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ABSTRACT. The authors introduce a fractional derivative with a variable order based on the
Katugampola fractional derivative and integral. They show how to handle an implicit Dirichlet
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maps due to Krasnosel’skii. They show that solutions to the problem exist and are unique. An
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1. INTRODUCTION

The transition from constant order fractional calculus to variable order fractional
calculus is a significant conceptual shift. Instead of having a fixed order parameter
KC as in the constant order case, the variable order approach introduces a dynamic
feature by replacing K with a time-varying function K(t). While this may seem to be
a subtle change, there are significant implications of doing this. The variable order

operator enables modeling a broader spectrum of physical phenomena.

The origin of variable order fractional calculus can be traced to the work of
Samko and Ross [13] in 1993. They explored situations in which the differentiation
or integration order varied with time; we will designate this by K(t). This initiated
a reexamination and a revision of the classical fractional definitions, such as those of
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Riemann-Liouville and Caputo type, to accommodate the variability in the variable

order calculus.

Through the variable order calculus, researchers obtained a versatile tool for
analyzing complex systems. It provides the flexibility needed to model real-world
processes characterized by evolving dynamics and non-linearities. This leads to a
deeper understanding of the interplay between variables and leads to more accurate
analyses of dynamical behavior. In view of this, several efforts have been devoted to
variable order fractional operators and their applications (see, for example, Almeida
and Samko [1] and Lorenzo and Hartley [7]). Samko and Ross’ [13] work on variable
order fractional calculus has become a fundamental tool in mechanics and the study of
viscous flows. Numerous physical phenomena demonstrate fractional-order dynamics
that may evolve over time or space. Coimbra [2] did an in-depth study of fractional
differential equations of variable order type. The paper by Diaz and Coimbra [3]
contains an analysis of the dynamics of a nonlinear variable viscoelastic oscillator and
presents two controllers designed specifically for variable order differential equations.
Pedro et al. [11] investigated the drag force acting on particles in oscillatory flows of
viscous fluids. All these papers indicate the versatility of the variable order fractional

calculus in modeling and understanding complex systems.

Boundary value problems for fractional differential equations have been a very
active area of research in recent years. In this paper, we present a new fractional
integral that extends the fractional integrals of Riemann-Liouville, Hadamard, Erdlyi-
Kober, Katugampola, Weyl, and Liouville type and in some sense unifies them. The
Katugampola derivative and integral [4, 5] also provide a broader perspective on the

Hadamard and Riemann-Liouville derivatives and integrals.

In a very nice study [18], Zhang presented an insightful introduction to variable
order fractional derivatives and how they are used in initial value problems for frac-
tional differential equations. Sun et al. gave an in-depth survey of variable order

fractional derivatives and physical problems associated with them.

In [9], Henderson and Maazouz studied the existence of solutions to the Katugam-
pola fractional boundary value problems
PRI + QQ,9Q)) =0, 1€Z=1ab], 1<K <2 p>0,
¥(a) = J(b) =0,
and
PPEH0) + O, 9L DV() =0, 1€ =[a,b], 1<K<2, p>0,

(- 9(a) = 9(b) =0,

where *PF is the Katugampola fractional derivative of order K, Q : Z x R — R, and

@ :J xR xR — R are continuous functions, and 0 < a < b < oco.
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In this paper we will examine the existence and uniqueness of solutions to the
implicit nonlinear boundary value problem with a variable-order Katugampola frac-

tional derivative

p@K(Z)ﬁ(z)

(1.2) +00,0(0)=0,1€T =[a,b], 1<KQ) <2, p>0,
| 9(a) = 9(b) =0,

where PP*W is the Katugampola fractional derivative of variable order K(1), Q :
Z x R — R is a continuous function, and 0 < a < b < oo. The Katugampola
fractional derivative of variable order was not mentioned in either of the studies
[16, 18], but problems involving the Katugampola fractional derivative have received
considerable attention in recent years; see for example, the papers [4, 5, 8, 9, 10, 17|

and the references therein.
Our main tool will be a fixed point theorem due to Krasnosel’skii for the sum of

a contraction and a compact map.

