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ABSTRACT. Here we treat the univariate fuzzy quantitative approximation of fuzzy real valued
functions on a compact interval by quasi-interpolation symmetrized and perturbed hyperbolic tan-
gent and generalized logistic functions based fuzzy neural network operators. These approximations
are derived by establishing fuzzy Jackson type inequalities involving the fuzzy modulus of continuity
of the involved fuzzy function and the fuzzy derivative of the engaged function. The approxima-
tions are fuzzy pointwise and fuzzy uniform. The related feed-forward fuzzy neural networks are
with one hidden layer. The foundation of this work is based on positive linear operators generated
deterministic real neural networks approximations.
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1. Introduction

The author in [I] and [2], see Chapters 2-5 was the first to establish neural net-
work approximation to continuous functions with rates by very specifically defined
neural network operators of Cardaliaguet-Euvrard and ”Squashing” types ([12]), by
employing the modulus of continuity of the engaged function or its high order deriv-
ative, and producing very tight Jackson type inequalities. He treats there both the
univariate and multivariate cases. The defining these operators ”bell-shaped” and

"squashing” functions were assumed to be of compact support.

The author inspired by [13], continued his studies on neural networks approxi-
mation by introducing and using the proper quasi-interpolation operators of various
sigmoidal activation functions resulted into [5]-[9], by treating both the univariate

and multivariate cases.

In Section 2, we give the basics of symmetrized, perturbed hyperbolic tangent

neural network deterministic real operators, see also [10].
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In Section3, we give the basics of symmetrized, perturbed generalized logistic
neural network deterministic real operators, see also [11].

In Section 4, we present the basics of fuzzy real analysis and we introduce the
symmetrized and perturbed fuzzy neural network operators corresponding to Sections

2, 3. We prove also some very important properties. See also [5].

In section 5, we demonstrate our fuzzy results: fuzzy symmetrized and perturbed
neural network quantitative approximations, the fuzzy analogs of the Sections 2, 3

positive linear operators generated results.

Our fuzzy feed-forward neural networks (FFNNs) are with one hidden layer.

About neural networks in general study [15], [I7], [I§].

2. Background I: About symmetrized perturbed hyperbolic tangent
Neural Network Operators ([10])

Here we follow [§], pp. 455-460.
Our activation function here to be used is
e)\ar o qe—)\
(1) o () == v

Above X is the parameter and ¢ is the deformation coefficient, typically it is 0 <
Ag< 1

T

Aqg>0, zeR.

For more read Chapter 18 of [§]: ”¢-Deformed and A-Parametrized Hyperbolic
Tangent based Banach space Valued Ordinary and Fractional Neural Network Ap-

proximation”.
This chapter motivates our current work.

The proposed ”symmetrization method” aims to use half data feed to our neural

networks.

We will employ the following density function

1
(2) Mq./\ (ZL’) = Z (gq)\ (CU + 1) — gg,\ ({E - 1)) > 07
Ve eR; g, A > 0.
We have that

(3) M\ (—x) :Mé,k (), VxeR; ¢, A >0,
and

(4) Mé’/\(—x):Mq,,\(x), VreR; ¢g,A>0.
Adding (3]) and ([4) we obtain

(5) Mg (—z) + Ma (=) = Mgy () + My, (z),

the key to this work.
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So that
My (2) + Mo (2)

2
is an even function, symmetric with respect to the y-axis.

By (18.18) of []], we have

(6) O (z) = > 0,

In __ tanh(}\)
My (33) = =57,
(7) and
In __ tanh()\)
My, (=38) = =57 A>0.

sharing the same maximum at symmetric points.

By Theorem 18.1, p. 458 of []], we have that

Yo M(x—i)=1, VzeR, A\, ¢ >0,

1=—00

(8) and
Y Miy(vr—i)=1, VreR, A\ q¢>0.

i=—00

Consequently, we derive that

o0

(9) Y @@—i)=1, VzeR

By Theorem 18.2, p. 459 of []], we have that
ffooo M,y (z)dx =1,
(10) and
2 My (z)de =1,
so that

(11) /Ooq)(m)dle,

—00

therefore @ is a density function.
By Theorem 18.3, p. 459 of [§], we have:

Let 0 <o <1, and n € N with n'=® > 2; ¢, A\ > 0. Then
(12)

o0

k= —o0
tnx — k| > nlm

where T := 2 max {q, %} et
Similarly, we get that

(13) Z M%J\ (nx — k) < Te 2™,

k=—o00

1 - B
Z Mq)\ (’rL.T — l{) < 2max {q, _} 64)\6—2)\77,(1 ) _ TG_Q)\n(l )’
q

57
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Consequently we obtain that

o0

(14) Z ® (na — k) < Te 2™

k= —oc0
Cnx — k| > ntme

where T':= 2 max {q, %} et
Here [-] denotes the ceiling of the number, and |-] its integral part.
We mention

