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ABSTRACT. In this paper, the Cauchy problem for linear and nonlinear nonlocal Boussinesq

equations is studied. The equation involves convolution terms including abstract operator functions

in Fourier type Banach space E. Here, assuming enough smoothness on the initial data and the

growth assumptions on operator functions, the local, global existence, uniqueness and regularity

properties of solutions are established in terms of fractional powers of given sectorial operator. We

can obtain a different classes of nonlocal Boussinesq equations by choosing the space E and linear

operator, which occur in a wide variety of physical systems.
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1. Introduction, Definitions and

Background The aim here, is to study the existence, uniqueness and regularity

properties of solutions of the Cauchy problem for convolution abstract Boussinesq

equation (BE)

(1.1) utt −∆xutt + a ∗∆xu− A ∗ u = [B ∗ f (u)] , (x, t) ∈ Rn
T = Rn × (0, T ) ,

u (x, 0) = φ (x) , ut (x, 0) = ψ (x) for a.e. x ∈ Rn,

where A = A (x) is a linear, B = B (x), f(u) are nonlinear operator functions defined

in a Banach space E, a is a complex valued function, υ ∗ u denotes the convolution

of υ = υ (x), u = u (x) and T ∈ (0, ∞]. Here, ∆x denotes the Laplace operator with

respect to x ∈ Rn, φ (x) and ψ (x) are the given E-valued initial functions.
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First, we consider Cauchy problem for the corresponding linearized problem

utt −∆xutt + a ∗∆xu− A ∗ u = g (x, t) , (x, t) ∈ Rn
T ,

(1.2) u (x, 0) = φ (x) , ut (x, 0) = ψ (x) for a.e. x ∈ Rn,

where g (x, t) is a given E-valued function.

We prove first, the well-posedness of the linear problem (1.2) in E-valued Lp

spaces. The Lp-well-posedness of the Cauchy problem (1.1) depends crucially on

the presence of a suitable kernel. This fact can be used to obtain the local, global

existence, uniqueness and regularity properties of nonlinear problem (1.1).

Note that, the existence, uniqueness of solutions and regularity properties for

different type wave equations were considered e.g. in [1-3], [4-7], [8], [10, 11],[14, 15],

[17,18, 22] and [28, 33, 34]. Boussinesq type equations occur in a wide variety of

physical systems, such as in the propagation of longitudinal deformation waves in an

elastic rod, hydro-dynamical process in plasma, in materials science which describe

spinodal decomposition and in the absence of mechanical stresses (see [19, 20, 32, 35]).

Cauchy problem for abstract hyperbolic equations were studied e.g. in [3, 4]

and [16]. The same time, the nonlocal abstract evolution equations were studied

in [24-27]. Unlike previous results, here we determine sufficient conditions on the

kernel functions that guarantees global existence and regularity properties of (1.1) in

E-valued Lp spaces. We will obtain uniform estimates in terms of fractional powers

of operator A. By choosing the space E, operators A and B in (1.1) appropriately,

we obtain different classes of nonlocal BEs which occur in application. Let we put

E = lq, choose A = A1 and B = B1 as infinite matrices [aij], [bij], respectively for

i, j = 1, 2, ...∞. Consider the Cauchy problem for infinitely many system of nonlocal

linear BEs

(1.3) ∆x∂
2
t ui − a ∗∆xui +

∞∑
j=1

aij ∗ uj = gi (x, t) ,

ui (x, 0) = φi (x) , ∂tui (x, 0) = ψi (x) ,

and nonlinear nonlocal BEs

(1.4) ∆x∂
2
t ui − a ∗∆xui =

∞∑
j=1

bij ∗ fj (u1, u2, ...) ,

t ∈ (0, T ) , x ∈ Rn,

ui (x, 0) = φi (x) , ∂tui (x, 0) = ψi (x) , i = 1, 2, ...∞,

where aij = aij (x), bij = bij (x) are complex valued functions, fi are nonlinear func-

tions and

u = {ui (x, t)} , φ = {φi (x)} , ψ = {ψi (x)} .
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Then from our results, we obtain the existence, uniqueness and regularity prop-

erties of the problems (1.3) and (1.4) in terms of fractional powers of matrix operator

A in frame of lq-valued L
p spaces.

Moreover, let us choose E = Lp1 (0, 1), B = B2 (x, y) is a bounded function on

Rn× (0, 1) and A = A2 to be degenerated differential operator in Lp1 (0, 1) defined by

(1.5) D (A2) =
{
u ∈ W [2],p1

γ (0, 1) , αku
[νk] (0) + βku

[νk] (1) = 0, k = 1, 2
}
,

A2 (x)u = d1 (x, y) ∗ u[2] + d2 (x, y) ∗ u[1], x ∈ Rn, y ∈ (0, 1) , νk ∈ {0, 1} ,

where u[i] =
(
yγ d

dy

)i
u for 0 ≤ γ < 1− 1

p1
,p1 ∈ (0,∞), d1 = d1 (x, y) is a contınous,

d2 = d2 (x, y) is a bounded function in y ∈ [0, 1] for a.e. x ∈ Rn, αk, βk are complex

numbers and W
[2],p1
γ (0, 1) is a weighted Sobolev space defined by

W [2],p1
γ (0, 1) = {u : u ∈ Lp1 (0, 1) , u[2] ∈ Lp1 (0, 1) ,

∥u∥
W

[2],p1
γ

= ∥u∥Lp1 +
∥∥u[2]∥∥

Lp1
<∞.

From our general results we also obtain the existence, uniqueness and regularity

properties for the nonlocal mixed problem for nonlocal linear degenerate BE

(1.6) ∆xutt − a ∗∆xu+ d1 (x, y) ∗ u[2] + d2 (x, y) ∗ u[1] = g (x, y, t) ,

x ∈ Rn, y ∈ (0, 1) , t ∈ (0, T ) , u = u (x, y, t) ,

αkiu
[νk] (x, 0, t) + βkiu

[νk] (x, 1, t) = 0, k = 1, 2,

u (x, y, 0) = φ (x, y) , ut (x, y, 0) = ψ (x, y) ,

and the same problem for the following nonlinear degenerate BE

(1.7) ∆xutt − a ∗∆xu+ d1 (x, y) ∗ u[2] + d2 (x, y) ∗ u[1] = B2 ∗ f (u) ,

x ∈ Rn, y ∈ (0, 1) , t ∈ (0, T ) ,

αkiu
[νk] (x, 0, t) + βkiu

[νk] (x, 1, t) = 0, k = 1, 2,

u (x, y, 0) = φ (x, y) , ut (x, y, 0) = ψ (x, y) ,

where,

b
∂[i]

∂yi
∗ u =

∫
Rn

b (x− ξ, y)
∂[i]

∂yi
u (ξ, y, t) dξ for b = b (x, y) .

Then from our general results we deduced the existence, uniqueness and regularity

properties of the problems (1.6)− (1.7) in terms of fractional powers of the operator

A2 defined by (1.5) in frame of Lp1 (0, 1)-valued Lp spaces.
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It should be noted that, the regularity properties of nonlinear wave equations in

terms of interpolation of spaces are very hard to obtain by the usual methods. For

this reason, in the proof we use modern analysis tools like the following:

(1) operator-valued Fourier multiplier theorems in abstract Lp spaces;

(2) Embedding and trace theorems in E-valued Sobolev-Lions and Besov-Lions

spaces;

(3) Theory of semigroups of linear operators in Banach spaces;

(4) Perturbation theory of operators;

(5) Interpolation of Banach Spaces, and etc.

A strong mathematical motivation of this work is the following:

(a) the equation is nonlocal, i.e. they contain convolution terms and a variable

coefficient operator function (generally, unbounded) in the leading part;

(b) we prove that the linear problem (1.2) is Lp-regular and the corresponding

nonlinear problem (1.1) has a unique strong global regular solution;

(c) by choosing the space E and the operators A in (1.1) and (1.2), we obtain

wide classes of nonlocal wave equations which occur in application;

The strategy is to express the equation (1.1) as an integral equation. To treat the

nonlinearity as a small perturbation of the linear part of the equation, the contraction

mapping theorem is used. Also, a priori estimates on Lp norms of solutions of the

linearized version are utilized. The key step is the derivation of the uniform estimate

for solutions of the linearized convolution wave equation. The methods of harmonic

analysis, operator theory, interpolation of Banach spaces and embedding theorems in

Sobolev spaces are the main tools implemented to carry out the analysis.

In order to state our results precisely, we introduce some notations and some

function spaces.