Our paper is organized as follows: In Section 2, we present definitions, notations,
and lemmas needed to prove our main results that are in turn contained in Section

3. We conclude the paper with an example to illustrate our results.

2. PRELIMINARIES

Let € be a Banach space and let € be a subset of €. We define C'(2, €) to be the
Banach space of continuous functions ¢ : {2 — & equipped with the usual supremum

norm
[0]]oe = sup{|O())] : ¢ € 2}

In what follows, I'(+) is the usual Gamma function and [i] denotes the greatest integer

less than or equal to i.

Definition 2.1. Let —0co < a <! < +o0 and K : [a,1] — (0,+00). The generalized

left-hand fractional integral of variable order of the function h is defined by

1-K(Q)

1O =t

provided the integral exists.

l
/ (1 — s"FO-1ep=1p(5)ds, 1> a

Definition 2.2. The generalized left-hand fractional derivative of variable order of

the function h, corresponding to the generalized fractional integral, is defined by

@, 'OK(Z)_“H 1 pd e p P\=KW) =1 gp=1p (o) d
= B~ - " - B , U>a,
v wn—nm>o dJ [ =t s 1> a

where n = [IC(1)] + 1.
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The interested reader might wish to compare the definitions we give here to those

for fixed order derivatives of Katugampola type found in [4, 5].

In the case where K(t) is a constant, we have the following two lemmas.

Lemma 2.3. (|9, Lemma 2.1 corrected]) Let K > 0 and p > 0. Then the fractional

differential equation
‘P o) =0

has the solution

m—1 Y — aPf K—i—1
oQ) = ai( ) ., weR, i=0,1,2,...,m—1,

Lemma 2.4. ([9, Lemma 2.2 corrected]) Let K > 0 and p > 0. Then

PIR (P9 () = o) + 21 a; (” ; “p) o ,

where a; € R, i =0,1,2,...,m—1, and m = [K] + 1.

In addition to the above two lemmas, we will need the following fixed point

theorem of Krasnosel’skii to prove our main result.

Theorem K. ([14, Theorem 4.4.1]) Let 2 be a non-empty, closed, bounded, and

convex subset of a real Banach space E and let F; and F; be operators on 2 satisfying:

(a) F1(Q) + F3(Q) C O

(b) F} is a strict contraction, that is, there exists a constant k € [0, 1) such that
[F1(2) = Fa(y)l < Kllz — yll

for all z, y €

(c) Fy is continuous and Fy(£2) is a relatively compact subset of F.

Then, Fi(x) + F5(z) = x admits at least one solution in €.

3. MAIN RESULTS

This section contains our main existence and uniqueness results. We begin with
the following concepts. First note that [KC(2)] = 1 so that in what follows, for our
problem we have n = [KQ)]+ 1 = 2.

Definition 3.1. [18] Let & be a subset of R.

(i) & is called a generalized interval if it is either a standard interval, a point, or (.
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(ii) If & is a generalized interval, then the finite set P consisting of generalized
intervals {Ji, Ja, ..., Ji} = {[a, 4], (1, 2], (2, %), - . ., (=1, b]} contained in P is
called a partition of & provided that each | € & lies in exactly one of the
generalized intervals J; in the finite set P.

(iii) We say that the function R : ! — R is piece-wise constant with respect to the
partition P of G, if for each J; € P, N is constant on J;, i=1,2,..., k.

As was done in [18], we assume that the fractional order K : [a,b] — (1,2) is a

piecewise constant function with respect to the partition P so that

k
= Z ’CZXZ(z)> for 1 € [a> b]>
=1

where 1 < IC; < 2 foreach ¢ =1,2,...,k, the constants IC; are defined on the intervals
J; of the partition P for i = 1,2,...,k, and x; denotes the indicator (characteristic)

function for the interval [2;_1,] as given by

1, ifee i1, ul,
Xi(t) = '
0, otherwise,

where g = a and }; = b. Thus, according to the definition, since n = 2,

k@, pIC(z)—2+1 l—pd s P PYV2=KW)=1gp=1p () d
@ () P(2 _K(z)) (2 d_Z) [l(z - S ) S (S) S,

_ 2
2 —-KQ) ) Ja |

r(glc_(‘o/cl(z)) (21_%)2 / [ ) ()

KQ)—1
+F(§—()IC( ( ) / P — PV 25r7] () ds
+...+%(z d%) /2n(z — sP) K s h(s) ds,

+[:(2p—sp)1 s (s d$]>
- ( ) Z/ )50~ () ds

(3.1) + (21"’%)2/2:(2”— sP)tKn sPLh(s) ds] .