Theorem 18.4 (p. 459, [§]) Let z € [a,b] C R and n € N so that [na] < |nb].
For ¢, A > 0, we consider A\, > zp > 0, such that M, (z0) = M, (0), and A\, > 1.
Then

1 1 1
(15) ) < max | - NEPE = A(q).
> My (nz — k) w2 (ol ()
k=[na]

Similarly, we consider A1 > z; > 0, such that M , (21) = M1, (0), and Ax > 1.
Thus

(16) ] < max SN =A(q).
S M, (nx — k) Mu(%) R
k=[na] e
Hence
[nb) 1
(17) Z Mq7,\ (nm — k’) > m,
k=[na]
and
[nb) 1
(18) > My, (nx — k) > O}
k=[na]

Consequently it holds

[nb) (M%A (e — k) + My, (nx — k)) 2 1
(19) k;ﬁ;ﬂ 2 TA () T Al
so that
(20) L <A(q),

[nb] (qu/\(nx—k)—ﬁ-M%’)\(n:c—k))
2

k=[na]
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that is
1
(21) oh] < A(q).
> @ (nx—k)
k=[na]

We have proved

Theorem 2.1. Let x € [a,b] C R and n € N so that [na] < |nb]|. For ¢,\ > 0,
we consider Ay > z9 > 0, such that M, » (29) = My (0), and A\, > 1. Also consider
A1 >z >0, such that M1, (z1) = M1, (0), and Ax > 1. Then

1
> & (nx—k)
k=[na]
We make

Remark 2.2. ) By Remark 18.5, p. 460 of [§], we have
[nb)

(23) lim Z M, (nxy — k) # 1, for some x; € [a,b],
n—oo
k=[na]
and
[nb)
(24) nh_)rglo Z M%A (nxe — k) # 1, for some x5 € [a, b].
k=[na]

Therefore it holds

[nb] (Mq)\ (n:(:l — k’) + MlA (nxg - kf))
(25) lim ) 5 £1.

k=[na]

Hence

L) (M%/\ (nxy — k) + Mé,/\ (nxy — k;)>

20 w2 2 L
even if

[nb]
(27) lim Y M, (nay —k) =1,

k=[na]

because then

Lnb)
28 L

k=[na]
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equivalently
|nb]
(29) iy e (n; S -
k=[na]
true by
|nb]
(30) lim D> My (nay — k) # 1.
k=[na]

IT) Let [a,b] C R. For large n we always have [na] < |nb|. Also a < £ < b, iff
[na] <k < |nb]. So in general it holds

[nb]
(31) Y o(nz-k) <1
k=[na]
We need

Definition 2.3. Let f € C'([a,b]), = € [a,b] and n € N : [na] < |nb]. We introduce
and define the real valued symmetrized and perturbed hyperbolic tangent positive

linear neural network operators

Lnf f (%) (Mq,,\ (nx — k) + M, (nw — k))

k=[na]
[7b]
> <M(M (nx — k) + Mé,/\ (nx — k))

k=[na]

Infact, it is H, (f) € C ([a,b]); and H, (1) = 1.

(32)

The modulus of continuity is defined by

(33) wi (f,0):== sup  |f(z)—f(y)l, d>0.
x,y € [a,b]
lz—yl <6

In this work 0 < a < 1, n € N: n'~® > 2; where [-|| is the supremum norm.

The following approximation results, all from [10], are valid.

Theorem 2.4. Let f € C ([a,b]). Then
(34)

| Hy (f) = flloo < 2w1 (f, VA (q)\/% +(b— a)zTe”‘”(l“)> — 0, asn — +oo.
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So that lim H,, (f) = f, uniformly.
n—oo
It holds

Theorem 2.5. Let f : R — R be a continuous and 27 periodic function with modulus
of continuity wy. Here |||, denotes the sup-norm over [a,b] C R, and the operators
H, are acting on such f over [a,b]; n € N:n'"* >2 0<a < 1. Then

(35) 1 Hy (f) = fllo < 201 (f /A (q \/ _|_Te—2)\n(1 a))

We also mention, all from [10].
Theorem 2.6. Denote (N € N)
1
36) v i= [ (A (1= 1)) O < +oe

where ||-|| . is the supremum norm.

Let f € C ([a,b]). Then

(37) |Haf — fll. L H°° | (e =") O]+

=1

N N—-1 ( ) FZ%/
w (fN, Fy) FY (< )+2N|+8(b_a)(N_1)!), VneN

Furthermore it holds,

(38) Fyx < Y/A(q) f{/ # + (b= a)" Te-22nl),
and for k =1,...,N, we have, similarly, that
@ |(me-) 0| <@ {5+ e-arrel,
Corollary 2.7. Here Fy := |[(H, (|t —[)) (-)l|o, < 0. Let f € ' (a,b]). Then
(40) 1Hnf = flloo < I lloo I(Hn (8 =) Cllo +
%wl (f', F1) ((b —a)+ I+ %) :
Here it is
(41) Fi < A(g) (nia +(b—a) Te—m(“*)) .

