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ABSTRACT. The authors study the oscillatory behavior of the fourth-order neutral delay differ-

ence equation
A(mz(0)A(ma()A(my()Az(£)))) +q(O) fy(£ —7)) =0

where z(£) = y(£) + p(£)y(¢ — o), under the conditions that » 2, mj_l(s) < 00, j =1,2,3. New
oscillation criteria are obtained with relatively few conditions. The results established are new to

the literature as is shown through some examples.
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Key Words and Phrases. Oscillation, neutral, fourth-order difference equation, noncanonical
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1. Introduction

This paper concerns the noncanonical fourth-order neutral delay difference equa-

tion of the form
(E) Dyz(0) +q(O) f(y(t — 7)) =0, £ > Ly > 0,

where Doz = z, Djz = m;A(D;_12), j = 1,2,3, Dyz = A(D32), and z(¢) = y(¢) +
p(0)y(¢ — o). Throughout the paper, we assume that
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Hy) {m;(0)}, j = 1,2,3 are positive real sequences for all integers ¢ > ¢, and satisfy
j

M) =) o <00, §=1,2,3,
=ty Y

(Hy) {p(£)} and {q(¢)} are positive real sequences with 0 < p(f) < p < 1 for all
0> Ly,

(H3) o and 7 are positive integers;

(Hy) f € C(R,R) is nondecreasing and @ > L >0 forall z #0.

Let 6 = max{o, 7}. By a solution of (E), we mean a real sequence {y(¢)} defined
for all £ > ¢y — 0 and which satisfies (E) for all £ > ¢;. We consider only such
solution that are nontrivial for all large ¢. A solution of (E) is called oscillatory
if it is neither eventually positive nor eventually negative; otherwise, it is called

nonoscillatory. Equation (E) is said to be oscillatory if all its solutions are oscillatory.

Fourth order difference equations arise naturally in discrete-type models relat-
ing to physical, biological, and chemical phenomena, such as, problems in elasticity,
deformation of structures, or soil settlement (see, for example, [1,9]). Furthermore,
in engineering and population dynamics problems, the existence of oscillatory so-
lutions play an important role. During the past several years, there has been an
increasing interest in obtaining conditions for the oscillation of solutions of differ-
ent classes of fourth-order difference equations with or without deviating arguments;
see [2-8,10-21,23-25] and the references cited therein. In particular, the authors
in [4,10,11,15,19,20, 23,25] studied equation (E) in case

(1.1) Mi(ly) = Ma(ly) = My(ly) = o0,
(12) MI(KO) = MQ(EO) = 00, and Mg(ﬁo) < 00,
(13) Ml(e()) = 00, Mz(fo) < 00, and Mg(go) =00

holds. Following the terminology introduced in [10], we say that equation (E) is in

canonical form if (1.1) holds and is in semi-canonical form if (1.2), or (1.3), or
(14) M1<€0) < 00, and MQ(KO) = Mg(éo) =00

holds.
In [5], the authors studied equation (E) with p(¢) = 0 and established some

oscillation criteria under the condition (H;). From a review of the literature, it
seems that there is nothing known about the oscillation of (E) if condition (H)
holds, and this is due to the fact that finding relationships between a solution {y(¢)}
and the corresponding sequence {z(¢)} seems to be very difficult. Motivated by this
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observation, in this paper our aim is to fill this gap by presenting some new criteria for
the oscillation of all solutions of (E). Examples are provided to show the importance

of our main results.

2. Main Results

For the sake of brevity, we introduce the following notation. For ¢ > £y, let

Ma(0) = 30025 () =3 2,

and

Myps(0) = Z M23(§))_
s={

ml(

In what follows, we only need to consider eventually positive solutions of (E), since
if {y(¢)} satisfies (E), then so does {—y(¢)}.

We begin with the following classification type lemma.

