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ABSTRACT. The goal of this work is to establish new criteria for the oscillation of all solutions

of the second-order dynamic equation with mixed arguments

A A
(ry= ()" = aW)f(y(r(v))).
The approach used employs the existence of an suitable auxiliary function and integral averaging
principles. This makes it possible to improve many existing criteria known for such equations. We
note that the results presented here are new even in the cases where T = R and T = Z. The results

are illustrated by some examples.
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1. INTRODUCTION

In this work we are interested in the oscillatory behavior of all solutions of the second-order

nonlinear dynamic equation

(1.1) (r)y> ()" = a) Fly(r())

on a time scale T. Here, supT = oo and v € vy, 00)r = [vg,00) N T with vg € T. The notation and
terminology for equations on time scales as found in Bohner and Peterson [9, 10] (also see Agarwal

et al. [1, 2] and Georgiev [15]) will be used throughout this paper.

Equations of the form of (1.1) with ¢ > 0 are often referred to as being of the unstable type or
the Thomas-Fermi type; if ¢ < 0, they are often said to be of the Emden-Fowler type.

For equation (1.1), we always assume that:
(Hl) e Cfldd([VOv OO)'JTv RJr) and q < CTd([VOv OO)'JTv RJr) with Q(V) 5—6 O;

(Hy) rT¢€ Cid ([vo, o), [¥0,00)T)) With lim 7(v) = oo;

(H3) R(v)= / LAs — 00 as Vv — o0;

o 7(5)
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(Hy)  there exists K > 0 such that £ > K for all u # 0.

By a solution of (1.1), we mean a function y that is rd-continuous on [vg, co)r and satisfies
(1.1) on [T}, co)T for some T,, > vy. We only consider those solutions y of (1.1) that are continuable
in the sense that sup{|y(v)| : v > T} > 0 for all T > T, > v, and we tacitly assume that equation
(1.1) has such solutions. Such a solution is said to be oscillatory if it is neither eventually positive

nor eventually negative, and nonoscillatory otherwise.

Definition 1.1. The argument 7(v) is said to be of mixed type if the delayed part of 7(v), defined

as

D, ={v € (vy,00)r: 7(v) < v},
and the advanced part of 7(v), defined as

A ={v € (vo,00)r: T(v) > v},

are unbounded subsets of [0, co)r.

As observed in [3], there are natural mechanisms that occur over both a continuous and a
discrete time period. This somewhat provides a motivation for the above definition. In the case

where T = R, then o(v) = v and (1.1) takes the form of a differential equation

(1.2) (rw)y' ) = aW)f(y(r(v))).

while if T = Z, then o(v) = v+ 1 and (1.1) becomes the difference equation

(1.3) A (r(v)Ay(v)) = ) f(y(r(¥))).

If for some fixed h > 0, we have T = hZ = {nh : n € Z}, then o(v) = v+ h and (1.1) becomes

(1.4) Ap (r(v)Any(v)) = qw) f(y(T(¥)))-

If for fixed ¢ > 1, T = ¢% = {¢" : n € Ny}, then o(v) = qv and (1.1) takes the form
(1.5) Aq (r()Agf(y(¥)) = aw) f(y(r(¥))).

Equations (1.2) and (1.3) have been studied by many researchers and there are a good deal of
results on these equations when the deviating argument is either a delay (7(v) < v) or an advanced
(t(v) > v) argument; see, for example, [11, 13, 25, 26, 27]. Kusano [22] was one of the first to
consolidate these cases and use the terminology of deviating arguments of mixed type. We direct
the reader to the publications [4, 5, 6, 7, 12] for generalizations and/or enhancements of the results
in [22]. There appears to be relatively few results on the oscillation of equations (1.3), (1.4) or
(1.5); see, for example, [14, 23]. With this in mind, our aim here is to investigate the more general
equation (1.1). Part of the motivation for this study stems from a very nice paper by Baculikova

and Dzurina [7].