Corollary 2.8. Here I, := ||(H, (t — )2) ()HfO < 4o0. Let f € C*([a,b]). Then
(42) S = Fll < 1 I (¢ =) Ol + L 11, = 7))

1 " (b_a) F2 Fy
+§w1(f,F2)F2( 3 +?+4(b—ia)).
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Here they are

(43) F, </A(g) \/—+ b—a)? Te-22An0)

and

(1) (2 (=) Ol <A@ (ni + (- )T) .

Theorem 2.9. Let ¢ := |[(Ho (t—)?) ()|, < +00, and r > 0. Let also [ €
O ([a,b]). Then

(45) VEuf = Fllos = 11 I CHa (= ) Ol <

L@+ w(fre)e, ifr<2

wy (f'sre) e, if r>2.

We derive the following useful estimates:

Corollary 2.10. For k =1,..., N € N, we denote by

1 —x
(46) wl%,n =A (Q) {% + (b — a) T6—2)\n(1 )} :
and |||, is the supremum norm.
Let f € CY ([a,b]). Then
N
(47) 1Hnf = flloo € 3T =Vt
k=1 '
o W
(N) & oL (b—a) L,N,n 1,Nn
o (£ 0a) 1Ko ol N TReog o) "EN
Proof. By Theorem [2.6] ]
Corollary 2.11. Let f € C*([a,b]). Then
M f = flloo < M1F Moo Y1107+
1 / w% 1,n
(48) DRt (f's1am) | (b—a) + 110+ m -
Proof. By Corollary and . m
Corollary 2.12. Let f € C*([a,b]). Then
: ||f"||oo
[Hnf = flloo < 11l Y10 + =5 =V120

1 " % (b — a) dJEZ” w172’n
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Proof. By Corollary and . m

Corollary 2.13. Let f € C'([a,b]), r > 0. Then

M f = Flloe < 1 lloo Yran+

1 1
S @+ (frets,) Ban T <2

(50)
w1 (fl7 Twli,Q,n) 1/)15,2771,7 if r> 2.
Proof. By Theorem and . O]

3. Background II: About symmetrized, perturbed generalized logistic
Neural Network Operators, [11]

Here we follow [§], pp. 395-417.

Our activation function here to be used is the g-deformed and A-parametrized

function

(51) ©g () reR, ¢ A>0, A>1.

It qA— e’
This is the A-generalized logistic function.

For more read Chapter 16 of [§]: ”Banach space valued ordinary and fractional
neural network approximation based on ¢g-deformed and \-parametrized A-generalized
logistic function”.

This chapter motivates our current work.

The proposed ”symmetrization technique” aims to use half data feed to our neural
networks.

We will employ the following density function

1

(52) Gy (z) = 3 (Pgr (z+1) —pgr(z—1)), z€R, g,A>0.
We have that

(53) Gy (—2) = G (2),

and

(54) Gia(—2) = Gya(a), Yo ER.

Adding and we obtain

(55) Gy (—2) + Gy (1) = Gy (2) + G, (2), V€ R

q

the key to this work.
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So that

Gy (2) + G 5 ()

(56) W (z):= 5 > 0,

is an even function, symmetric with respect to the y-axis.

The global maximum of G, is given by (16.18), p. 401 of [§] as

logsq) AN —1
(57) G‘”( ) )‘2(AA+1)'

And, the global max of G1 , is

lOgA% _c —logyq)  AM—1
AT ) T T U T2+ 1)

both sharing the same maximum at symmetric points.

By Theorem 16.1, p. 401 of [], we have that

(58) G

Q=

(59) Y Gule—i)=1, VzeR A\g>0, A>1,
and
(60) Y Giy(w—i)=1 VzeR Ag>0 A>1

Consequently, we derive that

(61) iW(w—i)zl,Va:ER.

1=—00

By Theorem 16.2, p. 402 of [8], we have that

(62) /OO Gor(x)dr =1, X\ g¢>0, A>1,
similarly it holds 7

(63) /00 Gé,/\ (x)dx =1,

so that _

(64) /OO W (z)dz =1,

therefore W is a density function.
By Theorem 16.3, p. 402 of [§], we have:

Let 0 < a < 1, and n € N with n'=* > 2. Then
(65)

1 1 (e
Z Gq,A(nx—k)<2maX{q’5}W:7A >\( 2)
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where A\, g >0, A>1; v := 2max{q, %} :
Similarly, we get that

o0

(66) 3 Gy (na — k) < 4A702),

k= —o0
nx — k| >ntme

Consequently we obtain that

(67) 3 W (nz — k) < yA " 77=2),

k= —o0
Cnx — k| > nlm

where v := 2max {q, é} .
We mention

Theorem 16.4 (p. 402, [§]) Let x € [a,b] C R and n € N so that [na] < |nb].
Forg >0, A >0, A > 1, we consider the number A\, > 2o > 0 with G » (20) = G, (0),
and A\; > 1. Then

1 1 1
(68) ) <max | & NEWE =K (q).
2. Gyx(nz—Fk) P G (Ai)

k=[na]

Similarly, we consider A1 > z; > 0, such that G1 , (1) = G1, (0), and A1 > 1.
Thus

1 1 1
(69) = < max G0 =K (q).
5 Gy, (no—b) Gy (y) G
k=[na]
Hence
[nb] 1
(70) Z Ggr (nz —k) > ——,
Nl (9)
and
[nb] 1
(71) > Giy(nz—k)> ——
Nar R (9)

(72) 2 2 . oK (@) K
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so that

1
(73) < K (q),

[nb] (qu,\(nsz)JrG%,)\(nxfk))
2
k=[na]

that is

1
(74) — < K(q).