Lemma 2.1. Let {y(¢)} be an eventually positive solution of (E). Then there is an
integer {1 > {y such that the corresponding sequence {z(€)} is positive and satisfies

one of the following cases:
(1) Dlz(€) > 0, DQZ([) > 0, DgZ(g) > 0, D4Z(€) <0,
(2) Dyz(f) >0, D9z(¢) >0, Dsz(f) <0, Dyz(f) <0,

(3) Dlz(ﬁ) > 0, DQZ(E) < 0, DgZ(ﬁ) > 0, D4Z(€) <0,

(4) Dyz(0) >0, Dyz(€) <0, Dsyz(€) <0, Duz(¢) <0,
(5) Diz(f) <0, Dyz(f) >0, Dyz(f) >0, Dyz(f) <0,
(6) Dyz(f) <0, Dyz(f) >0, Dyz(f) <0, Dyz(f) <0,
(7) Dyz(€) <0, Dyz(f) <0, Dyz(f) >0, Dyz(f) <0,
(8) Dyz(f) <0, Dyz(f) <0, Dyz(f) <0, Dyz(f) <0,

for all £ > /4.

Proof. The proof is obvious and so the details are omitted. (The reader might also

wish to consult [1] among other references.) O

In the following lemmas, we find relationships between the sequence {y(¢)} and
the corresponding sequence {z(¢)} if the cases (1)—(8) in Lemma 2.1 are satisfied.

These are essential for obtaining our oscillation criteria for (E).
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Lemma 2.2. Let {y({)} be an eventually positive solution of (E) with the correspond-
ing sequence {z({)} satisfying cases (1)-(4) of Lemma 2.1. Then

(2.1) y(£) > (1 —p(£))z(¢)
for all £ > 01 > L.

Proof. From the cases (1)—(4), we see that z({) is positive and increasing, and by the

definition of z(¢), we have
y(£) = 2(6) = p(O)y(o(£)) = 2(€) — p(€)z(o(£))
> (1= p(0)=(0), 0> 0> 0o,
This proves the lemma. O

Lemma 2.3. Let {y({)} be an eventually positive solution of (E) with the sequence
{z(0)} satisfying case (5) of Lemma 2.1. Then

for all £ > 01 > (.

Proof. In view of case (5) of Lemma 2.1, we see that

o0

1

(2.3) —D;2() > Dyz(00) — Dyz(f) = Y ngz(s) > My (€)Dyz(0),
s=/
w0 D20 (My(£)Dye(0) + Dy=(0)
A ( M,(0) ) T ma(0)My(€)My( + 1) 2 0.
Therefore,
(2.4) %(Z;f) is nondecreasing.

Now, using (2.4), we have

and
z(€) '\ _ Mia(£)Dy2(f) + Ma(€)z(£)
8 (Mu(e)) T T OMu(O M+ 1) 2
Hence,
(2.5) 2(0) is nondecreasing.

Mi5(0)
From the definition of z(¢) and (2.5), we have

(6) 2 (0~ p)ste —0) 2 (1- 2= ) sy ez,

and this completes the proof. O
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Lemma 2.4. Let {y({)} be an eventually positive solution of (E) with the sequence
{z(0)} satisfying case (6) of Lemma 2.1. Then

(26) y(ﬁ) > (1 i p(E)MIQ?)(E)_ 0)) z([)

Mia3(¢
for all £ > 11 > V.

Proof. In view of case (6) of Lemma 2.1, we see that

[e.9]

(2.7) Dy2(0) = Dyz(oc) == 3 m:(s) Daz(s) > —Ms(£) Daz(0).
s=/{

Hence,

( ) _ M;5(0)D3z(€) + Dyz(£) -0
ms(€)Ms(€)Ms(¢ +1) — 7

which shows that { is nondecreasing. Using this property, we see that

)

By (2.8), we have

“Di(0)\  —Mu(0)Daz(¢) — My(6)D2(0)
A( Mas(0) ) T (M (Ml + 1) =

D2,Z DQZ(S) i Mg(S) Mgg(é) DQZ(€>

- Mg(ﬂ) py! mg(s) Mg(g)

and so {]Zgz(%)} is nondecreasing. We also have

o)