Let E be a Banach space. Lp (Ω;E) denotes the space of strongly measurable

E-valued functions that are defined on the measurable subset Ω ⊂ Rn with the norm

∥f∥p = ∥f∥Lp(Ω;E) =

∫
Ω

∥f (x)∥pE dx

 1
p

, 1 ≤ p <∞,

∥f∥L∞(Ω;E) = ess sup
x∈Ω

∥f (x)∥E .

Let E1 and E2 be two Banach spaces. (E1, E2)θ,p for θ ∈ (0, 1), p ∈ [1,∞] denotes

the real interpolation spaces defined by K-method [29, §1.3.2]. L (E1, E2) will denote

the space of all bounded linear operators from E1 to E2. For E1 = E2 = E it will be

denoted by L (E).
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N denotes the set of natural numbers and C denotes the set of complex numbers.

Here,

Sϕ = {λ ∈ C, |arg λ− π| ≤ π − ϕ, 0 ≤ ϕ < π} .

A closed linear operator A is said to be ϕ-sectorial (or sectorial) in a Banach

space E with bound M > 0 if D (A) and R (A) are dense on E, N (A) = {0} and

∥∥(A+ λI)−1
∥∥
L(E)

≤M |λ|−1

for any λ ∈ Sϕ, 0 ≤ ϕ < π, where I is an identity operator in E, L (E) is the space

of bounded linear operators in E; D (A) and R (A) denote domain and range of the

operator A. Sometimes we will put (A+ λ) instead of (A+ λI).

It is known that (see e.g.[29, §1.15.1]) there exist the fractional powers Aθ of a

sectorial operator A. Let E
(
Aθ
)
denote the space D

(
Aθ
)
with the graphical norm

∥u∥E(Aθ) =
(
∥u∥p +

∥∥Aθu
∥∥p) 1

p , 1 ≤ p <∞, 0 < θ <∞.

Remark 1.1. If A is a ϕ-sectorial operator in a Banach space E, then A generates

strongly continuous semigroup U (t) = UA (t), t ≥ 0 (see e.g. [11, § 1.5]). Moreover,

by reasoning as in [8, Lemma 2.2]), we obtain that

(2.1) ∥UA (t)∥B(E) ≤Meωt, ∥AγUA (t)∥L(E) ≤M |t|−γ , t ≥ 0,

where 0 ≤ γ < 1 and ω ∈ R. Note that if ϕ > π
2
, then UA (t) is a bounded analytic

semigroup.

A sectorial operator A (ξ) for ξ ∈ Rn is said to be uniformly sectorial in a Banach

space E, if D (A (ξ)) is independent of ξ and the uniform estimate∥∥(A+ λI)−1
∥∥
L(E)

≤M |λ|−1

holds for any λ ∈ Sϕ.

Let Ω be a domain in Rn. C(Ω;E), Cm(Ω;E) will denote the spaces of E-valued

bounded uniformly strongly continuous and m-times continuously differentiable func-

tions on Ω, respectively. S = S(Rn;E) denotes E-valued Schwartz class, i.e. the space

of all E-valued rapidly decreasing smooth functions on Rn equipped with its usual

topology generated by seminorms. S(Rn;C) denoted by S. Let S ′(Rn;E) denote the

space of all continuous linear functions from S into E, equipped with the bounded

convergence topology. Recall S(Rn;E) is norm dense in Lp(Rn;E) when 1 ≤ p <∞.

Let 𭟋, 𭟋−1 be Fourier and inverse Fourier transforms, defined by

û (ξ) = 𭟋u = (2π)−
n
2

∫
Rn

e−ixξu (x) dx, 𭟋−1u = (2π)−
n
2

∫
Rn

eixξu (ξ) dξ

for u ∈ S(Rn;E) and x, ξ ∈ Rn.
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Let A (x) be a linear operator function A (x) with domain D (A) independent on

x ∈ Rn. The Fourier transformation of A (x) is defined as

⟨𭟋A (x)u, φ⟩ = ⟨A (x)u,𭟋φ⟩ for u ∈ D (A)) and φ ∈ S (Rn) .

(For details see e.g [2, Section 3]), where ⟨f, φ⟩ denote the value of generalized func-

tion f on the φ ∈ S (Rn) .

LetA = A (x) be a linear operator such thatAu ∈ L1 (Rn;E) for u ∈ S(Rn;D (A)).

The convolution A ∗ u for linear operator A and u ∈ S(Rn;D (A)) is defined as

A ∗ u =

∫
Rn

A (y)u (x− y) dy for u ∈ S(Rn;D (A)).

By using the Fourier transform in a similar way as in scalar case, we obtain that

F (A ∗ u) = Â (ξ) û (ξ) , here Â (ξ) = (FA) (ξ) .

Let m be a positive integer. Wm,p (Ω;E) denotes an E-valued Sobolev space of

all functions u ∈ Lp (Ω;E) that have the generalized derivatives ∂mu
∂xm

k
∈ Lp (Ω;E) with

the norm

∥u∥Wm,p(Ω;E) = ∥u∥Lp(Ω;E) +
n∑

k=1

∥∥∥∥∂mu∂xmk

∥∥∥∥
Lp(Ω;E)

<∞.

Let W s,p (Rn;E) denotes the fractional Sobolev space of order s ∈ R, that is

defined as:

W s,p (E) = W s,p (Rn;E) = { u ∈ S ′(Rn;E),

∥u∥W s,p(E) =
∥∥∥F−1

(
I + |ξ|2

) s
2 Fu

∥∥∥
Lp(Rn;E)

<∞
}
.

It is clear that

W 0,p (Rn;E) = Lp (Rn;E) , p ∈ [1,∞] .

Let E0 and E be two Banach spaces and E0 is continuously and densely embedded

into E. Here, W s,p (Rn;E0, E) denote the Sobolev-Lions type space i.e.,

W s,p (Rn;E0, E) = {u ∈ W s,p (Rn;E) ∩ Lp (Rn;E0) ,

∥u∥W s,p(Rn;E0,E) = ∥u∥Lp(Rn;E0)
+ ∥u∥W s,p(Rn;E) <∞

}
.

In a similar way, we define the following Sobolev-Lions type space:

W 2,s,p (Rn
T ;E0, E) = { u ∈ S ′ (Rn

T ;E0) , ∂
2
t u ∈ Lp (Rn

T ;E) ,

F−1
x

(
1 + |ξ|2

) s
2 û ∈ Lp (Rn

T ;E) , ∥u∥W 2,s,p(Rn
T ;E0,E) =∥∥∂2t u∥∥Lp(Rn

T ;E) +
∥∥∥F−1

x

(
I + |ξ|2

) s
2 û
∥∥∥
Lp(Rn

T ;E)
<∞

}
.
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Let 1 ≤ p ≤ q < ∞. A function Ψ ∈ L∞(Rn) is called a Fourier multiplier

from Lp(Rn;E) to Lq(Rn;E) if the map P : u→ F−1Ψ(ξ)Fu for u ∈ S(Rn;E) is well

defined and extends to a bounded linear operator

P : Lp(Rn;E) → Lq(Rn;E).

Let A be a sectorial operator in E. Here,

Xp = Lp (Rn;E) , Xp (A
γ) = Lp (Rn;E (Aγ)) , 1 ≤ p, q ≤ ∞,

Y s,p = Y s,p (E) = W s,p (Rn;E) , Y s,p
q (E) = Y s,p (E) ∩Xq,

∥u∥Y s,p
q

= ∥u∥W s,p(Rn;E) + ∥u∥Xq
<∞,

W s,p (Aγ) = W s,p (Rn;E (Aγ)) , 0 < γ ≤ 1,

Y s,p = Y s,p (A,E) = W s,p (Rn;E (A) , E) , Y 2,s,p = Y 2,s,p (A,E) =

W 2,s,p (Rn
T ;E (A) , E) , Y s,p

q (A;E) = Y s,p (E) ∩Xq (A) ,

∥u∥Y s,p
q (A,E) = ∥u∥Y s,p(E) + ∥u∥Xq(A) <∞,

E0p = (Y s,p (A,E) , Xp) 1
2p

,p , E1p = (Y s,p (A,E) , Xp) 1+p
2p

,p ,

C(i) (Y s,p
1 (A)) = C(i) ([0, T ] ;Y s,p

1 (A)) , i = 0, 1, 2.

Definition 1.1. Let T > 0 and φ ∈ E0p, ψ ∈ E1p. The function u ∈ C2 (Y s,p
1 (A))

satisfies of the problem (1.1) is called the continuous solution or the strong solution

of (1.1). If T < ∞, then u (x, t) is called the local strong solution of the problem

(1.1). If T = ∞, then u (x, t) is called the global strong solution of (1.1).

Definition 1.2. The function u ∈ L∞ (0, T ;Xp (A) ∩X1 (A)) satisfies the equa-

tion (1.1) in the sense of S ′(Rn;E (A)) (the space of E (A)-valued tempered distribu-

tions) is called the weak solution of (1.1).

