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ABSTRACT. In this paper, the Cauchy problem for linear and nonlinear nonlocal Boussinesq
equations is studied. The equation involves convolution terms including abstract operator functions
in Fourier type Banach space E. Here, assuming enough smoothness on the initial data and the
growth assumptions on operator functions, the local, global existence, uniqueness and regularity
properties of solutions are established in terms of fractional powers of given sectorial operator. We
can obtain a different classes of nonlocal Boussinesq equations by choosing the space E and linear

operator, which occur in a wide variety of physical systems.
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1. Introduction, Definitions and

Background The aim here, is to study the existence, uniqueness and regularity
properties of solutions of the Cauchy problem for convolution abstract Boussinesq
equation (BE)

(1.1)  wy — Dpuyg+axAyu—Axu=[Bx f(u)], (x,t) e R =R" x (0,T),

u(z,0)=p(x), u(z,0) =1 (z) for a.e. z € R",
where A = A(x) is a linear, B = B (z), f(u) are nonlinear operator functions defined
in a Banach space E, a is a complex valued function, v * u denotes the convolution
ofv=v(z),u=u(z)and T € (0, oo]. Here, A, denotes the Laplace operator with
respect to x € R", ¢ (x) and ¢ (z) are the given E-valued initial functions.
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First, we consider Cauchy problem for the corresponding linearized problem

utt_Axutt+a*Amu_A*u:g(xat)v (:E7t) GRZILU

(1.2) u(x,0) =@ (x), u (z,0) =1 (z) for a.e. z € R",

where g (x,t) is a given E-valued function.

We prove first, the well-posedness of the linear problem (1.2) in E-valued L?
spaces. The LP-well-posedness of the Cauchy problem (1.1) depends crucially on
the presence of a suitable kernel. This fact can be used to obtain the local, global

existence, uniqueness and regularity properties of nonlinear problem (1.1).

Note that, the existence, uniqueness of solutions and regularity properties for
different type wave equations were considered e.g. in [1-3], [4-7], [8], [10, 11],[14, 15],
(17,18, 22] and [28, 33, 34]. Boussinesq type equations occur in a wide variety of
physical systems, such as in the propagation of longitudinal deformation waves in an
elastic rod, hydro-dynamical process in plasma, in materials science which describe

spinodal decomposition and in the absence of mechanical stresses (see [19, 20, 32, 35]).

Cauchy problem for abstract hyperbolic equations were studied e.g. in [3, 4]
and [16]. The same time, the nonlocal abstract evolution equations were studied
in [24-27]. Unlike previous results, here we determine sufficient conditions on the
kernel functions that guarantees global existence and regularity properties of (1.1) in
E-valued L spaces. We will obtain uniform estimates in terms of fractional powers
of operator A. By choosing the space F, operators A and B in (1.1) appropriately,
we obtain different classes of nonlocal BEs which occur in application. Let we put
E =1,, choose A = A, and B = B; as infinite matrices [a;;], [b;;], respectively for
1,7 = 1,2, ...00. Consider the Cauchy problem for infinitely many system of nonlocal

linear BEs

(1.3) ALO%u; — a* Agu; + Z a;; *uj = g; (z,t),

J=1

U (ZL‘, 0) = ¥ (:B) 5 atui (33, O) = ¢2 (I) )

and nonlinear nonlocal BEs

(1.4) A0 — a* Agu; = Z bij * [ (u1,us,...),
j=1

te(0,7), z €R",
w; (2,0) = @; (x), Oy (2,0) =; () ,i=1,2,...00,

where a;; = a;; (x), b;; = b;j (x) are complex valued functions, f; are nonlinear func-

tions and

u=Aui(z,t)}, 0 ={pi(x)}, = {¢i(x)}.
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Then from our results, we obtain the existence, uniqueness and regularity prop-
erties of the problems (1.3) and (1.4) in terms of fractional powers of matrix operator

A in frame of [,-valued L spaces.

Moreover, let us choose E = LP' (0,1), B = By (x,y) is a bounded function on
R™x (0,1) and A = A, to be degenerated differential operator in LP* (0, 1) defined by

(1.5) D (Ap) = {u e W7 (0,1), ayul™ (0) + Brul™) (1) = 0, k = 1,2},
Ay () u = dy (z,y) x ul® + dy (w,y) * ul, 2 € R", y € (0,1), i € {0,1},

where ull = <y7%> ufor0<~y<1-— pil,pl € (0,00), dy = dy (z,y) is a continous,

dy = dy (x,y) is a bounded function in y € [0, 1] for a.e. x € R", oy, [k are complex

numbers and W?Lp 1(0,1) is a weighted Sobolev space defined by

WP (0,1) = {u:ue L7 (0,1), uP € L7 (0,1),
HUHWW[%M = ”u“Lm + HU[Z}HLm < 0.

From our general results we also obtain the existence, uniqueness and regularity

properties for the nonlocal mixed problem for nonlocal linear degenerate BE
(1.6) Agty — ax Agu+ dy (z,y) x ul® + dy (z,y) x ult = g (2, 9,1)

reR" ye(0,1),t€(0,7), u=mu(z,y,t),

ol (2,0, 1) + Brul (2,1,t) =0, k = 1,2,
u(z,y,0) = ¢ (z,y), u(2,y,0) =9 (z,9),
and the same problem for the following nonlinear degenerate BE
(1.7) Aguy — a* Ayu+ dy (z,y) * ul? + dy (x,y) * ul = By f (u),
reR", ye(0,1),te(0,T),

ol (2,0,1) + Brul™ (2,1,t) =0, k = 1,2,

u(x,y,O) :gp(aj,y), Ut(iﬁ,y,O) :¢($,y)’

where,

R

b

Then from our general results we deduced the existence, uniqueness and regularity
properties of the problems (1.6) — (1.7) in terms of fractional powers of the operator
A, defined by (1.5) in frame of LP* (0, 1)-valued L spaces.
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It should be noted that, the regularity properties of nonlinear wave equations in
terms of interpolation of spaces are very hard to obtain by the usual methods. For

this reason, in the proof we use modern analysis tools like the following:

(1) operator-valued Fourier multiplier theorems in abstract LP spaces;

(2) Embedding and trace theorems in E-valued Sobolev-Lions and Besov-Lions
spaces;

(3) Theory of semigroups of linear operators in Banach spaces;

(4) Perturbation theory of operators;

(5) Interpolation of Banach Spaces, and etc.

