)HOO <4 (N) =0, as N — oo.

Proof. As similar to Lemma [3.2] is omitted.

We need the following Hoélder’s type inequality for positive linear operators.

Theorem 3.4. Let H be a positive linear operator from C (R) into Cg(R), and
f,9 € C(R), furthermore let p,q > 1 : % + % = 1. Assume that H ((|f ()|")) (ss),
H ((lg ()]) (s«) > 0 for some s, € R. Then

(47) HA(If () () (52) < (H (] CPD) (5)7 (H (g ()])) (52)) 7

Proof. Let a,b >0, p.q > 1: }—17 + é = 1. The Young’s inequality says

Q=

ab bl
Then
e O
HF D) )P (H (g (O )
/(&) 9(s)]
(49) PO e @ Oy R
Hence it holds
H (1 Ollg () () .
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B O D)0, HgOD) ) 11
(50) P E )6 T dE@ (g ) p et

for s, € R, proving the claim.

4. Main Results
We present the following general approximation result.

Theorem 4.1. Let n € N and f, f® € O (R), + € R. Consider Hy a sequence
of positive linear operators from Cpg (R) into itself, N € N, such that Hy (1) = 1.
Assume Hy (|- — 2["™") (x) > 0, and f@ (z) =0, fori=1,..,n.

Then

[Hx (1) (2) = £ @) < n (£, (o (1 = ol™) () ™)

(Ha (|- = al™) ()™
(n+1)

(51) [HN (|- —=|") (=) + < 400, VN eN.

Given that NllTOOHN (|- = x|n+1) (x) =0, then NETOOHN (f)(z) = f(x).

]<+oo, vV N eN.

If n =1, we derive

[Hy (/) (@) = f @) < i (f ((Hx (= 2)%) @)

[N

(Hy (- — 2)?) (2))?
2

(52) [HN(- —xf) () +

Given that lim Hy ((- — x)2) (x) =0, then lim Hy (f)(z) = f(x).

N—~+o0 N—+o0
Proof. Let x,y € R, by Taylor’s formula we have

1w =3 00 gy [0 0 0 ) i

We call the remainder in as

ﬁ /y (y—8)""" (f"™ ) — f™ (x))dt, Va,yeR.

By [2], p. 217, and [4], p. 194, Chapter 7, (7.27) there, we get

(54) Ry, (x,y) =

() § _
5 Rl L (1 Y ey er s

We may write as

n+1

O . B
66 IRyl < 20 bx__y|_%t£_£d__

v R, 6 > 0.
n! (n+1)0 |’ BYES
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That is
CORTTORS SrLITE

Vz,yeR, 6>0.

IN

)

nl T D

Furthermore it holds

n . _ (n) ) o, ntl
68 1£ )~ £ @)l < 3170 ()] Moty lS0) [u_muw
=0 :

Y

n! (n+1)0

Vz,yeR,d>0.
Here f@ () =0, for i = 1,...,n; and for a specific € R, we get

, Yy eR, §>0.

Wy (n)’ n z —y["t!
(59)  |f(y) = f(o)] < # [‘”’”_y‘ * l(n ﬂ)(s

In case of n = 1, we derive

60) 1)~ F@I < 1F @)y = 2l +wr (,9) [rx gy 2 ] ,

Va,yeR, 6 >0.
If n=1and f'(x) =0, for a specific x € R, we get that

(z —y)?
2

], VyeR, § >0.

Let Hy : Cp (R) — Cp (R) a sequence of positive linear operators, N € N.
Let f,g € Cp (R), we have

f=f—-g9g+9<|f—gl+y

hence

(62) Hy (f) < Hn (|f —9) + Hn (9),
and

(63) Hy (f) = Hn(9) < Hy (If = gl)-
Similalrly, it holds

(64) Hy (9) — Hn (f) < Hy (If = 9l) -
That is

(65) |Hn (f) — Hn (9)] < Hy (If — 9l) -

Next, we assume that Hy (1) =1,V N € N. Then
[Hy (f) (2) = f ()| = [Hx (f) (x) = f (2) Hy (1) (2)] =
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[Hy (f) () = Hy (f (2)) (z)] = [Hn (f (-

|
~
S
=
—~
g

(66) Hy ([f () = f(2)]) (x) <
wi (f™,5) Hy (|- — 2™ <x>]

VreeR,§>0.