Definition 1.3. A Banach space E has Fourier type r ∈ [1, 2] (or a Fourier type

Banach space) provided the Fourier transform F defines a bounded linear operator

from Lr(Rn;E) to Lr′(Rn;E) for 1
r
+ 1

r′
= 1 (see e.g [13, Remark 2.3]).

Let E0, E1be two Banach spaces and 0 < θ < 1, 1 ≤ p <∞. The real interpola-

tion of E0, E1 is defined (see [29, § 2.3.2]) as:

(E0, E)θ,p = { u: u = u0 + u1, uj ∈ Ej, j = 0, 1,

∥u∥(E0,E)θ,p
=


∞∫
0

[
t−θK (t, u)

]p dt
t


1
p

<∞ } ,

where the functional K (t, u) defined by

K (t, u) = K (t, u, E0, E) = inf
u=u0+u1

(
∥u0∥E0

+ t ∥u1∥E1

)
.
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Remark 1.2. By Fubini’s theorem we get Lp (Rn
T ;E) = Lp (0, T ;Xp), for Xp =

Lp (Rn;E). Then by definition of spaces Y 2,s,p, Y s,p = Hs,p (Rn;E (A) , E), Xp we

have

Y 2,s,p =
{
u: u ∈ W 2,p (0, T ;Y s,p, Xp) ,

∥u∥Y 2,s,p = ∥u∥Lp(0,T ;Y s,p) +
∥∥u(2)∥∥

Lp(0,T ;Xp)

}
.

By properties of real interpolation of Banach spaces and interpolation of the

intersection of the spaces (see e.g. [29, §1.3]), we obtain

E0p = (Y s,p (A,E) ∩Xp, Xp) 1
2p

,p = (Y s,p (E) , Xp) 1
2p

,p ∩ (Xp (A) , Xp) 1
2p

,p =

W s(1− 1
2p),p (Rn;E) ∩ Lp

(
Rn; (E (A) , E) 1

2p
,p

)
=

W s(1− 1
2p),p

(
Rn; (E (A) , E) 1

2p
,p , E

)
.

In a similar way, we have

E1p = (Y s,p (A,E) ∩Xp, Xp) 1+p
2p

,p = W
s(p−1)

2p
,p
(
Rn; (E (A) , E) 1+p

2p
,p , E

)
.

By J. lions-J. Peetre result (see e.g. [29, §1.8.2]) for u ∈ W 2,p (0, T ;Y s,p, Xp) the

trace operator

u→ diu

dti
(t0) =

∂iu

∂ti
(., t0)

is bounded from Y 2,s,p into C
(
0, T ; (Y s,p, Xp)θj ,p

)
, where

θj =
1 + jp

2p
, j = 0, 1.

Moreover, if u (x, .) ∈ (Y s,p, Xp)θj ,p, then under some assumptions that will be

stated in the Section 3, f (u) ∈ E for all x, t ∈ Rn
T and the map u→ f (u) is bounded

from (Y s,p, Xp, ) 1
2p

,p into E. Hence, the nonlinear equation (1.1) is satisfied in the

Banach space E. Here, E (A) denotes a domain of A equipped with graphical norm,

(Y s,p, Xp)θ,p is a real interpolation space between Xp, Y
s,p for θ ∈ (0, 1), p ∈ [1,∞]

(see e.g. [29, §1.3]).

Let us introduce a Fourier multiplier theorem in L (E)-valued Lp space (see

[13, Theorem 4.3]):

Theorem A. LetX and Y have Fourier type r ∈ [1, 2]. Ifm ∈ B
n
r
r,1 (Rn;L (X, Y )),

then m is a Fourier multiplier from Lp (Rn;X) to Lp (Rn;Y ) for each p ∈ [1,∞].

Sometimes we use one and the same symbol C without distinction in order to

denote positive constants which may differ from each other even in a single context.

When we want to specify the dependence of such a constant on a parameter, say α,

we write Cα. Moreover, for u, υ > 0 the relations u ≲ υ, u ≈ υ means that there

exist positive constants C, C1, C2 independent on u and υ such that, respectively

u ≤ Cυ, C1υ ≤ u ≤ C2υ.
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The paper is organized as follows: In Section 1, some definitions and background

are given. In Section 2, we obtain the existence of unique solution and a priori

estimates for solution of the linearized problem (1.1). In Section 3, we show the

existence and uniqueness of local strong solution of the problem (1.1). In Section 4,

we show the application of the problem (1.1).

2. Estimates for linearized equation

In this section, we make the necessary estimates for solutions of the Cauchy

problem for the convolution linear BE (1.2).

Let A be a sectorial operator in Forier type space E and X̂p (A
α) be D (Aα)-value

function space with the norm

∥u∥X̂p(Aα) = ∥Aα ∗ u∥Xp
, α ∈ [0, 1] .

Remark 2.1. Let A be a sectorial operator in a Banach space E. In view of

interpolation of the domains of sectorial operators (see e.g.[29, §1.8.2]), we have the

following relation

E
(
A1−θ+ε

)
⊂ (E (A) , E)θ,p ⊂ E

(
A1−θ−ε

)
for 0 < θ < 1 and 0 < ε < 1− θ.

Let A be a generator of a strongly continuous cosine operator function in E (see

e.g. [11, §11]) defined by

C (t) =
1

2

(
eitA

1
2 + e−itA

1
2

)
.

From the definition of sine operator-function S (t), we have

(2.1) S (t)u =

t∫
0

C (σ)udσ, i.e. S (t)u =
1

2i
A− 1

2

(
eitA

1
2 − e−itA

1
2

)
.

Let Â (ξ) be the Fourier transformation of A (x), i.e. Â (ξ) = F (A (x)). We

assume that Â (ξ) is an uniformly sectorial operator in E. Let

(2.2) η = η (ξ) =
(
1 + |ξ|2

)− 1
2

[
Â (ξ) + |ξ|2 â (ξ)

] 1
2
,

η± (ξ) = eitη(ξ) ± e−itη(ξ), C (t) = C (ξ, t) =
η+ (ξ)

2
,

S (t) = S (ξ, t) = η−1 (ξ)
η− (ξ)

2i
, Dβ =

∂|β|

∂xβ1

1 ∂x
β2

2 ...∂x
βn
n

, β = (β1, β2, ..., βn) .

Condition 2.1. Assume: (1) E has Fourier type r ∈ (1, 2]; (2) A = A (x) is a linear

operator with domain D (A) independent on x ∈ Rn such that Au ∈ L1 (Rn;E) for

u ∈ S(Rn;D (A)) and Â (ξ) is an uniformly ϕ-sectorial operator in E for 0 ≤ ϕ < π
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such that Â
1
2 (ξ) is a generator of a strongly continuous cosine operator function (see

e.g. [11, §11] ); (3)
∥∥∥Âγu

∥∥∥ ≲
∥∥∥Âνu

∥∥∥ for γ ≤ ν and u ∈ D
(
Âν
)
; (4) Â (ξ) is a

differentiable operator function with independent on ξ ∈ Rn domain D
(
DβÂ (ξ)

)
=

D
(
Â
)
= D (A) for |β| > n

r
. Moreover, the following uniform estimate holds∥∥∥[DβÂ (ξ)
]
η−α (ξ)

∥∥∥
L(E)

≤M for 0 ≤ α < 1− 1

2p
;

(5) â ∈ C(m) (Rn) such that

(2.3) â (ξ) ∈ Sϕ,
∣∣Dβâ (ξ)

∣∣ ≤ C,

for m = |β| > n
r
and for all ξ ∈ Rn;

(6) φ ∈ E0p and ψ ∈ E1p for p ∈ [1,∞].

First we need the following lemmas:

Lemma 2.1. Let the assumptions (1) and (2) of Condition 2.1 be satisfied.

Then, problem (1.2) has a weak solution.

Proof. By using of the Fourier transform and by Remark 1.1, we get from (1.2):

(2.4) ûtt (ξ, t)− η2 (ξ) û (ξ, t) =
(
1 + |ξ|2

)−1
ĝ (ξ, t) ,

û (ξ, 0) = φ̂ (ξ) , ût (ξ, 0) = ψ̂ (ξ) ,

where û (ξ, t) is a Fourier transform of u (x, t) in x, η = η (ξ) is an operator function

in E defined by (2.2), φ̂ (ξ), ψ̂ (ξ) are Fourier transform of φ and ψ, respectively.

Since

η2 (ξ) =
(
1 + |ξ|2

)−1
[
Â (ξ) + â (ξ) |ξ|2

]
,

we have[
η2 (ξ) + λ

]−1
=
{(

1 + |ξ|2
)−1
[
Â (ξ) + |ξ|2 â (ξ)

]
+ λ
}−1

for λ ∈ Sϕ1 .