A strong mathematical motivation of this work is the following:

(a) the equation is nonlocal, i.e. they contain convolution terms and a variable

coefficient operator function (generally, unbounded) in the leading part;

(b) we prove that the linear problem (1.2) is LP-regular and the corresponding

nonlinear problem (1.1) has a unique strong global regular solution;

(c) by choosing the space E and the operators A in (1.1) and (1.2), we obtain

wide classes of nonlocal wave equations which occur in application;

The strategy is to express the equation (1.1) as an integral equation. To treat the
nonlinearity as a small perturbation of the linear part of the equation, the contraction
mapping theorem is used. Also, a priori estimates on LP norms of solutions of the
linearized version are utilized. The key step is the derivation of the uniform estimate
for solutions of the linearized convolution wave equation. The methods of harmonic
analysis, operator theory, interpolation of Banach spaces and embedding theorems in

Sobolev spaces are the main tools implemented to carry out the analysis.
In order to state our results precisely, we introduce some notations and some
function spaces.

Let E be a Banach space. L?(Q; E) denotes the space of strongly measurable

F-valued functions that are defined on the measurable subset 2 C R™ with the norm

1
P

TR T / If @Ik dz | ,1<p<oo,
Q

HfHLOO(Q;E) = esssup || f (z)||z-
€N

Let By and E» be two Banach spaces. (Ei, Ey), , for 6 € (0,1), p € [1, 00 denotes
the real interpolation spaces defined by K-method [29, §1.3.2]. L (E;, Es) will denote
the space of all bounded linear operators from F; to Es. For Fy = Ey = E it will be

denoted by L (F).
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N denotes the set of natural numbers and C denotes the set of complex numbers.
Here,

Se={NeC, largA—7|<7m—¢,0< p <7}.

A closed linear operator A is said to be ¢-sectorial (or sectorial) in a Banach

space E with bound M > 0 if D (A) and R (A) are dense on E, N (A) = {0} and

WA+MYWWQSMMF1

for any A € Sy, 0 < ¢ < w, where [ is an identity operator in £, L (E) is the space
of bounded linear operators in E; D (A) and R (A) denote domain and range of the
operator A. Sometimes we will put (A 4+ \) instead of (A + AI).

It is known that (see e.g.[29, §1.15.1]) there exist the fractional powers A% of a
sectorial operator A. Let F (Ae) denote the space D (Ae) with the graphical norm

1
||u||E(A9) = (||u||p + HAHUHP)" ,1<p<oo,0<6< 0.
Remark 1.1. If A is a ¢-sectorial operator in a Banach space E, then A generates
strongly continuous semigroup U (t) = Ua (t), t > 0 (see e.g. [11, § 1.5]). Moreover,

by reasoning as in [8, Lemma 2.2]), we obtain that
(2.1) 1Us (W)l gy < Me', [|AUA ) my < Mt >0,

where 0 <7 < 1 and w € R. Note that if ¢ > 7, then Uy (t) is a bounded analytic
semigroup.
A sectorial operator A (&) for £ € R™ is said to be uniformly sectorial in a Banach

space E, if D (A(&)) is independent of £ and the uniform estimate

|[(A+ D)~ < MM

' HL(E)
holds for any \ € Sy.

Let © be a domain in R™. C(Q; E), C™(§; E') will denote the spaces of E-valued
bounded uniformly strongly continuous and m-times continuously differentiable func-
tions on €2, respectively. S = S(R"™; E') denotes E-valued Schwartz class, i.e. the space
of all E-valued rapidly decreasing smooth functions on R" equipped with its usual
topology generated by seminorms. S(R"; C) denoted by S. Let S’(R™; E) denote the
space of all continuous linear functions from S into E, equipped with the bounded

convergence topology. Recall S(R"; E) is norm dense in LP(R"; E') when 1 < p < 0.

Let £, F ~! be Fourier and inverse Fourier transforms, defined by

a)=Fu= 2" /e_mfu (z)dz, F 'u=(2r)"2 /eixgu (&) d¢

R™ R
for u e S(R™; E) and z, £ € R™.
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Let A (z) be a linear operator function A (x) with domain D (A) independent on

x € R™. The Fourier transformation of A (z) is defined as

(FA(@)u,p) = (A(x)u, Fp) forue D(A)) and ¢ € S(R").
(For details see e.g [2, Section 3]), where (f, ) denote the value of generalized func-
tion f on the p € S (R").

Let A = A (z) be alinear operator such that Au € L' (R™; F) foru € S(R™; D (A)).
The convolution A x u for linear operator A and u € S(R™; D (A)) is defined as

A*u:/A(y)u(x—y)dy for u e S(R™; D (A)).

By using the Fourier transform in a similar way as in scalar case, we obtain that
F(Axu)=A()a(6), here A(¢) = (FA)(€).