The reminder of this paper is organized as follows. Section 2 contains some observations about
the solutions of (1.1) and their derivatives. In Subsections 2.1 and 2.2, we present our results on the
non-existence of positive decreasing and positive increasing solutions, respectively, of equation (1.1).
Section 3 contains our main theorems and some examples to illustrate them. In the final section of

the paper, we summarize our findings and discuss future research directions.
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2. BASIC LEMMAS

We assume that the inverse function 77! exists and that there is a function n € CZ,([vo, o0), T)
such that

(2.1) n(nv)) =771 (v).
The following result is standard; see, for example, [1, Theorem 5].

Lemma 2.1. Ify is an eventually positive solution of Eq. (1.1) for v > vq, then there exists 11 > vy
such that
y € Co U Cq,

where
Co={y:rw)y>(v) <0 and (r()y>))> >0 for v > 11}
and

Cy = {y :r()y> () > 0 and (r(v)y>¥))> > 0 for v > 11},

2.1. Non-existence of Cy-type solutions. In this subsection we present conditions that ensure
that solutions of the type Cy do not exist. To accomplish this, we assume the existence of a sequence
(2.2) {vg} — oo with vy, € D-.

It is easy to see that n(vy) > vg.

For convenience of notation, we introduce the following functions:

n(vk)
Ri(ny) = / [R(o(x)) — R(w)]q(x)Ar,

T (m(vk))
Rs(ny) = / [R(o(x)) — R(vi)]g(z) Ac.

H(vk)
Lemma 2.2. Assume that there is a sequence {vy} satisfying (2.2) and a function n with n(n(vy)) =
77 (vk) such that

T R@)R 04) + R R ()
(2:3) I sup | R aton)) (L~ K Ralir ()

+

Ra(n(v)) Rs(v)
(1 = KRy(vi))(1 — KRz (n(vk)))

>1/K>.
Then Co = {.

Proof. Suppose, to the contrary, that y is a solution of equation (1.1) belonging to the class Cy, say
for v > vy for some sufficiently large v > vg. Integrating (1.1) from v to [ and then letting I — oo
gives

P02 o [ @),

Integrating the preceding inequality again from v to co and interchanging the order of integration

(see [20, Lemma 2.1] or [21, Lemma 1]), we have

W)= [ “% / " @) [y (@) Axdss = / " @) @) | e

> /OO[R(U(%)) — Bw)lg(z) f(y(7(2))) Az,
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that is,
n(v)
(24) y) Z/ [R(o(z)) — R(v)]q(z) f(y(r(2))) Az

()
+/ [R(o(x)) — R(v)]q(x) f(y(r(x))) Az
n(v)

L))
+/1( : [R(o(x)) — R(w)lq(x) f(y(r(z)))Az.
Since 7(v) is increasing, then it is not difficult to see that v € D, implies (7(vx), 7 1 (n(vx)) C Ds.

Since y is decreasing in Cy, letting v = vy, in (2.4) yields

y(vr) = Ky~ (vi)) Ra(vie) + Ky () Ra(vi) + Ky(n(vi)) Rs (i),

that is,
(2.5) Yk) > — Ty (k) R (k) + w((o)) Ra()]
' = 1— KRy(vp) ! 3 '
Similarly, setting v = n~1(vy) in (2.4), we have
K

@6) v 0) > Ty R () + 9l R~ ().
and with v = n(v), (2.4) implies
y(n(ve)) = TIM [y(vi) B (n(ve)) + y(Tfl(Vk))Rs(n(Vk))]
K Ri(n(vk))

(2.7) > my(%)-

Using (2.6) and (2.7) in (2.5), we obtain

K KRl(V ) 1 1
[1 —_ KRz(n*kl(Vk)) [y(T(vi)) R~ (vk)) + y(wi) Rs(n™ (vk))]

y) 2 7= KRy (vy)

KR3(vy)
+ TR R )|

Since y(7(vk)) > y(vi), we have

Ry (vi) Ra(n~ (i) + ( ) Rs(n” ! (ve))

(1 = KRa(vg))(1 = KR (0~ (1))
Ra(ve) Ra(n ( vi)) ]

(1 = KRa(vi))(1 = KRa(n(vi))) |~

which contradicts condition (2.3). Thus, Cy = (), and this completes the proof of the lemma. O

y) = K?y() [

+

2.2. Non-existence of C5-type solutions. Next, we establish conditions ensuring that the class

(5 is empty. Here we need to assume that there is a sequence
(2.8) {sr} — oo with s € A,.