So, in view of the assumptions (1), (2) and by [8, Lemma 2.3], we get the following

estimate∥∥∥[η2 (ξ) + λ
]−1
∥∥∥
L(E)

≤
(
1 + |ξ|2

) ∥∥∥∥[Â (ξ) + |ξ|2 â (ξ) + λ
(
1 + |ξ|2

)]−1
∥∥∥∥
L(E)

≤

M1

(
1 + |ξ|2

) ∣∣|ξ| |â (ξ)|+ λ
(
1 + |ξ|2

)∣∣−1 ≤M2 |λ|−1

for all λ ∈ Sϕ1 with 0 ≤ ϕ1 + ϕ < π uniformly with respect λ and ξ ∈ Rn.

By virtue of [11, §11.2], by (2.2) and in view of the the above uniform estimate,

η (ξ) is a generator of a strongly continuous uniformly bounded operator functions

C (ξ, t), S (ξ, t) in E. Moreover, problem (2.4) has a solution expressed as

(2.5) û (ξ, t) = C (ξ, t) φ̂ (ξ) + S (ξ, t) ψ̂ (ξ)+
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t∫
0

S (ξ, t− τ)
(
1 + |ξ|2

)−1
ĝ (ξ, τ) dτ,

for all ξ ∈ Rn, i.e. problem (1.2) has a solution

(2.6) u (x, t) = C1 (t)φ+ S1 (t)ψ +Q (t) g,

where C1 (t), S1 (t), Q (t) are linear operator functions defined by

C1 (t)φ = F−1 [C (ξ, t) φ̂ (ξ)] , S1 (t)ψ = F−1
[
S (ξ, t) ψ̂ (ξ)

]
,

Q (t) g = F−1Q̃ (ξ, t) , Q̃ (ξ, t) = F−1

t∫
0

S (ξ, t− τ)
(
1 + |ξ|2

)−1
ĝ (ξ, τ) dτ.

Let

Y0 (A
α) = E0p ∩ X̂1 (A

α) , ∥u∥Y0(Aα) = ∥u∥E0p
+ ∥Aα ∗ u∥E ,

Y1 (A
α) = E1p ∩ X̂1 (A

α) , ∥u∥Y1(Aα) = ∥u∥E1p
+ ∥Aα ∗ u∥E .

Theorem 2.1. Assume that the Condition 2.1 is satisfied and s > n
r

(
2p

2p−1

)
. Let

0 ≤ α < 1 − 1
2p
. Then for φ ∈ Y0 (A

α), ψ ∈ Y1 (A
α) and g ∈ L1 (0, T ;Y s,p

1 ) problem

(1.2) has a unique strong solution u ∈ C ([0, T ] ;X∞ (A)). Moreover, the following

estimate holds

(2.7) ∥Aα ∗ u∥X∞
+ ∥Aα ∗ ut∥X∞

≤ C0

[
∥φ∥Y α

0 (A) +

∥ψ∥Y α
1 (A) +

t∫
0

(
∥g (., τ)∥Y s,p

1
+ ∥g (., τ)∥X1

)
dτ

 ,
uniformly in t ∈ [0, T ], where the constant C0 > 0 depends only on A, the space E

and initial data.

Proof. From Lemma 2.1, we get that problem (1.2) has a unique weak solution

for φ ∈ E0p, ψ ∈ E1p and g (., t) ∈ Y s,p
1 . Let we show that this solution u = u(x, t) is

strong and u ∈ C ([0, T ] ;Y s,p (A;E)). Let N ∈ N and

ΠN = {ξ : ξ ∈ Rn, |ξ| ≤ N} , Π′
N = {ξ : ξ ∈ Rn, |ξ| ≥ N} .

From (2.6), we deduced that

∥Aα ∗ u∥X∞
≲
∥∥∥F−1C (ξ, t) Âαφ̂ (ξ)

∥∥∥
L∞(ΠN )

+

(2.8)
∥∥∥F−1S (ξ, t) Âαψ̂ (ξ)

∥∥∥
L∞(ΠN )

+
∥∥∥F−1C (ξ, t) Âαφ̂ (ξ)

∥∥∥
L∞(Π′

N)
+∥∥∥F−1S (ξ, t) Âαψ̂ (ξ)

∥∥∥
L∞(Π′

N)
+
∥∥∥F−1ÂαQ̃ (ξ, t)

∥∥∥
L∞(ΠN )

+
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∥∥∥
L∞(Π′

N)
.

By virtue of Remakes 2.1, 2.2, in view of (2.6) and properties of sectorial opera-

tors, we have the following uniform estimate∥∥∥F−1ÂαQ̃ (ξ, t)
∥∥∥
L∞(ΠN )

≤ C ∥g∥X1
.

Hence, due to uniform boundedness of operator functions C (ξ, t), S (ξ, t), in view

of (2.3) and by Minkowski’s inequality for integrals, we get the uniform estimate∥∥∥F−1C (ξ, t) Âαφ̂ (ξ)
∥∥∥
L∞(ΠN )

+
∥∥∥F−1S (ξ, t) Âαψ̂ (ξ)

∥∥∥
L∞(ΠN )

≲[
∥Aαφ∥X1

+ ∥Aαψ∥X1
+ ∥g∥X1

]
.

Moreover from (2.6), we deduced that∥∥∥F−1C (ξ, t) Âαφ̂ (ξ)
∥∥∥
L∞(Π′

N)
+
∥∥∥F−1S (ξ, t) Âαψ̂ (ξ)

∥∥∥
L∞

≲∥∥∥F−1C (ξ, t) Âαφ̂ (ξ)
∥∥∥
L∞

+
∥∥∥F−1S (ξ, t) Âαψ̂ (ξ)

∥∥∥
L∞

+∥∥∥F−1S (ξ, t) ÂαQ̃ (ξ, t)
∥∥∥
L∞

≲

(2.9)
∥∥∥F−1

(
1 + |ξ|2

)− s
2 C (ξ, t)

(
1 + |ξ|2

) s
2 Âαφ̂ (ξ)

∥∥∥
L∞

+∥∥∥F−1
(
1 + |ξ|2

)− s
2 S (ξ, t)

(
1 + |ξ|2

) s
2 Âαψ̂ (ξ)

∥∥∥
L∞

+∥∥∥F−1
(
1 + |ξ|2

)− s
2 S (ξ, t)

(
1 + |ξ|2

) s
2 ÂαQ̃ (ξ, t)

∥∥∥
L∞

.

Here, L∞ denotes L∞ (Ω;E). Let us show that Gi (., t), Vi (., t) ∈ B
n
r
r,1 (Rn;L (E)) for

r ∈ ( 1, 2 ], i = 0, 1 and for all t ∈ [0, T ], where

G0 (ξ, t) =
(
1 + |ξ|2

)− s
2 Âα (ξ)C (ξ, t) Φ0 (ξ) ,

G1 (ξ, t) =
(
1 + |ξ|2

)− s
2 Âα (ξ)S (ξ, t) Φ1 (ξ) ,

V0 (ξ, t) =
(
1 + |ξ|2

)− l
2 Âα (ξ)C (ξ, t) Φ0 (ξ) ,

V1 (ξ, t) =
(
1 + |ξ|2

)− l
2 Âα (ξ)S (ξ, t) Φ1 (ξ) ,

(2.10) Φ0 (ξ) =

[
Â1− 1

2p
−ε0 +

(
1 + |ξ|2

)s(1− 1
2p)
]−1

, 0 < ε0 < 1− 1

2p
,

Φ1 (ξ) =

[
Â

1
2
− 1

2p
−ε +

(
1 + |ξ|2

)s( 1
2
− 1

2p)
]−1

, 0 < ε1 <
1

2
− 1

2p
,

and

l = s

(
1− 1

2p

)
− δ, for a δ > 0.
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By embedding properties of E-valued Sobolev and Besov spaces see e.g [2, § 5] the

following embedding

B
n
r
r,1 (Rn;L (E)) ⊂ W σ,r (Rn;L (E))

is contiuous for it σ > n
r
. Hence, it is sufficient to derive that Gi, Vi ∈ W σ

r (Rn;L (E))

for σ > n
r
. By (2.6) it is clear to see that

(2.11)
∂

∂ξk
G0 (ξ, t) =

−sξk
(
1 + |ξ|2

)− s
2
−1
Âα (ξ)C (ξ, t) Φ0 (ξ)+(

1 + |ξ|2
)− s

2

[
∂

∂ξk

[
Âα (ξ)C (ξ, t)

]
Φ0 (ξ) + Âα (ξ)C (ξ, t)