A
F(Q — IC(Z)
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Therefore, in the interval [a, l1], the expression (3.1) becomes

/232 LY pKl_l l—pd ? u p MN1-K1 p—1
QJa h(z) = m (2 d_Z) /a (2 - S ) S h(s) dS,

and in (2, 2], it is

Co—1

1— d ? u 1-K -1
! ”d—z (¥ — s) """ h(s)ds

2 m
(e [ a]
151

In general, for the interval (1, 4], for i € {1,...,k}, the expression (3.1) becomes
YL =

d 2n=1
T 1-p p_ P\LI-K; p—1
r2=K) (2 dz) ;/ﬂ (¥ —s?) "NisP7 h(s) ds

2 n
() [ s
li—1

For each i € {1,2,...,k}, let $; = C'([ti_1, 4], R) denote a Banach space with

the norm

YR\ = ﬁ

Ki—1

[0, = sup {[VQ)[}-
WE[i—1,4]
Now for each 7 = 1,2,..., k, consider the auxiliary boundary value problem for

Katugampola fractional derivatives of constant order

PN i Q p’Ci_l l—pd s o P\1-K; p—173
@a 29(2) = P(2 — Kl) (2 d_Z) /221(2 - S ) S 19(5) ds

(3.2) = —Q(Z,@(Z)), V€ [zt

Definition 3.2. We say that the problem (1.2) has a solution ¥, if there exist func-
tions ¥; € §; for each i = 1,2,..., k satisfying (3.2).

Definition 3.3. We will say that problem (3.2) has a unique solution provided that

the functions ¢; are unique for each ¢ =1,2,... k.

We next give an integral representation for a solution of our problem.

Lemma 3.4. The function s a solution of (3.2) if and only if it satisfies the integral
equation

ICi—1
(3.3) Q) =—"IY Q(,I()) + (2,) ,;1) X I Qi (n), i <1<

+
G

foreachi=1,2,... k.
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Proof. Assume 9; satisfies (3.3). Then for 41 <! < ¥,
AT DN 0i0) =PI QL U),
i—1

i—1 i—1
so that
. . n—1 Y — 2p ) Ki—j—1
%) = —”Iz’%' Q%)+ > aj (7“)
i—1 J:O p

by Lemma 2.4. From the boundary conditions J(2;) = 9(3_1) = 0, we obtain

i—1

- Y=\
ap=0 and ag= —”I;%' A, V() + ( Z_l) )
so that

. . - A\ .
Q) = _plﬁi Q, V() + (ﬁzz_l) X pleii A, I()), t-1 <UL

This can be written as

. S WAL ot Ki—1 p—1 3
J _ i— P oP\Ki—1 p— ’/19 d
-ty (i) L e o

14
—/ (1 — )5 51 Q (s, (s))ds
Li—1

w—F Ki=1 py R
+( ?Q | is)ds
li—1

=

e (ﬁ‘“Pl)KiI/W<P Pl 2, - )Rt (s, (s))d
= ; — W—sP )Mt — (U —sP) s 5,9(s))ds
Tk |\ =, - '
=\ -
F(pmpt) [ e o i
7 i—1 li—1

Gi(li-1,5)Q(s,9(s))ds,

li—1

where G;(%-1, 5) : [a,b] x [a,b] — R is the Green’s function defined by

([( = NS ki p N1 | wp—1
(2571_25) (F — ") = (g — s s

1-K;
(3 4) Gi(zi—17 S) = p for 21—1 SS S 2 ~ 217
I'(K) w—r N\t 11
(z’.’—z’.’,l) (ff — )M s
for 1 <U1<s <y,

O

Lemma 3.5. For the function G;(4i—1,s) defined by (3.4) with 1 < IC;()) < 2 and
p > 0, we have:

(1) Gi(zi_l,s) >0 fO’f’ i, S EI,
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—1
y

KKi—1
(2) SUP,ez Gi(zi—la 5) = SUPger Gi(s> 5) < T(K;) [p(zip - zip—l)} .