Let m be a positive integer. W™P (Q; E') denotes an E-valued Sobolev space of
all functions u € L? (Q2; E') that have the generalized derivatives g%ﬁ € LP () E) with
the norm
o™
a— < 0.

ledllwmorry = el ogsm + D
k=1 LP(QE)
Let W#P (R™; E) denotes the fractional Sobolev space of order s € R, that is
defined as:
WP (E) =W’ (R E)={ue SR, E),

_ et 2\ 5
Wiy = [ 07 B <o)

It is clear that
WO (R™ E) = LP (R E) , p € [1,00].

Let Fy and E be two Banach spaces and Ej is continuously and densely embedded
into E. Here, W*? (R™; Ey, E') denote the Sobolev-Lions type space i.e.,

WP (R™ By, E) = {u € W (R"; E) N L (R™; Ey) ,
el ns £ = 100y + Illnony < 001

In a similar way, we define the following Sobolev-Lions type space:

WP (RY:; Ey, E) = {u € S (R Ey), 0?u e LP (RY; E),

— 2\ 3 ~ n
F'(1+ €))% e LP (R E), llyz.o0 (s 0, ) =

) ] <o)
T

||at2uHLP(R§z;E) T ‘
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Let 1 < p < ¢ < oo. A function ¥ € L>*(R"™) is called a Fourier multiplier
from LP(R"™; E) to LY(R™; E) if the map P: v — F ¥ ({)Fu for u € S(R™; F) is well

defined and extends to a bounded linear operator

P: LP(R™; E) — LY(R™; E).
Let A be a sectorial operator in F. Here,
X, = IP (R E), X, (A7) = L (R B (A7), 1 < p, ¢ < .

Y Y P (B) = W (R B), VP (B) = Y 7 (B)N X,

[ullyzr = lullysn@nm + llullx, < oo,
WP (AY) = WP (R™, E (A")), 0 <y <1,
Y5 = Y5 (A E) = WS (R"; E(A),E), Y = Y*5! (A E) =

W2,S,p (R%, E (A) ’ E) 7 Y;]S,p (A) E) =Y*SP (E) N Xq (A) 9

I YP(AE) I ysrp) ||u||Xq(A) < 00,

Eop = (Y (A, E), Xp) 1o By = (VP (AE), Xp) 1
CO (Y (A)) = CO([0,T]; Y1 (4)) i = 0,1,2.
Definition 1.1. Let 7' > 0 and ¢ € Ey,, ¢ € Ey,. The function u € C? (Y;? (4))
satisfies of the problem (1.1) is called the continuous solution or the strong solution

of (1.1). If T' < oo, then u(x,t) is called the local strong solution of the problem
(1.1). If T = oo, then u (x,t) is called the global strong solution of (1.1).

Definition 1.2. The function v € L*> (0,7 X, (A) N X, (A)) satisfies the equa-
tion (1.1) in the sense of S’(R"; E (A)) (the space of F (A)-valued tempered distribu-

tions) is called the weak solution of (1.1).

Definition 1.3. A Banach space E has Fourier type r € [1,2] (or a Fourier type
Banach space) provided the Fourier transform F defines a bounded linear operator
from L"(R™ E) to L" (R"; E) for 1 + L =1 (see e.g [13, Remark 2.3)).

Let Ey, E1be two Banach spaces and 0 < # < 1, 1 < p < oo. The real interpola-
tion of Ey, E) is defined (see [29, § 2.3.2]) as:

(Eo, By, = {w u=ug+u,u; €E;, j=0,1,

1

o0

lull gy, = 3 [ K (k)]

0
where the functional K (¢, u) defined by

dt
"o <o),

K (t,u) = K (t,u, Ey, E) = in

ot (luoll g, +tllwlls,)
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Remark 1.2. By Fubini’s theorem we get L? (R} E) = LP (0,71 X,), for X, =
L? (R™ E). Then by definition of spaces Y*5¢ YV = H*P (R™; E (A),E), X, we
have
Y2oP = fu: we WP (0,T; Y™, X)),

Jullyas = lelnoen + [l rin, }-
By properties of real interpolation of Banach spaces and interpolation of the

intersection of the spaces (see e.g. [29, §1.3]), we obtain

Eop = (Y (A E)N Xy, Xp) L, = (YVPP(E), Xp) 4

2P 25P 2P
Ws(l—%)vp (Rn; E) N LP (Rn; (E (A) 7E)2Lp> =

prs(i-3;)» (R”; (E(A),E). E) .

2p”
In a similar way, we have

s s(p—1) n
Eip = (V™7 (A, ) N Xy Xp)rsp, = W57 <R (B (A) ,E)ip,p,E> .

By J. lions-J. Peetre result (see e.g. [29, §1.8.2]) for u € W27 (0, T;Y*P, X,,) the
trace operator
d'u O'u
— —(to) = =— (., ¢
u ( 0) atz ( ) 0)

is bounded from Y?*? into C <0, T; (Y*5P, Xp)ej,p)’ where

6, = L1IP i)
2p

Moreover, if u(z,.) € (Ys’p,Xp)ej’p, then under some assumptions that will be
stated in the Section 3, f (u) € E for all z, t € R} and the map u — f (u) is bounded
from (Y*P, X,,) Ly into E. Hence, the nonlinear equation (1.1) is satisfied in the
Banach space E. Here, F (A) denotes a domain of A equipped with graphical norm,
(Ys’p,Xp)ap is a real interpolation space between X,, Y*? for 6 € (0,1), p € [1, 0]
(see e.g. [29, §1.3]).