∂

∂ξk
Φ0 (ξ)

]
=

−sξk
(
1 + |ξ|2

)− s
2
−1
Âα (ξ)C (ξ, t) Φ0 (ξ) +

(
1 + |ξ|2

)− s
2

{(
Â (ξ) + â (ξ) |ξ|2

)− 1
2 ×[

it

4
Âα (ξ) η (ξ) (2ξkâ (ξ) + |ξ|2 ∂

∂ξk
â (ξ) +

∂

∂ξk
Â (ξ)

)
+

2ξk
(
1 + |ξ|2

)− 3
2

(
Â (ξ) + â (ξ) |ξ|2

) 1
2
+ αC (ξ, t) Âα−1 (ξ)

∂

∂ξk
Â (ξ)

]
Φ0 (ξ)−

2sξk

(
1− 1

2p

)
Âα (ξ)C (ξ, t)

(
1 + |ξ|2

)s(1− 1
2p)−1

Φ−2
0 (ξ)

}
,

∂

∂ξk
G1 (ξ, t) =

−sξk
(
1 + |ξ|2

)− s
2
−1
Âα (ξ)S (ξ, t) Φ1 (ξ)+(

1 + |ξ|2
)− s

2

{[
t

4
Âα (ξ) η+ (ξ)

(
2ξkâ (ξ) + |ξ|2 ∂

∂ξk
â (ξ) +

∂

∂ξk
Â (ξ)

)
+

t

4i
Âα (ξ) η− (ξ)

(
2ξkâ (ξ) + |ξ|2 ∂

∂ξk
â (ξ) +

∂

∂ξk
Â (ξ)

)
η−2 (ξ)+

2ξk
(
1 + |ξ|2

)− 3
2

(
Â (ξ) + â (ξ) |ξ|2

) 1
2
+ αS (ξ, t) Âα−1 (ξ)

∂

∂ξk
Â (ξ)

]
Φ1 (ξ)−

2sξk

(
1

2
− 1

2p

)
Âα (ξ)S (ξ, t)

(
1 + |ξ|2

)s( 1
2− 1

2p)−1

Φ−2
1 (ξ)

}
.

By assumption (3), by (2.3) and (2.10), we have the uniform estmates∥∥∥Âα (ξ)C (ξ, t) Φ0 (ξ)
∥∥∥
B(E)

≤ C
∥∥∥Âα (ξ) Â−(1− 1

2p
−ε0) (ξ)

∥∥∥
L(E)

≤ C0,

(2.12)
∥∥∥Â 1

2 (ξ) η−1 (ξ)
∥∥∥
L(E)

∥∥∥Âα (ξ) Â− 1
2 (ξ) Φ1 (ξ)

∥∥∥
L(E)

≤∥∥∥Âα (ξ)S (ξ, t) Φ1 (ξ)
∥∥∥
L(E)

≤ C
∥∥∥Âα (ξ) Â−(1− 1

2p
−ε0) (ξ)

∥∥∥
L(E)

≤ C1.
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For the proving the inclusion Gi ∈ W σ
2 (Rn;L (E)), it is sufficient to show

(2.13) Dβ
ξGi (., t) ∈ Lr (Rn;L (E)) , Dβ

ξ Vi (., t) ∈ Lr (Rn;L (E))

for

β = (β1, β2, ..., βn) , |β| > n

r
, t ∈ [0, T ] .

Indeed, by virtue of (2.1), (2.11)-(2.12) and by assumption on s, we have

(2.14)

∫
Rn

∥G0 (ξ, t)∥rL(E) dξ ≲

∫
Rn

(
1 + |ξ|2

)− rs
2

∥∥∥Âα (ξ) Φ0 (ξ)C (ξ, t)
∥∥∥r
L(E)

dξ ≲
∫
Rn

(
1 + |ξ|2

)− rs
2 dξ <∞,

∫
Rn

∥G1 (ξ, t)∥rL(E) dξ ≲∫
Rn

(
1 + |ξ|2

)− rs
2

∥∥∥Âα (ξ) Φ1 (ξ)S (ξ, t)
∥∥∥r
L(E)

dξ ≲
∫
Rn

(
1 + |ξ|2

)− rs
2 dξ <∞.

By assumption on s and in view of (2.10), rs
(
1− 1

2p

)
> n. So, by Condition 2.1, we

get

(2.15)

∫
Rn

∥V0 (ξ, t)∥rL(E) dξ ≲

∫
Rn

(
1 + |ξ|2

)− rl
2

∥∥∥Âα (ξ) Φ0 (ξ)C (ξ, t)
∥∥∥r
L(E)

dξ ≲
∫
Rn

(
1 + |ξ|2

)− rl
2 dξ <∞,

∫
Rn

∥V1 (ξ, t)∥rL(E) dξ ≲∫
Rn

(
1 + |ξ|2

)− rl
2

∥∥∥Âα (ξ) Φ0 (ξ)S (ξ, t)
∥∥∥r
L(E)

dξ ≲
∫
Rn

(
1 + |ξ|2

)− rl
2 dξ <∞.

First, let we show that

∂

∂ξk
Gi (., t) ,

∂

∂ξk
Vi (., t) ∈ Lr (Rn;L (E)) , i = 0, 1, k − 1, 2, ...n.

By calculating ∂
∂ξk

Φ0 (ξ),
∂

∂ξk
Φ1 (ξ) and in view of the assumptions on ∂

∂ξk
Â (ξ)

we have:

Âα (ξ)
∂

∂ξk
Φ0 (ξ) ∈ L (E) , Âα (ξ)

∂

∂ξk
Φ1 (ξ) ∈ L (E) .

In view of Condition 2.1, by (2.11)-(2.13) and (2.14)− (2.15), we get

(2.16)

∫
Rn

∥∥∥∥ ∂

∂ξk
G0 (ξ, t)

∥∥∥∥r
L(E)

dξ ≲
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Rn

(
1 + |ξ|2

)− rs
2

∥∥∥Âα (ξ) Φ0C (ξ, t)
∥∥∥r
L(E)

dξ ≲
∫
Rn

(
1 + |ξ|2

)− rs
2 dξ <∞,

∫
Rn

∥∥∥∥ ∂

∂ξk
G1 (ξ, t)

∥∥∥∥r
L(E)

dξ ≲

∫
Rn

(
1 + |ξ|2

)− rs
2

∥∥∥Âα (ξ) Φ1 (ξ)S (ξ, t)
∥∥∥r
L(E)

dξ ≲
∫
Rn

(
1 + |ξ|2

)− rs
2 dξ <∞.

Then by differentiating Vi (ξ, t) with respect to ξk, we obtain the similar repre-

sentations (2.11) for ∂
∂ξk
Vi (ξ, t) and in a similar way, by using (2.16), we obtain

(2.17)

∫
Rn

∥∥∥∥ ∂

∂ξk
Gi (ξ, t)

∥∥∥∥r
L(E)

dξ ≤ C, i = 0.1.

It is not hard to see that the expressions Dβ
ξGi (., t), D

β
ξ Vi (., t) for |β| > n

r

include the terms that are multiplication of corresponding terms in (2.11) by bounded

operator functions of type

Dβ
ξ

[(
1 + |ξ|2

)− s
2 ÂαΦ−k

i (ξ)
]
.

Therefore, in view of estimates (2.16) − (2.17), we obtain (2.13). Hence, by

Theorem A the functions Gi (ξ, t), Vi (., t), i = 0, 1 are Lp (Rn;E) → L∞ (Rn;E)

Fourier multipliers. Then by Minkowski’s inequality for integrals from (2.3) and

(2.8)− (2.10), we have

(2.18)
∥∥∥F−1C (ξ, t) Âαφ̂ (ξ)

∥∥∥
L∞

+
∥∥∥F−1S (ξ, t) Âαψ̂ (ξ)

∥∥∥
L∞

≲∥∥F−1C (ξ, t) η−2φ̂
∥∥
L∞ +

∥∥∥F−1S (ξ, t) η−1ψ̂
∥∥∥
L∞

≲

[
∥φ∥E0p

+ ∥ψ∥E1p
+ ∥g∥Y s,p

]
.