> W (nx — k)
k=[na]

We have proved

Theorem 3.1. Let x € [a,b] C R and n € N so that [na] < |nb|. For q,\ > 0,
A > 1, we consider Ay > zy > 0 with Gy (20) = Gy (0), and A\, > 1. Also consider
A1 > 21 >0, such that G1  (21) = G1, (0), and A > 1. Then

(75) !

K (q).
bl <K (q)

> Winx —k)
k=[na]

We make

Remark 3.2. I) By Remark 16.5, p. 402 of [8], we have

nb
(76) nh_)rlgo i Gy (nxy — k) # 1, for some z; € [a,b],
k=[na]
and
[nb]
(77) nh_)nolo Z G%A (nxe — k) # 1, for some x5 € [a,b].
k=[na]

Therefore it holds

' [nb] (Gq’,\ (nxy — k) + G%’A (ny — k))
© Jim Y- ) 7

k=[na]

Hence it is

Lnb) (Gq,,\ (nay — k) + Gy (noy — k:))

lim 1 1
(79) lim k:% 5 #1,
even if
[nb]
(80) lim Y Giy(na—k) =1,

k=[na]



PERTURBED NEURAL NETWORK APPROXIMATION 67

because then

[nb]
—k 1
(81) lim > Gaa (01 — k) <”;1 ) +5 AL
n—00 k= ma]
equivalently
(82) , % Gy (nxy — k) y 1
oo A 2 2’
true by
Lnb)

(83) lim > Goa(nwy — k) # 1.

k=[na]

IT) Let [a,b] C R. For large n we always have [na] < |nb|. Also a < £ <, iff
[na] <k < [nb]. So in general it holds

b
(84) > Winz—k)<1.

k=[na]
We need:

Definition 3.3. Let f € C([a,b]) and n € N : [na] < |[nb]. We introduce and
define the real valued symmetrized and perturbed generalized logistic positive linear

neural network operators

Li:bj f (%) (Gq’,\ (nx —k)+G1, (nx — k;))

k=[na]

Lnb]
> (Gm (nx — k) +G1, (nx — k))
k=[na] 1

Infact, it is S2 (f) € C ([a,b]); and SE (1) =1
The modulus of continuity is again defined by .

(85)

The same w; is defined for f € C,p(R) (uniformly continuous and bounded
functions) and for f € Cg (R) (bounded and continuous functions) and for f € C, (R)

(uniformly continuous functions).
The fact f € C ([a,b]) or f € C, (R), is equivalent to (l$irr(1]w1 (f,0)=0.
—

The following approximation results, all from [I1], are valid.
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Theorem 3.4. Let f € C([a,b]). Then
(86)

155 (f) = fllse <2W1<f VK \/ +(b—a) 714“110‘2))—)0, as n — —+o0o.

So that 1im S (f) = f, uniformly.
n—oo

It holds

Theorem 3.5. Let f : R — R be a continuous and 2w periodic function with modulus
of continuity wy. Here |||, denotes the sup-norm over [a,b] C R, and the operators

S# are acting on such f over [a,b]; n € N:n'"*>2 0<a<1. Then

(87) 1S, (f) — f”oo < 2wy (f /K (q \/ sm —i-WA A(nt=e 2)) ]

Also from [I1] come:

Theorem 3.6. Denote (N € N)

1
) = | (82 (1 =17)) O < oo
where ||-|| . is the supremum norm.

Let f € CY ([a,b]). Then

(59) 1837 ~ fll S Hoo I(s: - 97) 0]+
N (=) T 72
w1 (f ) N> N ((N+1)!+2N!+8(b—a)(]\f—1)! , VneN

Furthermore it holds,
(90) FN <A \/— +(b—a) vA—/\(nl‘“—2)’
and for k=1, ..., N, we have, similarly, that

k 1 % 11—«
o) [(sie- )0l s x@f g o-afaet )

[o.¢] n a

Corollary 3.7. Here F; == ||(S2 (|t — -|)) (o <oo. Let f e C'([a,b]). Then
(92) 155 = Fllse < N Mo 0S5 (=) (lloo +

2

S (1) (“‘“’*ﬁl”(bﬁia))'