Let us introduce a Fourier multiplier theorem in L (E)-valued LP space (see
[13, Theorem 4.3]):

Theorem A. Let X and Y have Fourier typer € [1,2]. If m € Bfl (R™ L(X,Y)),
then m is a Fourier multiplier from L? (R™; X) to L? (R™;Y') for each p € [1, o0].

Sometimes we use one and the same symbol C' without distinction in order to
denote positive constants which may differ from each other even in a single context.
When we want to specify the dependence of such a constant on a parameter, say «,
we write C,. Moreover, for u, v > 0 the relations u < v, u &~ v means that there

exist positive constants C, (', Cy independent on v and v such that, respectively

u < Cv, Chv <u < Cy.
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The paper is organized as follows: In Section 1, some definitions and background
are given. In Section 2, we obtain the existence of unique solution and a priori
estimates for solution of the linearized problem (1.1). In Section 3, we show the
existence and uniqueness of local strong solution of the problem (1.1). In Section 4,

we show the application of the problem (1.1).

2. Estimates for linearized equation

In this section, we make the necessary estimates for solutions of the Cauchy

problem for the convolution linear BE (1.2).
Let A be a sectorial operator in Forier type space E and X,, (A%) be D (A®)-value
function space with the norm

lull %, a0y = 1A% *ullx, » @ € [0,1].

Remark 2.1. Let A be a sectorial operator in a Banach space E. In view of
interpolation of the domains of sectorial operators (see e.g.[29, §1.8.2]), we have the
following relation

E(A'™"*) C (E(A),E),, C E(A™")
for0<f<landO<e<1-6.

Let A be a generator of a strongly continuous cosine operator function in E (see
e.g. [11, §11]) defined by

Lt _aad
C(t) = 5 e + e .

From the definition of sine operator-function S (t), we have
/ 1
1 1
(2.1) S(t)u= /C(G‘) udo, i.e. S(t)u = —A: (e”’“ — e_’tM) :

0

Let A(€) be the Fourier transformation of A (z), ie. A(¢) = F(A(z)). We

assume that A (€) is an uniformly sectorial operator in E. Let

(22) n=n©)=(0+1eR) 7 [A©+1efae)],
12 () = €19 .9, 0.1 =0 6,1 = 2,
_ =) s 97! _
S =5EN=n" (O =5 D = Oz 0z 0w B= b1, s ).

Condition 2.1. Assume: (1) E has Fourier type r € (1, 2[; (2) A = A(x) is a linear
operator with domain D (A) independent on x € R" such that Au € L' (R"; E) for
u e S(R"; D (A)) and A (€) is an uniformly ¢-sectorial operator in E for 0 < ¢ <
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such that Az (£) is a generator of a strongly continuous cosine operator function (see

e.g. [11,811] ); (3) A'yu‘ S ‘A”u fory < vandu e D (A”); (4) A(¢) is a
differentiable operator function with independent on ¢ € R™ domain D (Dﬁ A (& )) =

D (A) = D (A) for |3| > 2. Moreover, the following uniform estimate holds

[Pa@]w@],, <Miro<a<i-g

(5) @ € C™ (R™) such that
(23) a() € S0 |DPa(6)] < C,

for m = || > 2 and for all £ € R™;
(6) ¢ € Eq, and ¢ € Ey,, for p € [1, 00].
First we need the following lemmas:

Lemma 2.1. Let the assumptions (1) and (2) of Condition 2.1 be satisfied.

Then, problem (1.2) has a weak solution.

Proof. By using of the Fourier transform and by Remark 1.1, we get from (1.2):
N N -1,
(2.4) G (68) = () a(&,0) = (L+ €1 (&),

~

W(8,0)=¢ (), w(£0) =1 (¢),
where @ (€, t) is a Fourier transform of u (x,t) in x, n = n (&) is an operator function
in E defined by (2.2), ¢ (£), 0 (&) are Fourier transform of ¢ and v, respectively.
Since
(6 = (1+16P) " [A© +a©)leP],
we have

1

@+ N = {1+ 1e) T [A@ +iPa©)] +A) for e s,

So, in view of the assumptions (1), (2) and by [8, Lemma 2.3|, we get the following

estimate

H[nz €+ A"

<

L(E)

2
v < (L+1€1%)

HA (&) + ’5‘256(5) i\ (1 4 ’€|2)}—1

My (1+[€P) [l a (O] + A (L +1€P)| < My A

for all A € Sy, with 0 < ¢ + ¢ < 7 uniformly with respect A and £ € R™.
By virtue of [11, §11.2], by (2.2) and in view of the the above uniform estimate,

n(£) is a generator of a strongly continuous uniformly bounded operator functions
C (&,t), S(&t) in E. Moreover, problem (2.4) has a solution expressed as

(2.5) W) =CE)GE) +S(EDV(E)+
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t

/S(f,t (4 e e .

0
for all £ € R™, i.e. problem (1.2) has a solution

(2.6) u(z,t)=Ci(t)p+S1 ()Y +Q()g,
where C (1), Sy (t), @ (t) are linear operator functions defined by

CL (e =F[CEDRE), S (v =F" SNV ()],

t
Q)9 =FQeD), Q60 =F" [set-n) (L+1e) gl dr
0
Let
Yo (A%) = Bop 1 % (A7), [[ullyycaey = il + A% ull 5,
Vi (A%) = Bap (1 X, (A%), Jully, g = el + 14 5 w5

1)
0<a<l- 2Lp‘ Then for ¢ € Yy (A%), ¥ € Y, (A%) and g € L' (0,T;Y;"") problem
(1.2) has a unique strong solution v € C'([0,7]; X« (A)). Moreover, the following
estimate holds

Theorem 2.1. Assume that the Condition 2.1 is satisfied and s > % <2—p> Let

@7 1A% 5 ull g+ 14 5wl < Co [llellyan) +

t

e+ [ (I

0
uniformly in ¢t € [0, 7], where the constant Cy > 0 depends only on A, the space E

ver g (7l ) dr |

and initial data.