Here we assume and choose
(67) 6= (Hy (|- — /™) (x)) ™" > 0.
Therefore we get

[Hy (f) (&) = f @) <wr (£, (H (|- = 2™ (2)) ™)

(65) [HNw—xWﬂm+‘HN“_xWHM@y“],

VN eN.
If n =1, we find that

[ (1) () = f (@)] < o (' (B (=) () )

, VN eN.

(69) Hy (|- = 2|) () + (

Using and Theorem [3.4] for g = 1 and Hy such that Hy (1) = 1, we obtain
(70) Hy (|- =al") () < (Hv (| = a™") (2) ™

In case of n = 1, we derive
(71) Hy (| = o) () </ (H ((- - 2)%) (@),

An application of Theorem [£.1] follows.
Call 0y any of the operators By, Cy, Dy, N € N.

Theorem 4.2. Let n € N and f,f™ € Cp(R), 2 € R. Assume fO (x) = 0,
i1=1,...n. Then

03 (F) (@) = £ (@)] < wr (£, (0 (1 = 2]"*)) (2)77)

(O (|- — 2™ ()™

(72) On (|- — 2|") (=) + CEE)

<400, VN eN.

Here lim Oy (f) (x) = f(z).

N—+o0
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If n =1, we obtain

O3 () () = £ @) < eor (1 ((0n (= 2))) (@)

N

)

< +oo, VNN,

(Ox ((- — 2)°) (2))*
2

(73) On (|- — x]) (z) +

Again it holds lim Oy (f) (x) = f(x).
N—+o00

Proof. By Theorem [4.1) and Lemmas [3.1}3.3]

We mention the following result.

Theorem 4.3. ([7]) Let f € Cg(R), z € R. Consider Hy a sequence of positive
linear operators from Cp (R) into itself, N € N, such that Hy (1) = 1.

Assume that Hy (|- — z|) (x) > 0. Then
(74) |Hy (f) (2) = f (@)] < 2wi (f, Hy (|- — 2]) (2)), VNEeEN.

Given that Nlim Hy (|- —z|) () =0, and f is also uniformly continuous, we obtain
—+00

Jim Hy (7) (1) = ().
An application of Theorem {4.3| comes next.
Theorem 4.4. Let f € Cp (R), z € R. Here Oy = By, Cn, Dy. Then

(75) O (f) (2) = f ()] < 201 (f, 05 (|- = 2]) () < +o0,

VNeEN:NFP>2 0<p<1.

If f is also uniformly continuous we derive NliIE On (f) (z) = f(x).
—+00

Proof. Direct application of Theorem and Lemmas 3.3

Corollary 4.5. Let f € Cp (R). Then

4 q—}-%
(76) By (f) = fll <201 [ £, |5 + Hovi)

_A 1-8_
A (N 3)
M TN ama ’ < +oo,

VNEN:N"P>20<B8<1;¢,A>0,A>1.

If f is also uniformly continuous, we obtain Nlim By (f) = f, pointwise and
—+00

uniformly.

Proof. By Lemma [3.1] and Theorem [4.4]
We finish with the following result.
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Corollary 4.6. Let f € Cp (R). Then

Ion (F) ~ fll | -
1Bx (1)~ fll § =

(77)

4(q+1
1 1 1 1— q -
et (WW)W AT 4 % AT ) < oo,

VNEN:N1‘5>2,O<6<1;q,)\>O,A>1,»y;:2maX{qjé}'

If f is also uniformly continuous, we derive that

N—+oo N—+oo

pointwise and uniformly.

Proof. By Lemmas [3.2] [3.3] and Theorem [£.4]
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