(2.9) z(0) > — Z %@)Dlz(s) > _]\ng) Z_; ]\T/;[is((s) _ —]\]\44;&()5) Dy z(0).

s={

Hence, by (2.9), we obtain that

( z(¢) ) _ Mi3(0)Dy12(€) 4 My3(£)2(£) -
Mias3() ) mi(€)Miog(£)Migs(£ +1) — 7

and so

2(0)
Mia3(¢)
From the definition of z(¢) and (2.10), we see that

(2.10)

is nondecreasing.

which completes the proof. O

Lemma 2.5. Let {y({)} be an eventually positive solution of (E) with the sequence
{z(0)} satisfying case (7) or case (8) of Lemma 2.1. Then

(2.11) v > (1 - MO ")) 0

forall £ > 01 > {.
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Proof. Assume that case (7) or case (8) of Lemma 2.1 holds. In both of these cases
we see that z(¢) > 0 and D;z({) is decreasing for all ¢ > ¢,. Using this, we see that

2(0) > 2(0) = 2(00) = = > l;;f(f))

s=/{

> —M,(€)D12(0).

Hence,

z2(0) \ _ My(0)Dyz(€) + 2(¢)
& (Ml(@) — omy (O My (€)M (0 + 1) =0

which shows that {%} is nondecreasing. Using this property in the definition of

z(¢), we have

00)2 =0~ plo)=(e — ) > (1- L) o

for all £ > ¢;. This completes the proof of the lemma. n

Remark 2.6. Let us define

: p()My(€— o) p(l)Mio(l — o) p(l)Mig(l—0))
d(t) = min {p(f), M) My (6) Mia3(¢) } 7

then from (2.1), (2.2), (2.6) and (2.11), we have that the relation
y(€) = (1 —d(0))=(¢)

holds. We further assume going forward that (1 — d(¢)) > 0 for all £ > ¢, > 4.

Lemma 2.7. Let {y({)} be an eventually positive solution of (E) with the correspond-
ing sequence {z({)} satisfying any of the cases (1)—(8) of Lemma 2.1. Then

(Ey) Dyz(6) + Lg(0)(1 —d({ —7))z({ —7) <0
for all £ > 01 > L.

Proof. Let {y(¢)} be an eventually positive solution of (E); then there exists an integer
¢y > {y such that y(¢{ — o) >0 and y({ —7) > 0 for all £ > ¢;. From Lemmas 2.2 to
2.5, combined with Remark 2.6, we see that

yl—71)> 1 —=d(l—71))z({ —7T), £>14,

and using this in (E) along with condition (Hj4), we obtain (F;). This proves the

lemma. O

Next, we define

1y el il
Q)= s=¢ ma(s) t=l. ms(t J=€ W =)
and .
(.0 = q(s)Mias(s — 7) (1= d(s — )
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for all £ > ¢, and any £, > (.

Lemma 2.8. Let {y({)} be an eventually positive solution of ¢ > (.. If
(2.12) Q(00, ly) = 0,
then the sequence {z(¢)} cannot satisfy any of the cases (1)-(4) in Lemma 2.1.

Proof. From (H;) and (2.12), we can see that

o

(2.13) Z i d(s = 7)) => q)(1 —d(t—T)) = oc.

=to t=to
Now assume that {y(¢)} is an eventually positive solution of (E). Then there exists
an integer ¢; > {y such that y(¢ — o) > 0 and y(¢ — 7) > 0 for all £ > ¢;. From the
definition of z(¢), we see that z(¢) > 0 and satisfies cases (1)—(4) of Lemma 2.1. In

view of Lemma 2.7, we see that
(2.14) Dyz(0)+ Lg(0)(1 —d(l —1))z( —7) <0, €>{.