Moreover, by virtue of Remarks 2.1, 2.2 and by reasoning as the above, we have the

following estimate

(2.19)
∥∥∥F−1ÂαQ̃ (ξ, t)

∥∥∥
X∞

≤ C

t∫
0

(
∥g (., τ)∥Y s,p + ∥g (., τ)∥X1

)
dτ

uniformly in t ∈ [0, T ]. Thus, from (2.6), (2.18) and (2.19), we obtain

(2.20) ∥Aα ∗ u∥X∞
≤ C

[
∥φ∥E0p

+ ∥Aαφ∥X1
+

∥ψ∥E1p
+ ∥Aαψ∥X1

+

t∫
0

(
∥g (., τ)∥Y s,p + ∥g (., τ)∥X1

)
dτ

 .
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By differentiating (2.6) in a similar way, we get

(2.21) ∥Aα ∗ ut∥X∞
≤ C

[
∥φ∥E0p

+ ∥Aα ∗ φ∥X1
+

∥Aα ∗ ψ∥E1p
+ ∥Aα ∗ ψ∥X1

+

t∫
0

(
∥g (., τ)∥Y s,p + ∥g (., τ)∥X1

)
dτ

 .
Then from (2.20) and (2.21) in view of Remarks 2.1, 2.2, we obtain the estimate

(2.7).

Let now, we show that problem (1.2) has a unique solution u ∈ C ([0, T ] ;Y s,p).

Let’s admit it is the opposite. So let’s assume that the problem (1.2) has two solutions

u1, u2 ∈ C ([0, T ] ;Y s,p) .

Then by linearity of (1.2), we get that υ = u1 − u2 is also a solution of the corre-

sponding homogenous equation

(1−∆x)utt − a ∗∆u+ A ∗ u = 0,

υ (x, 0) = 0, υt (x, 0) = 0, x ∈ Rn, t ∈ (0, T ) .

Moreover, by (2.21) we have the following estimate

∥Aα ∗ u∥X∞
≤ 0.

Since N (A) = {0}, the above estmate implies that υ = 0, i.e. u1 = u2.

Theorem 2.2. Let the Condition 2.1 holds, s > n
r

(
2p

2p−1

)
and let 0 ≤ α < 1− 1

2p
.

Then for φ, ψ ∈ Y s,p (Aα) and g ∈ L1 (0, T ;Y s,p) problem (1.2) has a unique strong

solution u ∈ C ([0, T ] ;Y s,p (A,E)) and the following uniform estimate holds

(2.22) (∥Aα ∗ u∥Y s,p + ∥Aα ∗ ut∥Y s,p) ≤

C0

∥φ∥Y s,p(Aα) + ∥ψ∥Y s,p(Aα) +

t∫
0

∥g (., τ)∥Y s,p dτ

 .
Proof. From (2.5) and (2.11), we have the following:

(2.23)

(∥∥∥F−1
(
1 + |ξ|2

) s
2 Âαû

∥∥∥
Xp

+
∥∥∥F−1

(
1 + |ξ|2

) s
2 Âαût

∥∥∥
Xp

)
≤

C

{∥∥∥F−1
(
1 + |ξ|2

) s
2 C (ξ, t) Âαφ̂

∥∥∥
Xp

+
∥∥∥F−1

(
1 + |ξ|2

) s
2 ÂαS (ξ, t) ψ̂

∥∥∥
Xp

+

t∫
0

∥∥∥(1 + |ξ|2
) s

2 ÂαQ̃ (ξ, t)
∥∥∥
Xp

dτ

 .
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By using Theorem A and by reasoning as in Theorem 2.1, we get that C (ξ, t) and

S (ξ, t) are Fourier multipliers in Lp (Rn;E) uniformly with respect to t ∈ [0, T ]. So,

the estimate (2.23) by using the Minkowski’s inequality for integrals implies (2.22).

The uniqueness of (1.2) is obtained by reasoning as in Theorem 2.1.

3. Local well posedness of IVP for nonlinear nonlocal WE

In this section, we will show the local existence and uniqueness of solution for

the nonlinear problem (1.1).

Let E0 denote the real interpolation space between Y s,p (A,E) and Xp with θ =
1
2p
, i.e.

E0p = (Y s,p (A,E) , Xp) 1
2p

,p .

Let

C(i) (Y s,p (A)) = C(i) ([0, T ] ;Y s,p (A,E)) , Cs,p (A,E) = C ([0, T ] ;Y s,p (A,E)) , i = 1, 2.

Condition 3.1. Assume:

(1) the Condition 2.1 holds for s > n
r

(
2p

2p−1

)
and 0 ≤ α < 1− 1

2p
;

(2) the kernel B = B (x) is a bounded integrable operator function in E such

that

B ∈ L∞ (Rn;L (E)) ∩ L1 (Rn;L (E)) ;

(3) the function u→ f (x, t, u): Rn
T ×E0p → E is a measurable in (x, t) ∈ Rn

T for

u ∈ E0p. Moreover, f (x, t, u) is continuous in u ∈ E0p and f (x, t, .) ∈ C [s]+1 (E0p;E)

uniformly with respect to x ∈ Rn, t ∈ [0, T ], where Rn
T = Rn × (0, T ).

Let

Ŷ s,p
1 (Aα;E) = Ŷ s,p (Aα;E) ∩X1 (A

α) , Ŷ s,p (Aα;E) = {u ∈ Y s,p (Aα;E) ,

∥u∥Ŷ s,p(Aα;E) = ∥Aα ∗ u∥Xp
+
∥∥∥F−1

(
1 + |ξ|2

) s
2 û
∥∥∥
Xp

<∞
}
.

Main aim of this section is to prove the following results:

Theorem 3.1. Let the Condition 3.1 holds. Then there exists a constant δ > 0

such that for any φ ∈ Y0 (A
α) and ψ ∈ Y1 (A

α) satisfying

(3.1) ∥φ∥E0p
+ ∥Aα ∗ φ∥X1

+ ∥ψ∥E1p
+ ∥Aα ∗ ψ∥X1

≤ δ,

problem (1.1) has a unique local strang solution u ∈ C1 (Y s,p
1 (A)). Moreover,

(3.2) sup
t∈[0,T ]

(
∥u (., t)∥Ŷ s,p

1 (Aα,E) + ∥ut (., t)∥Ŷ s,p
1 (Aα;E)

)
≤ Cδ,

where the constant C depends only on A, E, g, f and initial values.
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Proof. By (2.5), ((2.6)) the problem of finding a solution u of (1.1) is equivalent

to finding a fixed point of the mapping

(3.3) G (u) = C1 (t)φ (x) + S1 (t)ψ (x) +Q (u) ,

where C1 (t), S1 (t) are defined by (2.6) and Q (u) is a map defined by

Q (u) = −
t∫

0

F−1
[
U (ξ, t− τ)

(
1 + |ξ|2

)−1
B̂ (ξ) f̂ (u) (ξ, τ)

]
dτ.

We define the metric space

C (T,A) = Cδ (T,A) =
{
u ∈ Cs,p (A,E) , ∥u∥Cs,p(T,A) ≤ 5C0δ

}
equipped with the norm defined by

∥u∥C(T,A) = sup
t∈[0,T ]

[
∥Aα ∗ u (., t)∥X∞

+ ∥u (., t)∥Y s,p +

∥Aα ∗ ut (., t)∥X∞
+ ∥ut (., t)∥Y s,p

]
,

where δ > 0 satisfies (3.2) and C0 is a constant in Theorem 2.1 and 2.2. It is easy

to prove that C (T,A) is a complete metric space. From imbedding in Sobolev-Lions

space Y s,p (A,E) and by Remark 1.2, we get that ∥u∥X∞
≤ 1 if we take that δ is

enough small. For φ ∈ Y0 (A
α) and ψ ∈ Y1 (A

α), let

∥φ∥E0p
+ ∥Aα ∗ φ∥X1

+ ∥ψ∥E1p
+ ∥Aα ∗ ψ∥X1

= δ.

By assumptions, it is easy to see that the map G is well defined for f ∈ C [s]+1 (E0p;E).

By reasoning as in [27, Theorem 4.1], we prove that the G is a contractive map in

C (T,A) if δ is a suitable small and G has a unique fixed point in u ∈ C (T,A), i.e.

u = u (x, t) is a solution of (1.1). Let us show that this solution is unique in Cs (A,E).

Let u1, u2 ∈ Cs (A,E) are two solution of (1.1). Then for u = u1 − u2, we have

(3.4) utt −∆xutt − a ∗∆u+ A ∗ u = B ∗ [f (u1)− f (u2)]

Hence, by Minkowski’s inequality for integrals and by Theorem 2.2 from (3.4), we

obtain

(3.5) ∥u1 − u2∥Y s,p ≤ C2 (T )

t∫
0

∥u1 − u2∥Y s,p dτ.

From (3.4) and Gronwall’s inequality, we have ∥u1 − u2∥Y s,p = 0, i.e. problem (1.1)

has a unique solution in Cs (A,E).
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4. The Cauchy problem for the infinite system of nonlocal BEs

Consider the linear problem (1.3). Let

lq =

 u = {uj} , j = 1, 2, ...N , ∥u∥lq =

(
N∑
j=1

|uj|q
) 1

q

<∞

 ,

N = 1, 2, ...∞.