Proof. From Lemma 2.1, we get that problem (1.2) has a unique weak solution
for ¢ € Eop, ¥ € Ey, and ¢ (., t) € Y;"*. Let we show that this solution u = u(z,t) is
strong and u € C ([0,7];Y*?P (A; E)). Let N € N and

Iy ={¢:{eR" [ <N}, My ={:{€R, ] >N},
From (2.6), we deduced that

4% <l S [FC (60 dp @)

Lee(Iln)

ey [Frsendde), r[Froendeq)

Leo(Ily

[Fsen i)

Lo (11,

) + HF%QQ (5,t)H +

Lee (1T Lo (M)
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FrAQEn|
H Leo(1ry)
By virtue of Remakes 2.1, 2.2, in view of (2.6) and properties of sectorial opera-

tors, we have the following uniform estimate

[Frieq (g,t)HLOO(HN) < Clylly, -

Hence, due to uniform boundedness of operator functions C' (§,t), S (§,t), in view

of (2.3) and by Minkowski’s inequality for integrals, we get the uniform estimate

+ HIF 15 (£,1) A (¢ H <

Loo(Ily)

[Freen e

Lee(Iy)
A%y, + 1A%l x, + llgllx,] -
Moreover from (2.6), we deduced that

[Froendee) <

~Y

LOO

+||F1s 6.0 A 9|

()
[ nioge| +|FrsEnive| +

[Frsenaden| s

(2.9) P |5|2)‘% Ce,n) (1+1gf)? Ap )|+

N
P (1 1€) S (60 (1+167)F AQ ]|

Here, L> denotes L™ (€); E). Let us show that G; (.,t), V; (.,t) € Bfl (R™; L (E)) for
€(1,2],:=0,1 and for all t € [0, T, where

F L+ 1) S 60 (1 IeP) A ()| |+

= (14]¢%) FA“(©) C(&,1) Do (),
— (14 [¢%) 2 A (€) S (&,6) D1 (8),
=(1+|s|2> A% () C (€, 1) Do (6).
— (1) 2 A () S (60 B (6),
(210) (€)= [Al—zz—ao 1+ |g;2)8<1‘22>}_ O<e<l- 2ip
D, (€) {fl%;ps +(1+ |§|2)8(%_21p)} ) L0<e < % — %,
and

l:s(l—i)—é,fora5>0.
2p
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By embedding properties of E-valued Sobolev and Besov spaces see e.g [2, § 5] the
following embedding

B}, (R™ L (E)) € W (R"; L(E))

is contiuous for it o > 2. Hence, it is sufficient to derive that G;, V; € W7 (R™; L (E))
for o > %. By (2.6) it is clear to see that

(2.11) (%Go (1) =

—s&, (L+[€P) 2 A% () C(6,1) Do (€) +

(+160) 7 [ [ @ cen] @ + i © C et ()] -

s 1
s _ 2

st (L [E?) T AT () C (6,0 @0 (€) + (1 + 1) {(A ©+a©eP) "

A ©1(0 280 (©) + P 0+ 1A +

2, (14 1) F (A +a(©)1eP)” +aC (61 42 (9) a%fi (5)} B0 (€) —
256, (1 - %) Ao € C(en) (1+ 1) 00 g2 <5>} ,
9
a_kal (f>t) =

s (1+16P) 27 A% (©) S (6,6) 01.(§) +
(16 {347 @ © (26000 + 16 O+ A () +

%
FA©1(© (2600 + P (@4 A ©) (O +
2%, (1+ %) (A(©) +a(©)[67)" +as (€0 A (¢) a%fl <£>] D1 (€) -

: ()
2560 (% - 2ip> A (©)S (1) (1+1¢) @) <5>} .

By assumption (3), by (2.3) and (2.10), we have the uniform estmates
o] <oli©it=e| <o

B(E) — L(E)

@it <

9.12 ’
(2.12) e

GIGIE

(E)

rEseEne© <

L(E)

)
A atmalgf <o
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For the proving the inclusion G; € W¢ (R™; L (E)), it is sufficient to show
(2.13) D{G;i(.,t) € L' (R:L(E)), D{Vi(.,t) € L' (R™L(E))

for
n
5 = (517527 ~-~>Bn)7 |5| > ?7 te [07T] :
Indeed, by virtue of (2.1), (2.11)-(2.12) and by assumption on s, we have

.14 [ 16 (€015 <
4

Jare) i ©a©cen| | as [ i<

Rn Rn

168 €t de 5
R

[y i @m@sen|), des [ e e

Rn Rn

By assumption on s and in view of (2.10), r (1 — —) > n. So, by Condition 2.1, we

get
(215) J 1 (€0l <
Rn
Jasen | @e@cen]  des [0rier) i<
R™ Rn
S €t de 5
R’ﬂ
Jarien A ©e©seo|  ds o) e <
R™ Rn
First, let we show that
0 0 o o B
8_&:GZ (., t) , 8_&‘/; (., t) el (R ;L (E)) ,1=0,1k—1,2,..n.
By calculating -2 76 Do (£), (%@1 (¢) and in view of the assumptions on %fl (€)
we have: 5 5
A% (€) 3_&% (&) € L(E), A" (§) a—fk@l () e L(E).