Proof. The function G;(2;—1, s) can be written as

Gi(zi—la S)
( Ki—1 Ki—
=, (=5 (10, — sP)Slgr
¥ =0  — s ! ’
B ptki for 41 <s<1<y
ST | -\
(zf’_z;_l) (f — sP)liztspt,
i i—1
fOI' 2@—1§2§S§2@

For convenience, set

IN

15
15

Pt ) Gri(i-1,8), i1 <5 <0

Gi 2@'— yS) =
(t-1,3) LK) G2,i(li-1,8), -1

IN

1<s

IN

To show G;(2-1,s) > 0, first note that Go;(%-1,5) > 0, and for ¢, s € (4-1,8], we

have
-\ LU et
(25—25_1) N { - 25—25_1] ’
(2,) _ Sp)lci—1 - {1 - 2,)]1@—1
W—sP W—sP ’
and

W= >0 =5
This implies that G1;(%i-1,s) > 0, so part (1) holds.
To show that G;(%i—1, s) < Gy(s, s) for every s, ; € Z with {; < s, first note that
_ Ki—2
0G2,(1, s) _ p(Ki — et (e =, - Sp)lCi—lsp—l >0
N (W —n) \o = i o

i~ lio
so Gg; is increasing on {1 <! < s <};. Hence,

(3.5) G20, 8) < Gi(s,s) forevery s,0€ (4,4 with 1 <s.
Now for every s, ¢ € T with s <, we have
0G1,4(, 8)
N

2p _ 2P ’Ci—2 P __ P ’Ci—2 )
( z—l) . (2 S ) :| (2p o Sp)ICZ—l(2 _ S)p—l

N VN A N
' W — P W — P () =)kt
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Clearly,
L W=
———>1 and S—— >1,
2P - Sp 2@ - Sp
i Ki—2 Ki—1
PP i P i
(;) <1 and (Zzp ?) > 1
P —sP 21 — 8P
Therefore,

ICi—2 KKi—1
(FEaY ()
W — sP W — P -

9G1,(1, s)

N -

which means G ; is decreasing on {1 < s < <;. Therefore, we obtain

This implies

(3.6) G1i(l,s) < Gri(s,s) forevery s,0€ (41,4 with s <.

In view of (3.5) and (3.6),

BT Gls) < Gilsis) = 2 (S’)‘Zf—lyi_1 (@ — )t
' i\, 8) = Gils, 8) = b gPyitgp™t,
F(’Ci) 2?_25—1

—1
i

Finally, we need to show that G;(;—1, ) < T

sup  Gi(},s) <
S2E€(U—1,4) F(’C i
pl

This completes the proof of the lemma. O

It is clear that if w; is defined by (3.2), then for each i = 1,2,.. . k it is a solution
to (1.2).

In order to present our main results, we first list the following conditions that

will be needed.

(H1) Let Q:[a,b] x R x R — R be a continuous function such that for all z1, x,
€ R, there exists a positive constant L > 0 such that

|Q(2,l’1) — Q(E,l’g” S L|ZL’1 — l’2|.
(H2) (i — P — Zi_1p)]’ci_1 L <1foreachi=1,... k.

Theorem 3.6. Under conditions (H1) and (H2), the boundary value problem (1.2)
has a unique solution in C([a,b],R).
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Proof. : Consider the operator F': $; — $; given by

14 .
F@)Q) = / Gi(1,5)Q(s,9(s))ds.
li—1
Clearly, F' is well-defined. For each ¢ =1,...,n, let

Bs, = {0 €|

be a non-empty, closed, bounded, convex subset of §);, where

maxger|Q(s,0)]

(3.8) 0; >
o —u )L

We decompose the mapping F' into the two maps F; and F, on Bj, as follows:

2) = fzi Gl,i(% S)Q(S,@(S))ds,

li—1

Fi(9)
(D)) = [ Gault, 5)Q(s,U(s))ds.

—~

We will now show that the conditions of Theorem K are satisfied.

Step 1: Fi(Bs,) + Fa(Bs,) C Bs,. Foreachi=1,...,k, from (H1), we have

IF19Q) + F0()| =

~

< [ Gltn 10 906) - 0) + s 0
< [ G (|0t dts) - 0. 0| 410 0 s

1% R

< [ Gt (L5, + maxl (.0 ) ds,

li—1 s
14

S Gi(zi_l, S) (L(SZ + mGaIX| Q(S, 0)|) dS,

li—1

< W [P — 1P (Léi + max| Q(s, 0)|)

by (3.8). This shows that condition (a) of Theorem K holds.
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Step 2: Fi is a contraction. For every i =1,...,n, we have