Here it is

(93) A<K(@) (o4 0-09a70).
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Corollary 3.8. Here F) := (S35 (t - )2) ()Hjo < 4o00. Let f € C*([a,b]). Then
S ! S f// o0 S
08 183~ fll < 171 NS E= D) Oll+ = (510 - 7) O]
1 (o= [((b—a) B F?
- BVE (VY 2 T2 )
+2“’1<f ’ 2) 2( 35 2 TIb-a
Here they are
~ 1
(95) F, <K (q) \/@ +(b— a)nyA—)\(nlfa—@,
and
1 _ nlfozi
(96) (53 (t=)%) ()] < K (q) <@ +(b—a)*yAN 2)) .
Theorem 3.9. Let ¢ := ||(S; (t—~)2) ()]|Z < +oo, and v > 0. Let also [ €

C' ([a,b]). Then
(97) 1555 = fllse = I o 105 (= 4)) (Ml <

L@+ o (fre) e, ifr<2;

w1 (f/7r®) QE? ZfT > 2.
We derive the following useful estimates:

Corollary 3.10. For k =1,..., N € N, we denote by

(98) %,E,n = K (q) {n—ia + (b— a)k»YA—/\(nla—z)} .
Let f € O ([a,b]). Then
v, 9]
1957 = Sl < St
F=1 :

1 N-1 b—a) ¢§N 7’02%1\/
99 N) ¥ vl i T
(99) wi (f vwz,N,n) Vo N ((N +1)! + 2N! * 8(b—a)(

Proof. By Theorem [3.6]

Corollary 3.11. Let f € C'([a,b]). Then

(100) 1S5S = flloo S N Nlo Y210+

1>!>, VneN.

2

4(b—a)
Proof. By Corollary and .

]
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Corollary 3.12. Let f € C*([a,b]). Then

. f// .
1525 = Pl < 1S g tbonn 4 1 o

(b—a) V3 an Ya2n

1 1 1
101 —(”,2)2 2 . VneNl.
(101) +2W1 f ¢2,2,n ¢2,2,n 3 + 5 + 1(b—a) n e
Proof. By Corollary and . O]
Corollary 3.13. Let f € C' ([a,b]), r > 0. Then
||STSLf - f||oo S ||f/Hoo 77Z)2,1,TL+

1 2 / % % : .

Sr (2 + T) w1 (f 7T¢272,n> 1/}2,2,117 lf r S 27
(102)

1 1

wr (7300 ) Viau 17> 2.

Proof. By Theorem and . O]

4. Background III: Fuzzy Mathematical Analysis
We need the following basic background

Definition 4.1. (see [20]) Let u: R — [0, 1] with the following properties:
(i) is normal, i.e., 3 xg € R; p(zg) = 1.
(i) pANe+ (1 =N y) >min{p(z),pu(y)}, Vao,y e R, VA e [0,1] (pis called a

convex fuzzy subset).
(iii) p is upper semicontinuous on R, i.e. V xy € R and V ¢ > 0, 3 neighborhood
Vi(xg) s () < p(xg) +6, VeV (x).
(iv) The set supp (u) is compact in R (where supp() := {z € R : pu(z) > 0}).
We call i a fuzzy real number. Denote the set of all p with Rx.
E.g. X{zo} € RF, for any zy € R, where X} is the characteristic function at z.

For 0 <r <1 and p € Rz define

] i={r e R: p(z) > 7}

and

[1]" = {z € R: p(x) > 0}.

Then it is well known that for each r € [0,1], [¢]" is a closed and bounded interval
on R ([14)).
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For u,v € R and A € R, we define uniquely the sum u® v and the product A\®u
by
[we o] =[u] + ], Nou =AW, Vrel01],
where
[u]" + [v]" means the usual addition of two intervals (as subsets of R) and
A [u]” means the usual product between a scalar and a subset of R (see, e.g. [20]).

Notice 1 ® v = u and it holds
UBV=0DuU, A\Qu=u® A.
If0<r; <ry<1then
[u]* € [u]™ .
Actually [u]" = [u@,u@}, where u”) < ugf), e uS:) eR,Vrel01].
For A > 0 one has A’ = (A® u)(ir), respectively.
Define D : R x R — Rz by

Jul = o

3

D (u,v) := sup max{‘u(_r) —
rel0,1]

where
[v]" = [UY),UY)} ;u,v € Ry,
We have that D is a metric on Rz.
Then (Rz, D) is a complete metric space, see [20], [21].

Here ) stands for fuzzy summation and 0 := x(o; € Rr is the neural element

with respect to @, i.e.,
u@ﬁzﬁ@u:u, VueRg.

Denote
D*(f,g) = sup D(f(x),g(x)),

zeXCR
where f,g: X — Rx.

We mention

Definition 4.2. Let f : X C R — Rz, X interval, we define the (first) fuzzy modulus
of continuity of f by

(103) o (f.0)x = s D(f(2).f(y). §>0.
zyeX, |[z—y|<o
When g : X CR — R, we define

wi (9,0) =wi(g,0)xy = sup  |g(z)—g(y)|.
$,y€X, |m—y|§5
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We define by CY (R) the space of fuzzy uniformly continuous functions from
R — Rz, also C'x (R) is the space of fuzzy continuous functions on R, and Cj, (R, Rx)

is the fuzzy continuous and bounded functions.