Since in all four cases, {z(¢)} is increasing, there is a constant ¢ > 0 and an integer
ly >ty such that z(¢ — 1) > ¢ for all £ > ¢5. Using this in (2.14), we obtain

(2.15) “Dy2(0) > Leg(O)(L — d(f — 7)), £ > b,

Summing (2.15) from ¢, to £ — 1 gives

-1
(2.16) —D32(0) + Dsz(ly) > Le »  q(s)(1—d(s — 7).

s=Vo
If we assume that {z(¢)} satisfies either case (1) or case (3), then from (2.13) and
(2.16),

-1

(2.17) Ds3z(ly) > ch q(s)(1—d(s—17)) = o0 as £ — oo,

s=/lo
which is a contradiction.

Next, assume that case (2) holds. From (2.16), we see that

—D3z(0) > LCZ d(s —7))
s=Vlo
or . .
(2.18) —A(Dyz(0)) > o > qls) (L —d(s—T)).
s={o

Summing (2.18) from ¢5 to ¢ — 1, we obtain

s—1

i: d(t — 1)),
=,

l—
DQZ(KQ) — DQZ Z
=l



90 N. PRABAHARAN, J. R. GRAEF, AND E. THANDAPANI

which, in view of (2.13), gives

/-1 s—1
(2.19) Dﬂ@ﬂklﬁizmt>§:ﬂﬂﬂ—d@—ﬂ)%oowf—ﬂm
oty TB\S) g

This is clearly a contradiction.

Finally, assume that case (4) holds. Proceeding as in the last case, we have from
(2.19) that

s—1

—A(D;z(¢)) > Z i d(t —7)).

Summing from /¢y to ¢ — 1,

(2.20)
-1 1 s—1 1 t—1
D1z(ly) — Dy2(€) > L (1 —d(j — = LcQ({, l5).
) = D) 2 LY s S S )~ ) = L)
s=l2 =/La J=L2
In view of (2.12), this implies that Dyz(f2) > LcQ({,¢3) — oo as £ — oo, and this
contradiction completes the proof. O

Next, in our first main result, we show that under a simple condition, any

nonoscillatory solution of (E) converges to zero as { — oc.

Theorem 2.9. Assume that (Hy)—(Hy) hold. If
. Q(€7‘€0)

221 hASC RN

( ) g:ZgO ma (£)

then any solution {y(€)} of (E) is either oscillatory or limy_, y(¢) = 0.

Proof. Let {y(¢)} be an eventually positive solution of (E). Then there exists an
integer ¢1 > ¢y such that y({ —c) > 0 and y(¢{ —7) > 0 for all £ > ¢;. Then, z(¢) > 0,

and by Lemma 2.1, eight possible cases may occur for ¢ > /4.

Since (2.20) together with (H;) imply that »,°, Q(/, ) cannot be bounded, by
Lemma 2.8, cases (1)—(4) cannot hold.

Assume one of the cases (5)—(8) holds. Since z is decreasing, z(00) = limy_,, 2(¥)
= ¢p with 0 < ¢y < oco. Assume that ¢y > 0. Then there is an integer ¢, > ¢; such
that z(¢ — 1) > ¢q for £ > {5, and from (E}), we have

—Dyz(0) > Leog(£)(1 — d(€ — 7)),

Then we can easily arrive at the contradiction (2.17) in cases (5) and (7), and the

contradiction (2.19) in case (6). Hence, we conclude that ¢y = 0.

If we assume that case (8) holds, then we arrive at (2.20), that is,

—Di2(0) > LeoQ(L,4s),
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or I
Co
m (g) Q(ga EZ)

Summing the last inequality from /5 to ¢ — 1 gives

-1
z(ly) > LCZ %
s=/

But in view of (2.21), the summation on the right-hand side of the last inequality

—Az(l) >

tends to 0o as £ — oo, which is a contradiction. Hence, lim_,, z(¢t) = 0, and since
y(£) < z(¢), this implies that limy . y(¢) = 0. This completes the proof of the

theorem. O

In the sequel, we present two theorems on for the oscillation of all solutions of
(E).

Theorem 2.10. Assume that (Hy)—(Hy4) hold. If
1
(2.22) limsup @Q1(¢,4) > —
{—00 L

for any integer {1 > £y, where

Q1(£7 El) = min{Ml (E)Q(& 61)7 M3(£)@(£7 gl)}7

then (E) is oscillatory.