(see [29, § 1.18]). Let A1 be the operator in lp defined by

A1 = [ajm (x)] , ajm = bj (x) 2
σm, j,m = 1, 2, ...N , D (A1) = lσq =

 u = {uj} , ∥u∥lσq =

(
N∑
j=1

2σj |uj|q
) 1

q

<∞

 , σ > 0.

Let

Y s,p,σ = W s,p (Rn; lq) ∩ Lp
(
Rn; lσq

)
, 1 ≤ q ≤ ∞,

W0 (lq) = W s(1− 1
2p),p (Rn; lq) ∩ Lp

(
Rn; l

σ(1− 1
2p)

q

)
.

Let f = {fm}, m = 1, 2, ...N and

η1 = η1 (ξ) =
[
â (ξ) |ξ|2 + Â1 (ξ)

] 1
2
,

Eip (lq) = W s(1−θi),p (Rn; lq) ∩ Lp
(
Rn; lσ(1−θi)

q

)
,

where

θj =
1 + ip

2p
, i = 0, 1.

From Theorem 2.2 we get the following:

Theorem 4.1. Assume that: (1) 0 ≤ α < 1 − 1
2p

and φ, ψ ∈ Y s,p
(
lσαq
)
for s >

n
r

(
2p

2p−1

)
; (2) b̂j = bj (ξ) are nonnegative bounded differentiable functions on Rn and

a+ b̂j (ξ) ̸= 0 for ξ ∈ Rn, Dαb̂j are uniformly bounded on Rn for β = (β1, β2, ..., βn),

|β| > n
r
and the uniform estimate holds

∞∑
j=1

∣∣∣Dαb̂j (ξ)
∣∣∣2 [â (ξ) |ξ|2 + b̂j (ξ)

]−1

≤M.

Then for g ∈ L1 (0, T ;Y s,p (lq)) problem (1.3) has a unique strong solution u ∈
C ([0, T ] ;Y s,p (lq)) and the following uniform estimate holds

(4.1)
(
∥Aα

1 ∗ u∥Y s,p(lq)
+ ∥Aα

1 ∗ ut∥Y s,p(lq)

)
≲
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∥φ∥Y s,p(lσα
q ) + ∥ψ∥Y s,p(lσα

q ) +

t∫
0

∥g (., τ)∥Y s,p(lq)
dτ.

Proof. It is known that lq is a Fourier type space for q ∈ (1,∞) (see e.g [21]). By

Remark 2.1, by definition of W s,p (A1, lq) and by real interpolation of Banach spaces

(see e.g. [29, §1.3, 1.18]), we have

D (Aα
1 ) = lσαq .

By assumptions (1), (2) we obtain that Â1 (ξ) is uniformly sectorial in lq, η1 (ξ) ̸= 0

for all ξ ∈ Rn and ∥∥∥Dβ
[
Â1 (ξ) η

−1
1 (ξ)

]∥∥∥
L(lq)

≤M

for β = (β1, β2, ..., βn), |β| > n
r
. Then by virtue of [3, § 3.14, 3.16] the operator A1

is generator of bounded cosine function in lq. Hence, by (4), (5), all conditions of

Theorem 2.2 are hold, i,e., we get the conclusion.

Now, consider the nonlinear problem (1.4). From Theorem 3.1 we obtain the

following result:

Theorem 4.2. Assume that: (1) 0 ≤ α < 1 − 1
2p
, φ ∈ E0p (lq), ψ ∈ E1p (lq)

and s > n
r

(
2p

2p−1

)
; (2) the assumption (2) of the Theorem 4.1 holds;(3) the kernels

bmj = bmj (x) are bounded functions such that bmj ∈ L∞ (Rn) ∩ L1 (Rn), moreover

∞∑
j=1

∣∣∣b̂mj (ξ)
∣∣∣q <∞ for all ξ ∈ Rn and for all m;

(4) the function

u→ f (x, t, u) : Rn × [0, T ]×W0 (lq) → lq

is a measurable in (x, t) ∈ Rn×[0, T ] for u ∈ W0 (lq); Moreover, f (x, t, u) is continuous

in u ∈ W0 (lq) and f ∈ C [s]+1 (W0 (lq) ; lq) uniformly in x ∈ Rn, t ∈ [0, T ]. Then

problem (1.4) has a unique local strong solution

u ∈ C ([0, T0) ;Y
s,p
∞ (A1, lq)) ,

where T0 is a maximal time interval that is appropriately small relative to M . More-

over, if

sup
t∈[0 , T0)

(
∥u∥Y s,p

∞ (Âα
1 ;lq)

+ ∥ut∥Y s,p
∞ (Âα

1 ;lq)

)
<∞,

then T0 = ∞.

Proof. It is known that lq is a Fourier type space (see e.g [21]). By Remark

2.1, by definition of Y s,p (A1, lq) and by real interpolation of Banach spaces (see e.g.
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[29, §1.3, 1.18]), we have

Eip =
(
W s,,p

(
Rn; lσq , lq

)
, Lp (Rn; lq)θi,p

)
= W s(1−θi),p

(
Rn; lσ(1−θi)

q , lq
)
=

W s(1−θi),p (Rn; lq) ∩ Lp
(
Rn; lσ(1−θi)

q

)
= E0i (lq) , i = 0, 1.

By assumptions (1), (2), we obtain that Â1 (ξ) is uniformly sectorial in lq, η1 (ξ) ̸= 0

for all ξ ∈ Rn and ∥∥∥DβÂ1 (ξ) η
−1
1 (ξ)

∥∥∥
L(lq)

≤M

for β = (β1, β2, ..., βn), |β| ≤ n. Then by virtue of [3, § 3.14, 3.16] the operator A1

is generator of bounded cosine function in lq. Hence, by (3), (4), all conditions of

Theorem 3.1 are hold, i,e., we get the conclusion.

4.2. The mixed problem for degenerate nonlocal BE

Consider the linear problem (1.6). Let

Y s,p,2 = W s,p (Rn;Lp1 (0, 1)) ∩ Lp
(
Rn;W [2],p1 (0, 1)

)
, 1 ≤ p ≤ ∞.

Let A2 is the operator in Lp1 (0, 1) defined by (1.5) and let

η2 = η2 (ξ) =
[
a |ξ|2 + Â2 (ξ)

] 1
2
.

Here,

Eip (L
p1) = W [s(1−θi)],p (Rn;Lp1 (0, 1)) ∩ Lp

(
Rn;W [2(1−θi)],p1 (0, 1)

)
,

where

θi =
1 + ip

2p
, i = 0, 1.

Condition 4.2 Assume;

(1) 0 ≤ γ < 1− 1
p1

for p1 ∈ (1,∞) and α1β2 − α2β1 ̸= 0;

(2) 0 ≤ α < 1− 1
2p
, φ ∈ E0p (L

p1), ψ ∈ E1p (L
p1) and s > n

r

(
2p

2p−1

)
for p ∈ [1,∞],

p1 ∈ (1,∞);

(3) dj ∈ L∞ (Rn;Lp1 (0, 1)) ∩ L1 (Rn;Lp1 (0, 1)),
∥∥∥Dβd̂j (ξ, .)

∥∥∥
L(Lp1 )

≤ M for β =

(β1, β2, ..., βn), |β| > n
r
, j = 1, 2;

(4) d1 ∈ C [0, 1] , d1 (0, y) = d1 (1, y), d2 (x, y) ∈ L∞ (0, 1) and |d2 (x, y)| ≤ C∣∣∣d 1
2
−µ

1 (x, y)
∣∣∣ for 0 < µ < 1

2
and for a.a. y ∈ (0, 1) .

Now, we present the following result:

From Theorem 2.1 we obtain the following:

Theorem 4.3. Assume that the Condition 4.2 is satisfied. Then for φ ∈ Y0 (A
α
2 ),

ψ ∈ Y1 (A
α
2 ) and g ∈ L1 (0, T ;Y s,p

1 (Lp1)) problem (1.6) has a unique strong solution

u ∈ C ([0, T ] ;X∞ (Lp1)). Moreover, the following estimate holds

(4.2) ∥Aα
2 ∗ u∥X∞

+ ∥Aα
2 ∗ ut∥X∞

≤ C0

[
∥φ∥E0p(Lp1 ) +
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∥ψ∥E1p(Lp1 ) +

t∫
0

(
∥g (., τ)∥Y s,p

1 (Lp1 ) + ∥g (., τ)∥X1(Lp1 )

)
dτ

 ,
uniformly in t ∈ [0, T ], where the constant C0 > 0 depends only on A2, the space E

and initial data.