We mention

Proposition 4.3. ([4]) Let f € C%(X). Then wif) (f,9)yx < oo, for any 6 > 0.

By [, p. 129 we have that C¥ ([a,b]) = C ([a,b]), fuzzy continuous functions
on [a,b] C R.

Proposition 4.4. ([4]) It holds

. F F
limew(™ (£,8) = wi™ (£,0)x =0,

iff f e C¥%(X), where X is a compact interval.

Proposition 4.5. ([4]) Here [f]" = [ o, J(:)], r€0,1]. Let f € Cr (R). Then f

are equicontinuous with respect to r € [0, 1] over R, respectively in =+.

Note 4.6. It is clear by Propositions , that if f € CY (R), then f\” € Cy (R)
(uniformly continuous on R). Also if f € C, (R, Rz) implies fj(;) € C, (R) (continuous

and bounded functions on R).

Proposition 4.7. Let f : R — Rz. Assume that wi (f,9)y, w1 (f@, 5) , W1 (fJ(:), 5)
X X
are finite for any § > 0, r € [0, 1], where X any interval of R.

Then
(104) w7 (f,6)y = sup max {wl (ffr), 5) , W1 (fJ(:), 5) } :
rel0,1] X X
Proof. Similar to Proposition 14.15, p. 246 of [5]. O

Definition 4.8. Let x,y € Rx. If there exists 2 € Rr : x = y @ 2, then we call z the
H-difference on x and y, denoted x — .

Definition 4.9. ([19]) Let T" := [x¢, o + 3] C R, with # > 0. A function f : T'— Rx
is H-differential at x € T if there exists an f’(x) € Rz such that the limits (with
respect to D)

h) — — —h
. L faAh) @) f@) [ h)

h—0+ " R0+ h

exist and are equal to f’ (z).

We call f’ the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f (z + h)— f (x), f (x) — f (x — h) exists

in Rz in a neighborhood of z.
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Higher order H-fuzzy derivatives are defined the obvious way, like in the real

case.

We denote by CX (R), N > 1, the space of all N-times continuously H-fuzzy
differentiable functions from R into Ry, similarly is defined C¥ ([a, b)), [a,b] C R.

We mention

Theorem 4.10. ([16]) Let f : R — Rz be H-fuzzy differentiable. Lett € R, 0 < r <
1. Clearly

For=[re?. o] cr
Then (f (t))g) are differentiable and

Le.
106 o= () virept
( ) (f )i f:l: ’ S [ ) ]
Remark 4.11. ([3]) Let f € C¥ (R), N > 1. Then by Theorem we obtain
o NG NG
0w = |(r00) " (rar)”],
for:=20,1,2,..., N, and in particular we have that
i ) n\@

(107) P = ()
for any r € [0,1], alli =0,1,2,..., N.
Note 4.12. ([3]) Let f € C¥(R), N > 1. Then by Theorem |4.10] we have f\") €
CN (R), for any r € [0,1].

Items 36-38 are valid also on [a, b].

By [5], p. 131, if f € Cx ([a,b]), then f is a fuzzy bounded function.

Remark 4.13. We try to determine and use (W C R):
D*(f,0) = supD (f (x),0) =

zeW

10 @)1 @)}

By the principle of iterated suprema we find that

(108) D* (£.6) = sup max { ||/ . ||7
under the assumption D* (f,0) < oo, that is f is assumed a fuzzy bounded function.

sup sup max{
zeWre(0,1]

rel0,1]

Above |||, is the supremum norm of the function over W C R.

Another direct proof of (108 follows:
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We easily see that
D*(f,0) < sup maX{Hf( )H

re(0,1]

On the other hand we observe that V x € W : each
2 @) < max {70 @)} < sup max {|10(@)]} <

rel0,1]
sup sup max { |/ (@)|} = D (£,5).
x€Wrel0,1]
That is, each
(109) ‘ ‘<D*(f“) Vaoew,
hence each
(110) || =9,
and
(111) max {||70]| } <D (£.9),
and
(112) sup max{Hf@H ,Hff) } < D*(f,0),
rel0,1] o0 0
proving (T08).

The asumption D* (f,0) < oo implies Hfj(:)H < o0, Vrel01].
Clearly, it holds

(113) )(fo'))(f (g;)‘ <D(f9(),3), j=1,..N,
and
(114) || < D (1%9.9)

We make

Definition 4.14. Let f € Cx([a,b]) (fuzzy continuous functions on [a,b] C R),

n € N. We define the following Fuzzy symmetrized and perturbed neural network

operators
|nb] =
O (nx — k)

(115) §jf<) - ,

k=[na] > O (nx—k)

k=[na]
and
' [nb] ’
k=[nal ST W(nz — k)

k=[na]
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V x € [a,b], both are finite fuzzy sums.