Proof. Let {y(¢)} be an eventually positive solution of (E); then there exists an integer
¢y > £y such that y(¢ — o) > 0 and y(¢ — 7) > 0 for all £ > ¢,. Now, the sequence
z(¢) > 0, and by Lemma 2.1, eight possible cases may occur for £ > ¢;.

First note that, in view of (H;), in order for (2.22) to hold, we must have that

(2.23) Q(00, ) = Q(00, ly) = oo.

In view of Lemma 2.8, we see that condition (2.23) ensures that cases (1)—(4) of

Lemma 2.1 are impossible. Hence, we shall consider the remaining possible cases
(5)—(8) individually.

Assume that case (5) holds. From Lemma 2.7,
(2.24) Dyz(6) + Lg(0)(1 —d({ —7))z({ — 7) <0,

and from (2.3),
—Dyz(0) > My(£)Dyz(0)

or
My(0)
—Az(l) > Dsz(0).
( ) = ml(g) 2 ( )
Summing the above inequality from ¢ to co gives
2\ My(s
(2.25) 2(0) > Daz(0) ) mQ_ES; = My5(0) Doz (0).
1

s={
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Using (2.25) and the increasing property of Doz (¢) in (2.24), there exists a constant
c1 > 0 and an integer 5 > {1 such that

“Dyz(0) = Lerg(0)(1 — d(f — 7)) Mis(£ — 1), £ by,

Summing from {5 to £ — 1, we obtain

-1
(2.26) D3z(ly) > Dsz(€) + Ly Z q(s)(1 —d(s — 7)) Mia(s — 7).

s=Vo

Taking (H;) and (2.23) into account, it is easy to see that

~Qeente) = 3 a1 (e ) )
.27 < quw)(l—dw—T»Mu(e—r).

Using (2.27) in (2.26), we obtain a contradiction.

Assume that case (6) holds. From Lemma 2.7, we get (2.24). From (2.8) and
(2.9), we have

Mia3(0)

(2.28) 2(0) > YOG Dyz(0),
and using (2.28) in (2.24) gives
(2.29) _Dux(0) > Lg(0)(1 — d(¢ — ﬂ)%pﬂ(z o).

Summing (2.29) from ¢; to ¢ — 1 and using the monotonicity of Dyz(¢), we find that

{—1

(2.30) —D32(€) > LDo({ —7) Y q(s)(1—d(s— 7))

s={1

From (2.7) and (2.30), we obtain

Mis(s =7) o 1 poay0e, ).

—Dgz(f) 2 —LMg(g)@(g, €1>D32(€)
Dividing both sides by —D3z(¢) and then taking the limsup as ¢ — oo on both sides
of the resulting inequality, contradicts (2.22).

Now assume that case (7) holds. From Lemma 2.7, we have (2.28). Summing

(2.24) from 1 to £ — 1 and using the fact that {2 A } is nonincreasing, we have

D3z(6y) > Dsz(0) + L Z_: q(s)(1 —d(s—71))z(s —7)
2(01) =

(2.31)

> Ml(ﬁl)LZ g(s)(1 = d(s — 7)) Mi(s — 7).

s={1
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On the other hand, using (H;) and (2.27), it is easy to see that for any constant

co > 0,
0= q)(1—d(t —7))Mp(t —7) < e Y _q(0)(1 —d(l — 7)) My (L =),
=0 =01

which, in view of (2.31), is again a contradiction.

Finally assume that (8) holds. Again from Lemma 2.7, we have (2.24). Summing
(2.24) from ¢, to £ — 1,

—Dsz(0) > L 2_: q(s)(1 —d(s—71))z(s—71) > Lz({ —T) Z_: q(s)(1 —d(s—1)).