In view of Condition 2.1, by (2.11)-(2. 13) and (2.14) — (2.15), we get

(2.16) /Ha—ngo ¢, t) dg <

L(E)
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[avien® A<®¢¢N&Mﬁwyég/X1+mfr?da<m,

R R"

/Ha—gﬁ“ &0)

[avien i ©e@sen| | as [arie)Fa<oo

g S
L(E)

Then by differentiating V; (£, t) with respect to &, we obtain the similar repre-
sentations (2.11) for %V; (€,t) and in a similar way, by using (2.16), we obtain

(2.17) R[Ha%(?i (& 1)

It is not hard to see that the expressions D?Gi (., 1), D?V; (.,,t) for |B] > 2

r

d¢ < C,i=0.1.
L(E)

include the terms that are multiplication of corresponding terms in (2.11) by bounded

operator functions of type
D [(1+1¢P)* Aot (g)]

Therefore, in view of estimates (2.16) — (2.17), we obtain (2.13). Hence, by
Theorem A the functions G; (§,t), V;(.,t), i = 0,1 are LP (R™; E) — L>® (R™ E)
Fourier multipliers. Then by Minkowski’s inequality for integrals from (2.3) and
(2.8) — (2.10), we have

(2.18) [Freenaee)| +[Frsenive| s

LOO

|F'C (&) n2@| e + HIF—ls(g,t) n—l@HLw <

[lelley, + I1llz,, + lgllyes | -

Moreover, by virtue of Remarks 2.1, 2.2 and by reasoning as the above, we have the

following estimate

1) |FrAeQeEn)| <c/ng Myes + 19 (L) dr

uniformly in ¢ € [0, 7]. Thus, from (2.6), (2.18) and (2.19), we obtain

(2.20) 14 < ull < C |Iglg, + 14°¢lx, +

t

Whﬁwﬁwm+/ﬂﬁﬂﬂ

0

ver T |9 (-ﬂ')”Xl) dr
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By differentiating (2.6) in a similar way, we get

(2.21) 14 sl < C [llglle,, + 1A%+ ¢l +

t

4% 6, + 14 0l + [ (g )l + 19 () dr
0

Then from (2.20) and (2.21) in view of Remarks 2.1, 2.2, we obtain the estimate
(2.7).
Let now, we show that problem (1.2) has a unique solution v € C ([0, T];Y*P).

Let’s admit it is the opposite. So let’s assume that the problem (1.2) has two solutions
Uy, Ug € C ([O,T] ;Ys,p) .

Then by linearity of (1.2), we get that v = u; — ug is also a solution of the corre-

sponding homogenous equation
(1—Ap)uy —a*xAu+ Axu=0,
v(z,0) =0, v (x,0) =0, x € R", t € (0,T).
Moreover, by (2.21) we have the following estimate

A" 5 ully <0,

Since N (A) = {0}, the above estmate implies that v = 0, i.e. u; = us.

Theorem 2.2. Let the Condition 2.1 holds, s > <2§—f1> and let 0 < a < 1—2ip.
Then for ¢, ¥ € Y*? (A%) and g € L' (0, T;Y*?) problem (1.2) has a unique strong

solution u € C ([0, T];Y*? (A, E)) and the following uniform estimate holds

(2.22) (|| A® % ul

yor + 1A%+ ]

yon) <

Co [l

yep AT

<
X, /)

ot HIF—l (1+16)? A“S(ﬁ,t)g@‘

yer(asy 119

t
vortany + [ g7
0

Proof. From (2.5) and (2.11), we have the following:

(2.23) (H]F—l (14 [€?)? A~a s Hw—l (1+ [€[?)® Avg

C{HF” (141 € (6. 1) dog

+
Xp

t

[la+ien?iraien

0

dr

Xp
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By using Theorem A and by reasoning as in Theorem 2.1, we get that C' (£, t) and
S (&,t) are Fourier multipliers in L? (R™; E') uniformly with respect to ¢ € [0,T]. So,
the estimate (2.23) by using the Minkowski’s inequality for integrals implies (2.22).

The uniqueness of (1.2) is obtained by reasoning as in Theorem 2.1.

3. Local well posedness of IVP for nonlinear nonlocal WE

In this section, we will show the local existence and uniqueness of solution for

the nonlinear problem (1.1).

Let Ey denote the real interpolation space between Y*P (A, E) and X, with 6 =

L je.

2_p’

Eop = (Y** (A, E), X,p) L

3pP

Let
CO(Y*P (4) =CP([0,T];Y*? (A, E)), CP (A, E) = C([0,T];Y*" (A, E)),i=1,2

Condition 3.1. Assume:
(1) the Condition 2.1 holds for s > 2 (52 ) and 0 < a < 1 - L;

(2) the kernel B = B (x) is a bounded integrable operator function in E such
that

BeL®R"L(E)NL (R"; L(E));

(3) the function u — f (z,t,u): R} x Eg, — E is a measurable in (z,t) € R} for
u € Egp,. Moreover, f(z,t,u) is continuous in u € Eg, and f (z,t,.) € CEHFL (Eg,; E)
uniformly with respect to = € R", ¢ € [0, T, where R}. = R" x (0,7).