~

|(F192)(2) — (F1d1) ()] < /222' Gri(ti-1,5)|(Q(s, Va(s)) — Q(s, V1(s))|ds,

i—1

~

S[iﬁwmﬁmgWMW—Q@&@W&

14 . R
<L Guilmolia(s)  a(s)lds
li—1
SLﬁiﬁmw—&m&*/WWA@—&@wm
F(’CZ) li—1

G — Uiz LZf_l i A
T R e L

< ||’l§2—’l§1 9

i

by (H2). Thus, F is a contraction and so condition (b) of Theorem K holds.
Step 3: Fy is continuous and Fy(Bs,) is relatively compact. To show that Fj is

continuous, let {@J} be a sequence such that @j — Y in Bs,. Then, for ¢ € (4, tit+1],
i=1,...k

(F20,)() = (Fd) ()] < [ Gitim1, $)|(Q(s,0;(s)) — Q(s,9(s))lds,

14 R R
<L Gaslias)ldsls) — 9s)lds,
li—1

Ui — Ui LZf_l BT 5
< o B oy — IS - 0

Applying the Lebesgue Dominated Convergence Theorem yields

;-

|F2(3;) — Fa(9)

6,— 0as j — oo.

To prove that F; is equicontinuous, it would suffice to show that it is equicontin-

uous on each interval [;_1, %], so take i1, € [4i—1,%]. We have

|F2(9)(22) — F2(9) ()| =

14 . 14 R
/ %A@@%&Ww%—/‘GMmﬁgawwﬁ,
Li—1 Li—1

$i ds

14 ~
g/ G, 8) — G, 8)]1Q(s, 9(s))
Li—1

14
SO“+@@@@®O/‘WM@Q—%Amﬂ®

tic1

As 3y — 2, the right-hand side approaches zero which means that the mapping F3 is
equicontinuous. Now, Step 1 ensures uniform boundedness, so by the Ascoli-Arzela
Theorem, F, is relatively compact on Bs, for each i = 1,2, ..., k. This shows that (c)
of Theorem K holds.
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Therefore, by Theorem K, the mapping I has a fixed point and hence the bound-
ary value problem (1.2) has a at least one solution in C([a, b],R).

In keeping with the work above, we see that the auxiliary boundary value problem
(3.2) has at least one solution in Bs, for each i € {1,2,...,k}. Consequently, the

solution to (1.2) can be expressed as

(9,0 =90), 1€ [a, ),
9a) = {0 L € [a, 1],

Y2(2), L€ (U, ],

0, € |a, 1],
ﬁk(Z) = ~ [ * 1]
U6, 1€ (-1, U,

\

To show uniqueness of the solutions, we need to do this on each interval [;_1, U]
(see Definition 3.3), so let ¥; and ¥} be solutions of (1.2) on [;_1,%]. Then,

Y

19,0) — 9 Q)] = / | Gi25)Qs, 9(s))ds — / | Gi25)Qs, 9°(s))ds

< / |G, 5) (Q(s. 9(s)) — Qs, 9°(5))) ds|
< / |Gt 5) (Qs,0(s)) — Q(s, 9% (s))) ds|
< g b= 1 [ o) =l

<[ 9(s) — 9" (s)| ds

by (H2), from which the uniqueness of ¥;(2) on [;_1, ] for each i = 1,2,. ..k follows.
This completes the proof of the theorem. O

4. AN EXAMPLE

As a simple example of our main result obtained in this paper, consider the

boundary value problem

12)K(2)19(2)

+9(,Y(Q))=0,1€Z =13,
" Q(.9(0) 1.3
J(1) =9(3) =0,
Here we have p =1 and
if 1 € [1,2],

KO =
0 , ifre (2,3,

N[Ot Nw
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so k = 2 and our partition is

We take
Q(u) = %u
and so
120 11(0) = s = 300 = Fuald)| < 5 un) ~ v,

which means condition (H1) is satisfied with L = 3.

As to condition (H2), if ¢ = 1, then we need ﬁL < 1, and if i = 2, we want
_1

w7y L < 1, which we have. Therefore, by Theorem K, the problem (4.1) has a unique

solution.

In conclusion, as suggestions for future possible research, extending our results
here to problems of the form (1.1) as studied by Maazouz and Henderson in [9] would
be of interest, as would considering other boundary conditions such as Neumann,
Robin, or periodic type. Seeing what results could be obtained by applying other

types of fixed point theorems would also be of interest.
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