Dividing the last inequality by mg3(¢) and then summing from ¢; to ¢ — 1, we obtain

/—1 s—1

1
(2.32) —Dyz(0) > La(t—7) ) ) > a1 —d(t—7)).
s=/ 3 t=01

Similarly, we can obtain

-1 sl il

—Dyz(0) > Lz(¢ g —=d(j—r
l( Z&mg tg 3(&]22& ( ( ))
> Lz(0)Q(l,01) > —LM(0)Q(L, £1)D12(L),

that is,

1

7 2 M(OQ(L 4),
which clearly contradicts (2.22). The proof is now complete. O

Our final theorem is obtained by using the classical Riccati transformation tech-

nique.

Theorem 2.11. Assume that (Hy)—(Hy) hold. If for all sufficiently large £1 > (o,

Mos(s) C s
(2.33) h?iigpg (Lq )(1 = d(s = 7)) Mizs(s) — 2 () Masa (s + 1)) =
and
(2.34)
LM, (s 1 & . 1
hiiillpz ( e )g: () 2100 07 W) o

then (E) is oscillatory.

Proof. Let {y(£)} be an eventually positive solution of (E) such that y(¢—7) > 0 and
y(l —o) > 0 for all £ > ¢; > £y. Then z(¢) > 0 and by Lemma 2.1, there are eight

possible cases that may occur for ¢ > /4.
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From (2.34), we see that

s—1

ZﬂégiLg@Ey@uﬂW—m:m,

(=0, t={1

which, in view of condition (H;) implies that @ (oo, fy) = co. Thus, by Lemma 2.8,
cases (1)—(4) in Lemma 2.1 cannot hold, so we will consider cases (5)—(8) one at a
time.

Let case (5) hold. From (2.33), we have

[e.9]

Z q(£)(1 = d(l — 7)) Mizs(¢) = oc.

=ty
Then arguing as in the proof of Theorem 2.10 for case (5), we arrive at a contradiction.
Assume that case (6) holds. Define the sequence

. DgZ(g)
vl ="

Combining (2.7) and (2.28), we obtain

<0, ¢>1.

Also, from (2.7) and (2.8),

M23(€)
m1(€>
Now by (2.24), (2.36), and the monotonicity of {z(¢)}, we see that
Dyz(€)  Ds3z(€)Az(¢)

2(04+1)  z(0)z(0+1)
(=7) _

20+ 1) my (0)22(€)

(2.36) —Az(l) > — D3z(¢).

Aw(l) =

< —Lg(0)(1 —d(t — 7))

< ~La(O(1 - d(t = 7)) = T2 u(0),
Aw(l) + Lq(0)(1 — d(f — 7)) + Aﬂi%&?w?(f) <0.

Multiplying the above inequality by Mje3(¢+ 1) and summing the resulting inequality

from ¢; to ¢ — 1, we obtain

/-1 /-1
237 ZM123 s+ )Aw )+LZM123(S+ 1)q(5)(1 —d(8—7'>>
s={1 s={1

+L Z_: Mass(s + 1) My (5) 22

s={1
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Now, applying the summation by parts formula and then rearranging terms, we have

-1
w(l) Mig3(€) — w(l1) Migs(€1) + Z LMiz3(s+1)q(s)(1 —d(s — 7))
s=0
- -1
(2.38) Z Mm Z M%(s%}f;s ) <0
=/ s=/{1

Using completing the square and then applying (2.35) leads to

/-1 M23(S)
; (Lq(s)Mlgg(s +1)(1—d(s—7)) — T (5 1))

< w(ly)Miaz(f1) +1 < o0,
which contradicts (2.33) as { — oc.

Assume now that case (7) holds. Note that

(e}

Z q(0)(1 = d(l — 7)) Mizs({) = o0

{=ly

is necessary for (2.33) to hold. Then, for any constant c3 > 0, we have

(2.39)  oco= Zq )(1 = d(¢ — 7)) M (£ <C3Zq — 7)) Mis(0).

(= fo = ZO
Proceeding as in the proof of case (7) in Theorem 2.10, we obtain a contradiction.