Let

VPP (A% E) = Y*P (A% E) N X, (A%), Y% (A", E) = {u € Y*? (A", E),
<oo}.
X:D

Theorem 3.1. Let the Condition 3.1 holds. Then there exists a constant 6 > 0
such that for any ¢ € Y (A%) and ¢ € Y; (A%) satisfying

(3.1) lellg,, + 1A% llx, + 1¥llg,, + 1A% Dl 5, <,

problem (1.1) has a unique local strang solution u € C' (Y;*? (A)). Moreover,

« — 2\ 5 A
ellgenaons) = 1A%+ ully, + [ (1+16%) 2

Main aim of this section is to prove the following results:

(3.2) sup (Jlul.. )

te[0,7

Y’ls’p(AoﬁE) + ||U/t (,t)| YIS»P(ADC;E)) S C(sa

where the constant C' depends only on A, E, g, f and initial values.
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Proof. By (2.5), ((2.6)) the problem of finding a solution u of (1.1) is equivalent
to finding a fixed point of the mapping

(3.3) G(u) =Cr(t)e(x)+ 51 ()Y (x) +Q (u),

where C (t), S (t) are defined by (2.6) and @ (u) is a map defined by
t

Q) =— [F[U(t-n) (L+1e") " BO) Fu) €7)] dr

0

We define the metric space

C(T,A) = C5 (T, A) = {u € CF (A, B), [[ull sy a) < 5Cod }

equipped with the norm defined by

lulleray = sup [[1A% = u(H)llx, + llu(b)llyan +
€0,

t€[0,7]

1A 5w ()l + Nl (5O lysn]

where 0 > 0 satisfies (3.2) and Cj is a constant in Theorem 2.1 and 2.2. It is easy
to prove that C (T, A) is a complete metric space. From imbedding in Sobolev-Lions
space Y7 (A, E) and by Remark 1.2, we get that [[ul|y_ < 1 if we take that § is
enough small. For ¢ € Y (A%) and ¢ € Y] (A%), let

1ollzy, + 1A% * @llx, + 19l + 1A% * Pl 5, = 0.

By assumptions, it is easy to see that the map G is well defined for f € ClsI+1 (Egp; E).
By reasoning as in [27, Theorem 4.1], we prove that the G is a contractive map in
C (T, A) if § is a suitable small and G has a unique fixed point in v € C (T, A), i.e.
u=u(x,t)is a solution of (1.1). Let us show that this solution is unique in C* (A, E).

Let uq, ug € C* (A, E) are two solution of (1.1). Then for u = u; — us, we have

(3.4) Uy — Dy —ax Au+ Asxu= Bx[f(u1) — f (ug)]
Hence, by Minkowski’s inequality for integrals and by Theorem 2.2 from (3.4), we
obtain
t
(35 Jus = el < Co(T) [ s = el .
0

From (3.4) and Gronwall’s inequality, we have ||u; — us||y., = 0, i.e. problem (1.1)

has a unique solution in C* (A, E).
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4. The Cauchy problem for the infinite system of nonlocal BEs

Consider the linear problem (1.3). Let

1
N a
ly=1 u={w}, j=1,2,..N, |lull, = <Z |Uj|q) <00,
j=1

N=1,2,..00.
(see [29, § 1.18]). Let A; be the operator in [, defined by

Al = [ajm (l‘)] y Ajm = b]' (Qf) 20’m’ j,m = 1,2, N, D (Al) =17 =

q

1
N q

u = {u;}, Hqug = (Z 27 ‘Uj|q> < oo p,0>0.
=1

Let
YT = W (R 1) N L7 (R™17) , 1< g < oo,

1—L

Wy (I,) = W*U=2)? (R 1) N 1P (R”; " 2p)) .

Let f={fn}, m=1,2,..N and

=

2

m=m (€)= (&) |+ A ()]

Eip (lq) = WS(I—@i)yp (Rn’ lq) N LP (Rn, lg(l_ei)) ’
where
14
0; = 01,
2p

From Theorem 2.2 we get the following:

Theorem 4.1. Assume that: (1) 0 < a <1 -— 2Lp and p,1 € Y= (17%) for s >

2 (25—30; (2) b; = b; (€) are nonnegative bounded differentiable functions on R™ and

a+ lA)j (&) #0 for £ € R™, Dal;j are uniformly bounded on R” for 8 = (1, B2, ..., Bn),
|3] > 2 and the uniform estimate holds

S |pobs @ o et +5 0] <

Jj=1

Then for g € L' (0,T;Y*? (I,)) problem (1.3) has a unique strong solution u €
C ([0, 7];Y*?(l,)) and the following uniform estimate holds

(4.1) (145 + ul

yer(y) T | AT * Y&P(lq)> S
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t
[lyenige) + Wlyeaggey + [ 19 CDllyung, dr
0
Proof. It is known that [, is a Fourier type space for ¢ € (1, 00) (see e.g [21]). By
Remark 2.1, by definition of W*? (A;,l,) and by real interpolation of Banach spaces
(see e.g. [29, §1.3, 1.18]), we have
D(A%) =i,

q
By assumptions (1), (2) we obtain that A; (£) is uniformly sectorial in Iy, 1 (€) # 0
for all £ € R™ and
<M

s[4 -1
HD [A1 (&) m (f)] HL(lq)
for B = (B1, B2, ..., Bn), |B] > 2. Then by virtue of [3, § 3.14, 3.16] the operator A,

is generator of bounded cosine function in [,. Hence, by (4), (5), all conditions of

Theorem 2.2 are hold, i,e., we get the conclusion.

Now, consider the nonlinear problem (1.4). From Theorem 3.1 we obtain the

following result:

Theorem 4.2. Assume that: (1) 0 < a < 1-— 2ij © € Ey,(ly), ¥ € B,y (ly)
and s > % (%); (2) the assumption (2) of the Theorem 4.1 holds;(3) the kernels
bmj = by (z) are bounded functions such that b,,; € L (R") N L' (R™), moreover

o0
J=1

bm; (5)‘(1 < oo for all £ € R™ and for all m;

(4) the function

u— f(z,t,u) - R" x [0,T] x Wy (l,) =1,
is a measurable in (z,t) € R™"x [0, T for u € W ({,); Moreover, f (z,t,u) is continuous
inu € Wy(ly) and f € CEIF (W (1y) ;1) uniformly in z € R, ¢t € [0,7]. Then

problem (1.4) has a unique local strong solution
ued ([07 TU) 7Yoso7p (A17 lq)) )

where Tj is a maximal time interval that is appropriately small relative to M. More-

over, if

an, ( o) <

t€[0, T VP (Agily) + [|ue|

then Ty = oo.