Proof. It is known that Lp1 (0, 1) is a Fourier type space for p1 ∈ (1,∞) (see e.g

[21]). By Remark 2.1, by definition of W s,p (A2, L
p1 (0, 1)) and by real interpolation

of Banach spaces (see e.g. [29, §1.3, 1.18]), we have

Eip = W s,,p
(
Rn;W [2],,p1 (0, 1) , Lp1 (0, 1) , LpRn;Lp1 (0, 1)

)
θi,p

=

W s(1−θi),p
(
Rn;W [2(1−θi)],p1 (0, 1) , Lp1 (0, 1)

)
= Eip (L

p1) , i = 0, 1.

By assumptions (1), (2), we obtain that Â2 (ξ) is uniformly sectorial in Lp1 (0, 1),

η2 (ξ) ̸= 0 for all ξ ∈ Rn and∥∥∥Dβ
[
Â2 (ξ) η

−1
2 (ξ)

]∥∥∥
L(Lp1 )

≤M

for β = (β1, β2, ..., βn), |β| > n
r
. Then by virtue of [3, § 3.14, 3.16] the operator A2 is

generator of bounded cosine function in Lp1 (0, 1). Hence, by (4), (5) the all conditions

of Theorem 2.1 are hold, i,e., we get the conclusion.

Now, consider the nonlinear problem (1.7). From Theorem 3.1 we have the

following:

Theorem 4.4. Assume that the Condition 4.1 is satisfied. Moreover,

u→ f (x, t, u) : Rn × [0, T ]×W0 (L
p1 (0, 1)) → Lp1 (0, 1)

is a measurable in (x, t) ∈ Rn × [0, T ] for u ∈ W0 (L
p1 (0, 1)), f (x, t, u) is continuous

in u ∈ W0 (L
p1 (0, 1)) and

f (x, t, .) ∈ C [s]+1 (W0 (L
p1 (0, 1)) ;Lp1 (0, 1))

uniformly with respect to x ∈ Rn, t ∈ [0, T ]. Then problem (1.7) has a unique local

strong solution

u ∈ C ([0, T0) ;Y
s,p
∞ (A2, L

p1 (0, 1))) ,

where T0 is a maximal time interval that is appropriately small relative to M . More-

over, if

sup
t∈[0 , T0)

(
∥u∥Y s,p

∞ (Âα
p ;L

p1 (0,1)) + ∥ut∥Y s,p
∞ (Âα

p ;L
p1 (0,1))

)
<∞

then T0 = ∞.

Proof. Indeed, by reasoning as in Theorem 4.3 and by virtue of [3, § 3.14, 3.16]

the operator A2 is generator of bounded cosine function in Lp1 (0, 1). Hence, by
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hypothesis Condition 4.2 and by the second assumption of theorem, we get that all

hypothesis of Theorem 3.1 are hold, i.e. we obtain the conclusion.

Competing Interests: We have no competing interests in this paper;

Funding declaration: We have no funder;

Conflict of interest. We have no any conflict of interests.

Data Availability: Data sharing not applicable to this article as no data sets

were generated or analysed during the current study.

Corresponding author: Veli Shakhmurov

REFERENCES

[1] M. Arndt and M. Griebel, Derivation of higher order gradient continuum models from atomistic

models for crystalline solids, Multiscale Modeling Simul., (2005)4, 531–62.

[2] H. Amann, Operator-valued Fourier multipliers, vector-valued Besov spaces, and applications,

Math. Nachr., 186 (1997), 5-56.

[3] W. Arendt, C. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace Transforms and

Cauchy Problems. Monographs in Mathematics. 96. Birkhauser, Basel, 2001.

[4] H. Bahouri, D. Barilari, I. Gallagher. Strichartz estimates and Fourier restriction theorems on

the Heisenberg group, Journal of Fourier Analysis and Applications, (2021), 27, pp.21.

[5] A. Constantin and L. Molinet, The initial value problem for a generalized Boussinesq equation,

Diff.Integral Eqns., (2002)15, 1061–72.

[6] G. Chen and S. Wang, Existence and nonexistence of global solutions for the generalized IMBq

equation, Nonlinear Anal.-Theory Methods Appl., (1999)36, 961–80.

[7] T. Cazenave, A. Haraux, An introduction to semilinear evolution equations 1998.

[8] G. Dore, S.Yakubov, Semigroup estimates and non coercive boundary value problems, Semi-

group Form, 60 (2000), 93-121.

[9] N. Duruk, H.A. Erbay and A. Erkip, Global existence and blow-up for a class of nonlocal

nonlinear Cauchy problems arising in elasticity, Nonlinearity, (2010)23, 107–118.

[10] A. C. Eringen, Nonlocal Continuum Field Theories, New York, Springer (2002).

[11] H. O. Fattorini, Second order linear differential equations in Banach spaces, in North Holland

Mathematics Studies, V. 108, North-Holland, Amsterdam, 1985.

[12] M. Girardi, L. Weis, Operator-valued Fourier multiplier theorems on Besov spaces, Math.

Nachr., 251(2003), 34–51.

[13] Z. Huang, Formulations of nonlocal continuum mechanics based on a new definition of stress

tensor, Acta Mech., (2006)187, 11–27.

[14] T. Kato, G. Ponce, Commutator estimates and the Euler and Navier–Stokes equations, Comm.

Pure Appl. Math., (1988)41, 891–907.

[15] V. Komornik, E. Zuazua, A direct method for the boundary stabilization of the wave equation,

J. Math. Pures Appl., 69(1) (1990) 33-54.

[16] H. A. Levine, Instability and onexistence of global solutions to nonlinear wave equations of

the form Pu = −Au+ F (u), Trans. Amer. Math. Soc., 192 (1974) 1-21.

[17] F. Linares, Global existence of small solutions for a generalized Boussinesq equation, J. Dif-

ferential Equations, 106(1993), 257–293.



188 VELI SHAKHMUROV1,2, RISHAD SHAHMUROV3

[18] T-P. Liu, T.Yang, S-H. Yu and H-J. Zhao, Nonlinear Stability of Rarefaction Waves for the

Boltzmann Equation, Arch. Rational Mech. Anal., 181 (2006) 333–371.

[19] V.G. Makhankov, Dynamics of classical solutions (in non-integrable systems), Phys. Lett. C,

35(1978), 1–128.

[20] C. Polizzotto, Nonlocal elasticity and related variational principles, Int. J. Solids Struct., (

2001) 38 7359–80.

[21] J. Peetre, Sur la transformation de Fourier des fonctions ‘a valeurs vectorielles, Rend. Sem.

Mat. Univ. Padova, 42, 15 – 26.

[22] L. S. Pulkina, A non local problem with integral conditions for hyperbolice quations, Electron.

J. Differ. Equ., (1999)45, 1-6.

[23] V. B. Shakhmurov, H. K. Musaev, Separability properties of convolution-differential operator

equations in weighted Lp spaces, Appl. and Compt. Math., 14(2) (2015), 221-233.

[24] V. B. Shakhmurov, The Cauchy problem for generalized abstract Boussinesq equations, Dy-

namic Systems and Applications, 25 (2016) 109-122.

[25] V. B. Shakhmurov, R. Shahmurov, The Cauchy problem for Boussinesq equations with general

elliptic part, Analysis and Mathematical Physics, 9(2019), 1689–1709.

[26] V. B. Shakhmurov, The Lˆ{p}-regularity properties of nonlocal wave equations and applica-

tions, International journal of Mathematics, 33(13), 2250088 (2022).

[27] V. B. Shakhmurov, R. Shahmurov, The Improved abstract Boussinesq equations and applica-

tion, Mediterr. J. Math., (2021) 18:233.

[28] V. B. Shakhmurov, R. Shahmurov, Regularity properties and blow-up of the solutions for im-

proved Boussinesq equations, Electronic Journal of Qualitative Theory of Differential Equa-

tions, 89(2021) 1–21.

[29] H. Triebel, Interpolation theory, Function spaces, Differential operators, North-Holland, Am-

sterdam, 1978.

[30] G. B. Whitham, Linear and Nonlinear Waves, Wiley-Interscience, New York, 1975.

[31] L. Weis, Operator-valued Fourier multiplier theorems and maximal Lp regularity, Math. Ann.

, 319 (2001), 735-75.

[32] S. Wang and G. Chen, Cauchy problem of the generalized double dispersion equation, Non-

linear Anal. Theory Methods Appl., (2006 )64 159–73.

[33] Ta-Tsien Li, Y. Jinsemi, Global C1 solution to the mixed initial boundary value problems for

quasilinear hyperbolic system, Chinese Ann. Math., (22)03 (2001), 325-336.

[34] N. J. Zabusky, Nonlinear Partial Differential Equations, Academic Press, New York, 1967.