It is not difficult to see that n(si) < sk.

Similar to what we did above, define:

(sk)
Rits) = [ [Resw) - Rlo@)l@)s,

n(sk)
Bt = [ [RGs0) ~ B )la(@)o
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Sk
Ro(sk) = / . [R) = Rlo@)la@) o
NSk

Lemma 2.3. Assume that there is a sequence {sy} satisfying (2.2) and a function n with n(n(sk)) =
77 1(sk) such that

. Re(sk)Ra(n~*(sk)) + Re(sk)Re(n~ " (sk))
(29) lmsup | = e R (oo (L~ K Ra(r (1))

>1/K>.

Ry(sk)Re(n(sk))
+ (6 KRs

(1= KRs(sx))(1 - (n(sk)))

Then Cy = ().

Proof. Let y € Cy for v > v and integrate (1.1) from v4 to v to obtain

r(w)y*(v) > / Uq(x)f(y(T(x)))Ax.

Integrating again from 17 to v yields

o)z v —u) 2 [ st
and interchanging the order of integration gives
1% 1% 1 v
w2 [Caieee) [ hause [ (Re) - Re@)E) forE) s
Therefore,
“tw)
(210) v 2K [ R0) - Re@)aa)yr@)As
T H(n(v))
n(v)
K x)y(T(x))Ax
e [0 e))la(a)y(r(x)

(211) + [ [BW) - Rlo@)la@(r(@) A

()

Since 7(v) is increasing, we see that sy € A, and so (771(n(sk)), sk) C A,. Setting setting v = sy
in (2.10) and using the fact that y(v) € Cs is increasing, we have

Y(sk) = KRa(sk)y(n(sk)) + KRs(sk)y(sk) + KRe(sk)y(n " (sk)),

so that

(2.12) y(sk) > ——

(1— KR5(sk))
Similarly, setting v = n(sy) in (2.10) gives
K
Yen)) = TR R o))
K R (n(sk))
~ (1= KRs(n(sk)))
and with v = n~1(sg) in (2.10),

[Ra(sk)y(n(sk)) + Re(sk)y(n™" (sx))] -

[Ra(n(s))y(r™" (sk)) + Ro(n(sk))y(sr)]

(2.13) y(sk),

QU)o ) > gy e sk ) + R (s)u(r(s)].

Substituting (2.13) and (2.14) into (2.12), we have

K2y(sg) Ry(sk)Re(n(sk))
Yk 2 TR R (s)) |1~ KRs(n(s0))
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Ry (s1) » -
TRy (r- 1)) A (500) & Rolr ! (s1))]

This contradicts (2.9), and so Cy = (). O

i

3. MAIN RESULTS AND EXAMPLES

By combining Lemmas 2.2 and 2.3 above, we obtain our main oscillation result in this paper.

Theorem 3.1. Assume that there exist a function n satisfying (2.1) and two sequence {vi} and
{sk} satisfying (2.2) and (2.8), respectively. If conditions (2.3) and (2.9) hold, then every solution
of (1.1) is oscillatory.

The following examples illustrate this theorem.

Example 3.2. For T = R, consider the differential equation
(3.1) y'(v) = q—gy(y(l +cosv)) forv > 1,
v

where go > 0 is a constant. Here, we have q(v) = %, f(y) =y, 7(v) = v(1 + cosv), and vy = 1.

Let v = 2F + 2kx for k € N; then v, € Dr, 7(v) = %, 771 w) = 2up and n(vi) = V2.
Now R(v) =v —1 and o(v) = v, so R(c(s)) — R(vi) = s — v, and

n(vk) V2u 1 v \/5_2
i) = [ meas=a [ (5% ) ds—a <1n\/§+ ) = e

k vk S

Ro() = / T nas)ds = ao / (1 - ﬂ) ds = go (mﬁ + 1 ‘f) = g0t

(Vi) Vav, \ 8 s?

and

7 (n(vr)) 2v2u; 1w
Rs(vy) = / (s —vr)g(s)ds = qo/ (— - —) ds

—1(vg) 2up S 52
1
=qo (111\/54— 1 (\/5— 2)) = qoCs.