Call
(117) O (x) =P (x), Oy(x) =W (),
and
F F il k ©1 (nx — k)
(118) Lln <f7 .T) = Hn (fv 'T) - Z f (E) © |nb] )
k=[na] > 01 (nx—k)
k=[na]
and
iy k Oy (nx — k)
19 ) =T ()= Y () e
k=[nal Y Oy (nx —k)
k=[na]
Vaelab),neN
Also, we call

b

> f(5)0 (ne —k)
(120) Lun (fy) 1= Hy (f.2) = =0 ,

> Oy (nx—k)
k=[na]

and

b

> f (%) O3 (nz — k)
(121) Lon (f,2) = S} (fra) = =1 ,

> Oy (nx—k)
k=[na]

Vaelab,neN

We give the following important result:
Theorem 4.15. Let f € Cr([a,b]). Then

(122) (L7 (F)Y = Lin (£7,2).
respectively, ¥V r € [0,1], V x € [a,b], j = 1,2, n € N.
Therefore we get
D (L, (fz), f (x)) =

(123) sup max {

rel0,1]

Vaelab], j=1,2

Lin (£0,2) = 17 (@)
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Proof. Let r € [0,1], we observe that

o= 5 ] =t ]-

k=[na] Y. O (nx—k)
k=[na]
Lnb)
ORI B g (F O;(nz—k) | _
~\n) 77T \n [nb)
k=[na] k_z[: ] 0; (nx — k)
(124)
o (K 0, (nz — k) S (K 0, (nz — k) B
> F n [nb] 2 n [nb] -
k=[nal > O (nz—k) | k=lnal Y 0O (nx—k)
k=[na] k=[na]
[Ljn <f£r),x),Ljn (ff),xﬂ , YV €la,b], neN,
proving the claim. O]

Definition 4.16. Let f € Cr (R). We call it fuzzy 27 periodic iff

(125) fl@+2m)=f(z), Vo R

We have that (r € [0,1])

(126) [f @) =[f @@+ 2m] = [fO (@ +2m), 10 (@ +2m)| = |10 (@), £ ()]

Hence fj(f) are continuous and 27 periodic over R, V r € [0,1].

5. Main Results

Here we present fuzzy symmetrized and perturbed positive linear operators gen-

erated neural network approximation results:

Theorem 5.1. Let f € Cr([a,b]), 0 < a <1,z € [a,b], n € N withn'~® > 2. Then

1)
(127)

D (H] (f.2),f (2)) < 2w(” (f, \/A(q)\/% +(b—a)’ Te—zm(lcw) .

Vz € la,b],
2)
(128) D* (Hy (f). f) < pin-
Thus lim (HT (f)) (z) B f(z), im HZ (f) 2 f, pointwise and uniformly.

n—oo n—oo




PERTURBED NEURAL NETWORK APPROXIMATION 77
Proof. We have that fj(f) € C ([a,b]), ¥V r €[0,1]. Hence by we obtain
Ha (£0,2) = 19 ()] <

. 1 e (104))
wy (fi), VA (Q)\/@ + (b —a)’ Te-2 )> <

(129) (]:) (f AN \/_ _|_ b_ a T6_2>‘"(1 a))

Taking into account ((123)) the proof of the claim is completed. H

The counterpart of Theorem [5.1] follows.

Theorem 5.2. All as in Theorem[5.1. Then

1)
(130)
D (837 (f,x), f(x)) < 20" (f VI \/— +(b—a) 714_“"1”“2)> =: P2n,
V€ la,bl,
2)
Thus lim (S5 (f)) (z) By (z), lim S5 (f) S 1, pointwise and uniformly.
Proof. Similar to Theorem O

We continue with:

Theorem 5.3. Let f € Cr(R) be fuzzy 2w periodic with a modulus of continuity

wgf). Here we consider fliy, [a,b] C R, and H acts on it; n € N : nl=* > 2,

0<a<l1. Then

1)
D (Hy (f,z). f(2)) <

(132) wa) (f ™ A(q \/ ) + Te—2Anl- a)) =: O1p,

Vaoelab,
2)
(133) D*(H; (). f) <o

Thus lim (HT (f)) (z) A f(z), lim H” (f) DS f, pointwise and uniformly.
n—oo

n—oo

Proof. Similar to Theorem O]
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Its counterpart follows:

Theorem 5.4. Here all as in Theorem[5.3. Then

1)
D (Sy7 (f.2), f(2) <

: 1 .
(134) 2w (f,ﬁ\/K(q)\/wl <81n2, 2n_2a> + y A=A —2)) =: 09y,

YV z € [a,b],
2)
(135) D* (837 (f) f) < o2m.