Proof. It is known that [, is a Fourier type space (see e.g [21]). By Remark
2.1, by definition of Y*? (Ay,[,) and by real interpolation of Banach spaces (see e.g.
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29, §1.3, 1.18]), we have
Eip = (W57 (R515,1,) , Ly (R71y),, ) = W00 (R 170709, 1,) =

9 q7 q Gi,p
W= (R 1) 0 LP (R 1707%)) = By, (1,), i = 0, 1.
By assumptions (1), (2), we obtain that A; (€) is uniformly sectorial in I, ny (£) # 0
for all ¢ € R™ and
DPA, (€) ! ‘ <M
H 1(€)nm () Ly =

for 5 = (51, P2, .-, Bn), |B] < n. Then by virtue of [3, § 3.14, 3.16] the operator A,

is generator of bounded cosine function in [,. Hence, by (3), (4), all conditions of

Theorem 3.1 are hold, i,e., we get the conclusion.
4.2. The mixed problem for degenerate nonlocal BE
Consider the linear problem (1.6). Let
YsP2 = Wer (R L (0,1)) N LP (R™ WEP(0,1)), 1 < p < o

Let A, is the operator in LP' (0, 1) defined by (1.5) and let

1

=€) = [alél + A2 ()]
Here,
By, (LP) = W s(1=6:)]p (R™; LP (0,1)) N LP (Rn; W 2(=6:)].p1 (0, 1)) ’

where -
A
2p

Condition 4.2 Assume;

(Ho<y<1— p% for p; € (1,00) and a8y — azf; # 0;

(@0§a<1—%¢p€ﬂm@mL¢EEmUﬁ)mﬂs>%(ﬁ%)bmﬂﬂLmL
p1 € (1, 00);

(3) d; € L= (R™ LP* (0,1)) N L* (R™; LP* (0,1)),
(Bi, B2y ooy Br), 1Bl > 2,5 = 1,2
l_(4) di € C[0,1], d1(0,y) = dy (1,y), dy(x,y) € L>®(0,1) and |ds (z,y)| < C
d; ”(:c,y)‘ for 0 < p1 < § and for a.a. y € (0,1).

)D@%@;ﬂtwm)giw for § =

Now, we present the following result:
From Theorem 2.1 we obtain the following:

Theorem 4.3. Assume that the Condition 4.2 is satisfied. Then for ¢ € Y (A9),
Y €Yy (A9) and g € L (0, T; Y (LP')) problem (1.6) has a unique strong solution
u€ C([0,T]; X (LP')). Moreover, the following estimate holds

(4.2) | AS * u”xoo + [| A3 * ut”xoo < Cy ||‘P||E0P(Lz’1) +
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t

HwHElp(UH) + / <H9 ('77—)HYIS”’(LP1) + g ('77-)HX1(LP1)> dr|,
0

uniformly in ¢ € [0, 7], where the constant Cy > 0 depends only on A,, the space F

and initial data.

Proof. It is known that L' (0,1) is a Fourier type space for p; € (1,00) (see e.g
[21]). By Remark 2.1, by definition of WP (Ay, L' (0,1)) and by real interpolation
of Banach spaces (see e.g. [29, §1.3, 1.18]), we have

Ey = WP (R WE-PL(0,1), L7 (0,1), LPR™; LP* (0, 1)), =

P
we=00e (R, RA=00L1 (0, 1) | LP1(0,1)) = By, (L), i =0, 1.

By assumptions (1), (2), we obtain that A, (€) is uniformly sectorial in LP* (0, 1),
n2 () # 0 for all ¢ € R™ and

|07 [ A (€)nz™ ©)]

for 8 = (B1, B2, .., Bn), |B] > %. Then by virtue of [3, § 3.14, 3.16] the operator A; is
generator of bounded cosine function in L (0, 1). Hence, by (4), (5) the all conditions

a5
L(LP1)

of Theorem 2.1 are hold, i,e., we get the conclusion.

Now, consider the nonlinear problem (1.7). From Theorem 3.1 we have the

following:

Theorem 4.4. Assume that the Condition 4.1 is satisfied. Moreover,
u— f(z,t,u) : R" x [0,T] x Wy (LP* (0,1)) — LP* (0,1)

is a measurable in (z,t) € R" x [0,T] for u € Wy (LP* (0,1)), f (z,t,u) is continuous
inue Wy (L (0,1)) and

f(z,t,.) € CEFY (W, (1P (0,1)); LP* (0,1))

uniformly with respect to z € R", ¢ € [0,7]. Then problem (1.7) has a unique local
strong solution

uedC ([07 TO) ;Yoi)’p (A27 I (07 1))) s
where Tj is a maximal time interval that is appropriately small relative to M. More-

over, if

sup ) <||u| ng(Ag;Lm(O’l)Q < 00

t€l0, To var(Agizm o) + el

then Tj) = oo.

Proof. Indeed, by reasoning as in Theorem 4.3 and by virtue of [3, § 3.14, 3.16]

the operator A, is generator of bounded cosine function in LP* (0,1). Hence, by
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hypothesis Condition 4.2 and by the second assumption of theorem, we get that all

hypothesis of Theorem 3.1 are hold, i.e. we obtain the conclusion.
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