Finally assume that case (8) holds. Define

o() = Dzl&(f) <0,
From (2.32), we have
-1
(2.40) —Dyz(0) > Lz(0+1 Z Z q(t d(t — 7).
On the other hand, from the monotonicity of Dlz(f), we have
(2.41) 2(00) —2(0) = l;;f((j)) < My (€)Dy2(0)
=t
(2.42) —1 <v(l)My(¢) <O.
Using (2.40) we obtain
__ De2(f) (D1z(0))*
Al = e+ D) 02 (0)2(( 1)
I /-1 1 s—1 - B - 02(6)
< ; —r t;lq(t)(l At =7)) =y
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Multiplying the last inequality by M;(¢+ 1) and then summing from ¢; to ¢ — 1 gives

t—1

l— 1
o O M0 — e Ms(E) ZLM”* > =Y - di—r)

s= t=01 =01

l—

u(s) | N v¥(s)
z; () + Z M (s + 1) <0.
Completing the square and then using (2.42), we obtain

LM ( s+ . = , 1
Z( Zg §Q<J)<1_d(3_T))_4m1(S>M1(S+1)>

s=l1

s=01

S 1 + M1<€1)U(€1),

which contradicts (2.34) and completes the proof. O

3. Examples

In this section, we provide two examples to illustrate the applicability and novelty

of our results.

Example 3.1. Consider the fourth-order neutral delay difference equation

(3.1) AL+ DAUE+DAUE+1)Az(0))) + qlPy(f —2) =0, £>2,

where z(0) = y(0) + tcy({ — 1) and go > 0. Here we have m;(£) = mqo(0) = m3(f) =
0(C+1), p(f) =1/16, q(f) = qol =1, 7 =2, and f(y) = y. Simple calculations
show that Ml(g) = (ﬁ) ( ) = 1/£ Mlg( ) =~ 1/2€2 = Mzg(g), and Mlgg(f) ~

1/603. Furthermore, d(¢) = - and L = 1. It is easy to see that Q({,2) ~ 22¢ — oo
as { — oco. Therefore, by Theorem 2.9, nonoscillatory solutions of (3.1) converge to

zero as ¢ — oo.

Example 3.2. Consider the equation
(3.2) AL+ DAUELHD)AUE+1D)AZ(0)))) + qolPy(f —2)(1 +y*(£ —2)) =0,

where z(0) = y({) + 15y({ — 1), go > 0, and ¢ > 2. Here we have f(y) = y(1 + y?),

Q1,2) = Q((,2) ~ 5?‘3;6, and the other quantities are as in the previous example.

Condition (2.22) becomes

56]0£ 5qo
li odt _ 2%
PSP 3o T 32 T

so that (2.22) is satisfied if gy > 6.4. Therefore, by Theorem 2.10, equation (3.2) is
oscillatory if ¢y > 6.4. The same conclusion follows from Theorem 2.11 if ¢y > 4.8.

Thus, Theorem 2.11 gives a better condition than Theorem 2.10.
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4. Conclusion

In this paper, we first found the relationship between a solution {y(¢)} and the
sequence {z(¢)} in the case where z(¢) satisfies one of the eight different conditions
in Lemma 2.1. Using these relationships, we obtained sufficient conditions for the
oscillation of all solutions of (E). Notice that using the method developed in this
paper, it would also be possible to obtain oscillation criteria for equation (E) in the

cases where the equation is one of the semi-noncanonical types
M1<€0) = 00, MQ(EO) < 09, and Mg(fo) < 00,

or

M1<€0) < 00, Mg(go) < 00, and Mg(fo) = 00,

or

Ml(go) < 00, Mg(ﬁo) = 00, and Mg(ﬁg) < Q.

This is left for future research. Also notice that none of the results currently in
the literature when applied to equations (3.1) or (3.2) can yield the oscillation of all
solutions since these equations are not canonical. It would be of interest to extend
the results here to the cases where the neutral coefficient p(¢) > 1, p is nonpositive, or
if p is unbounded. (For a discussion of how different values of p affect the oscillatory

behavior of solutions of neutral difference equations, we refer the reader to [22].)
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