From Eq. (2.3), we have

g3t + qieics qieics _ ag(ct + 2c1c3) o1
(1 — qocz)? (1 —qoc2)? (1 — goc2)? ’
that is,
QS(C? +2c1c3) > (1= QOC2)2 =1-2qpc2 + qgcg,
or

qa(c3 4 2c1c3 — c3) > 1 — 2qpca.
Setting c4 = ¢ + 2¢1c3 — 2, we have the quadratic inequality
qgc4 + 2qoce > 1.

Solving, we have
go ~ 3.36734.

Therefore, by Lemma 2.2, equation (3.1) has no Cy-type solutions for gy > 3.36734.

Let s, = 2k for k € N; then s € A;, 7(sk) = 25k, 7 1(s) = %, and n(sg) = % Now,

s

7 (sk) 2k s 1
o) = / Loy T = o / (F - E) &
T NSk 505
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In2
=qo (2\/5—2— T) = qob1,

R = [ " ok = D)alade = o / * (— - 1) d

- s
t(sk) 3+

and

Sk Sk [ sp, 1
Re(sk) = (sk — 2)q(z)dz = qo — — = |dz
n(sk) * \T x

V2
In2
=qo <\/§—1—7> = qobs.

From Eq. (2.9), we have

qob1b3 + qob1b3 qob1b3 _ 3qob1b3 -1

(1 —qob2)(1 — qob2) ~ (1 — qob2)(1 —qob2) (1 — qobz)?

Proceeding as the last case, we have

qo ~ 2.2320.

Therefore, by Lemma 2.3, equation (3.1) has no Cs-type solutions for gy > 2.2320.

Thus, all solutions of equation (3.1) are oscillatory by Theorem 3.1 provided gg > 3.36734.

Example 3.3. For T = Z, consider the difference equations

4
(3:2) A%y(v) = “3y(r(v), v>1,
qo > 0 is a constant and

v —2 if vis even,

T(v) =
v+2 ifvisodd.
Then,
v+2 ifviseven,
) =
v—2 ifvisodd.
If we take
v+ 1 if v is even,
n(v) =

v—1 ifvisodd,

then n(n(v)) = 7=1(v).

51

Let vy = 2k, k € N; then vy € Dy, 7(v) = v — 2, 771 (vk) = v, + 2 and n(vy) = v + 1. Now,

(k) 2k+1 q 1 1
Ry (vk) S;k(s + vi)q(s) S;k(s + )52 90 [(2k)2 + (2k 4+ 1)2

‘r*l(uk)

Ro(vk) = > (s+1—wk)q(s) = qo [(%_1‘_1)2 + (2ki2)2:| ’

s=n(vk)

and
T (n(vk))

R3(vy) = Z (s+1—wp)q(s) = qo [(2k—1l-2)2 + (Qk_l;_3)2] ’

s=17"(vg)

Therefore, by Lemma 2.2, equation (3.1) has no Cy-type solutions for gy > 0.903125.
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Let sy = 2k + 1, k € N; then s € A;, 7(sx) = sp +2, 7 1(sk) = sk — 2 and n(s) = s — 1.
We have

7 (sk)

Ri(sp)= Y. (si—2—1))q(z) =qo [(Zk i 32 T 2k 3 2)2] '

=1 (n(sk))

n(sk)

Rs(se) = D, (s¢—2—1)g(x) =qo [(Zki 2t <2Z>2] '

r=7"1(sk)

and

Ro(st) = Y (sk —2—1)q(x) = [(% . e (2_1:)2] '

z=n(sk)
Therefore, by Lemma 2.3, equation (3.1) has no Ca-type solutions for ¢o > 4.3.
It follows from Theorem 3.1 that all solutions of (3.2) are oscillatory provided q¢ > 4.3.

4. Concluding Remarks

The results obtained here are the first ones for unstable type dynamic equations with mixed
arguments and generalize many related results available in the literature. For example, if our time
scale is the real numbers T = R, r = 1, and f(y) = y, then we obtain the equation studied in [7].
Our approach employed the auxiliary function (2.1) in order to establish the oscillation of equation

(1.1). Examples have been provided on different time scales to illustrate our results.

One direction for possible future research is to remove or modify condition (Hy) (which in a

sense makes our equation linear or super-linear) to include sub-linear type equations.
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