Thus lim (S5 (f)) (z) B (z), lim S (f) s 1, pointwise and uniformly.

n—oo

Proof. Similar to Theorem O
We continue with:

Theorem 5.5. Here f € C¥ ([a,b]), N € N. Fork=1,..,N € N, we denote by

djlj,” =A (q) {L + (b - a)kT@_Q)\n(l—a)} ’

nka

0<a<l,neN:n'=*>2 Then

k=1
: 2
(%) ( (N) ~ ) o (b - a) wl,N,n ¢1,N,n
1
(136) Wy f 7w1,N,n %N,n (N+1) + SN + SO—a)(N=1)

Clearly it holds lim HT (f) DS f, uniformly, and lim (HI (f)) (=) A f(x), point-
n—oo

n—oo n
wise, V x € [a,b].

Proof. Since f € CX ([a,b]), N € N, we have that £ e N ([a,b), ¥ r € [0,1].
Using we get




PERTURBED NEURAL NETWORK APPROXIMATION 79

‘ 7@
i%qﬁl,k,n_’_

1
N
M\ =t (b—a) il

w1 ((f ):I: 7¢17N,n> wl,N,n (N+1)' + 2N' + 8(b_

(by ([T3) and ([0F) <
N_D* (f@ﬁ)
k!

wl,%,n_F
k=1

2
N

(F) (V) N e (b—a) 1,N,n VN
138 ( , ) |
(138w i) G | (v T oM TR a) (V- 1)

Z|=

YV x € [a,b], n € N.
Next, we take into account ((123]).
The theorem is proved. O

Corollary 5.6. Here f € C% ([a,b]). Then

Dr (an (f).f) <D (f(l)aa) Y1 ;mt

1 F w%,l,n
(139) §W§ ) (f(l)a ¢1,1,n) ((b —a)+ Y.+ m .
Proof. By Theorem [5.5] N =1 case. O

Corollary 5.7. Here f € C% ([a,b]). Then

D* (H] (f).f) <D* (f(l),5) Y110+

1
1 1 b—a Zon n
- 2 ( ) i (e P12,

1
(140) Sl (F9, 650 ) Vs

VneN.
Proof. By Theorem [5.5] N = 2 case. O
Corollary 5.8. Let f € C%([a,b]), r > 0. Then

D* (H; (f),f) < D" (f,0) 110t

1 (9 2 (F) [ r1) 3 3 ifr <9
gr( +7) W / ,Twm,n wl,Q,na r =4
(141)

1 1
P (SO, 755, ) W 7> 2.
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Proof. Similar proof as in Theorem [5.5] based on Corollary [2.13] O
We continue with:

Theorem 5.9. Here f € C¥ ([a,b]), N € N. Fork=1,..,N € N, we denote by
1 — .
Yo = K (q) {% + (b — a)kvA_/\(” —2)} ,

0<a<l,neN:n'=*>2 Then

N
D* (Szf (f), f) < Z T 9FnT

k=1
L 2
L N-1 b— a) 2ﬂ2NN 1/)2NN
1492 (]:)< (N) /N ) N ( AV,m VM
( ) W f 7¢2,N,n 7702,Nn (N 4 1)| + IN! + 8 (b _ a) ( 1)[

Clearly it holds lim S5 (f) N f, uniformly, and lim S3% (f) (x) 2 f (x), pointwise,
n—00 n—00
V x € [a,b.

Proof. Since f € C¥ ([a,b]), N € N, we have that f\” € CV ([a,b]), V r € [0, 1].
Using we get

Sz(fi’"%a:)—fi”(w\si S gt
k=1

\_/

1 2
N1 ya [ (b—a) Oy Vs (07)
") 2,N,n 2,N,n —
=\ (1)
. ‘( 70)"
Z TM¢Q,E,n+

1 v [ (b—a) ¢2%,N,n ¢2%,N,n
w1<(f )i 7w2Nn)w,N,n (N+1)! " 2N! +8(b—a)(

(by ([T2) and ([03)) <
N D* (f@)ﬁ)

E' wQ,E,TL—’_
k=1 '
1 2
1 ya [ (b—a) Yoy Yoy
144 <f>< (N) N ) ol o e
(W) e (S e ) Yo | v P 2N TS (VoD )

YV x € [a,b], n € N.
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Next, we take into account ((123)).

The theorem is proved.
Corollary 5.10. Here f € C% ([a,b]). Then
D* (SrSL]: (f) ) f) < D* (f(1)75) Ip?,l,n—i_

1 Ui
145 2, () " h— o — )
(145) 51 (fYh200) [ (0= a) + a1n+ 10— a)
Proof. By Theorem 5.9 N =1 case.

Corollary 5.11. Here f € C%([a,b]). Then

Dr (STSL]: (f)?f) S Dr (f(1)75) 77Z)2,1,n_’_ =

1 1
(146) éwg}—) <f(2)7 ¢222 n
VnelN.
Proof. By Theorem [5.9) N = 2 case.
Corollary 5.12. Let f € C%([a,b]), r > 0. Then
Dr (S’fz]: (f) ) .f) < D* (f(1)75) 77/}2,17,1—}—

1 1
L@l SV, 10, ) i 7 <2
(147)

1 1
7 (0,735, ) ¥y i 7> 2

Proof. Similar proof as in Theorem based on Corollary [3.13]
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